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Introduction - Governing equations

Direct numerical simulation of turbulent natural convection flows.

Navier-Stokes coupled with energy transport equation.

Veu = 0
ou 9 1
— = —u-Vu+rvV'u—-Vp+f
ot P
oT 5
— = —u-VI'+aV'T
ot

Where f, = gBT
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Assuming that the fluid is incompressible, Newtonian, of constant physical properties, using Boussinesq approximation to account for the density

variations and neglecting thermal radiation.
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Pressure velocity coupling - Poisson equation

Most DNS-LES codes use explicit or semiexplicit time-integration methods and segregated methods
to solve the pressure-velocity coupling

In all them, at least one Poisson equation has to be solved per time step (or iteration)

The discrete Poisson equation must discretized consistently with divergence and gradient opera-
tors, so that L = MG

Spectro-consistent schemes impose an additional condition that links divergence M and convection
operator C: If Mv = 0, then C must be skew-symmetric

Thus, if a fourth-order spectro consistent discretization is desired, at least one fourth-order equation
must be solved for each time step.

This is an important difference. The second order matrix has 7 diagonals, while the fourth-order
equation has 19 diagonal and is not diagonal-dominant.

However, as the Laplacian operator is linear, its matrix depends only on the mesh and it remains
constant during all the simulation, 10° to 107 time steps
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Why is Poisson equation so difficult for parallel computers ?

Why is Poisson equation so difficult ? A physical argument

Sound velocity is ¢ = \/(3_1;)
S

Incompressibility — g—g — 0 — ¢ = oo — local changes affect instantaneously all the domain

This behaviour is inhereited by the Poisson equation, without time derivatives
V=V -uP
It has to be solved implicitly even if the rest of the formulation is explicit

At least one large linear equation system, coupling distant nodes, has to be solved per time
step/iteration:

Ax = b
However, under certain conditions matrix A remains constant during all the problem

Our problem is actually to solve: Ax; = b; i =1--- M where M =~ 1057 /
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Loosely coupled parallel computers

Low cost PC clusters are loosely coupled parallel computers:

= Good floating point power per-processor (excellent ratio CPU power / cost )
= Comparatively slow network (low bandwidth - high latency )

Parallel algorithms must be tolerant to slow networks to run efficiently on a PC cluster

For PCFD, unlikely other applications, latency is often the most critical problem
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Penta-diagonal matrix-vector product on a cluster and a Cray T3E

Minimum number of nodes per processor for efficiency > 50% ?
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Cray T3E (300 MHz) versus 900 MHz K7 (100 Mbit/s fast ethernet)
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How will be the parallel computers in 2010 ?

This is, will DSDF algorithm be more or less useful in the future ?

A parallel computer can be characterized by:

F': Number of effective operations per second

L: Latency time in seconds
B: Network bandwidth

P: Number of processors

Thus, F'L is the number of operations that one processor can do during the latency time.
Will F'L increase or decrease ?

If we restrict our attention to low cost parallel computers, that must be assembled with standard
components, F' will increase but it is my oppinion that L will remain constant.

There is at least one reason for L to remain constant: there is (almost) no demand for very low
latency networks.

And for true parallel computers ? /
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Alternatives to solve the Poisson equation

The main challenge for DNS on a loosely-coupled system is the efficient solution of the
Poisson equation

= MG algorithms

e Very efficient on sequential systems

e Need very low latency parallel computers; on high latency systems they must be combined with
direct parallel solvers

» Krylov subspace algorithms

e Parallelize well

e Depend on good preconditioners to be efficient

e Preconditioners tend to degradate with P
m Fast-Poisson solvers and FFT-based methods are restricted to determinated classes of problems
s Schur Complement methods

e [terative

e Direct - Use the fact that matrix A is constant
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DSFD - Overview (1/2)

m DSFD is a combination of a FFT-based method and a Direct Schur method:

e Fourier diagonalization is applied to reduce the 3D equation to a family of independent
2D equations (this imposes certain restrictions)
e The 2D equations are solved with a Direct Schur decomposition method

= [t is an algebraic approach: only the discrete equation system is used
= Direct method, based on a preprocessing stage where only matrix A is used

m After pre-processing, DSFD allows the solution of arbitrary order 3D Poisson equations to machine
accuray using parallel computers with just one message

= DSFD is an interesting option to consider if:

e A loosely coupled parallel computer is to be used
e The matrix A has to be used many times with different right-hand-sides
e The problem to be solved is periodic in one direction

E.g., for LES/DNS with Beowulf clusters
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DSFD - Overview (2/2)

/

periodic

{/
\/

= The mesh must be uniform in x
direction (usually periodic).

= Domain is decomposed only in di-
rections y, z to avoid doing parallel
FFT, that is very inefficient (in our
context) on loosely coupled comput-
ers
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Fourier Diagonalization (1/8)
Second-order discretization

Heptadiagonal system to be solved: A3%z3¢ = p3¢

p p nb nb __ g
ai)jak xl[’a]akz _|_ anazaj7k m%]ak T b’l,,j,k

To express it with block matrices, vectors 3% and b3? are divided into Ny N, subvectors with N,
components each:

3d t
r = [5131,1, L215 " Ljky "y xNy,NZ]

where:

t
xjak — [xl,j,k’j x2aj7k7 e 733N£Uaj7k]
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Fourier Diagonalization (2/8)

Second-order discretization

b
AT gz 1 T A i 1k+A

n AJ L j L At & and A  are Ny X N, diagonal matrices

B p n t
AT 1A 0 Al e by ]
AS Ap An At ) s
2,1 ©2 9421 2,1 9 1 b2 1
b 8. D n t )
b .. AS p TNy, N bNy,, N
| ANyaNZ ANnyZ ANy,Nz_ - Yy Z' - Y z

2+ AT j—|—1k:+Ajk Tir1 =05k

= A?k are N, X N, curculant tridiagonal matrices. They contain the coefficients that link the
unknowns of plane ¢ with the unknowns of the neighbouring planes :— and 7 + 1. If they
could be diagonalized, each plane could be solved separately.

§;

(0%

P _
Ajk:

_w _ e _ Db
wherea_aj’k_aj7k andﬁ_aj7k

(0%

(e

13 /41



Fourier Diagonalization (3/8)

Second-order discretization

All the circulant matrices of order N, have the same base of eigenvectors

Let Q be the matrix whose columns are the eigenvectors of all the A?k

The product = Q= inverse Fourier transform:

r; = =T] + Z T9,, COS 1/2'2—7-r + 29,41 sin Vi2—7r —|—15N (—1)7; 1=1---
(2 2 v N v+ NJ; 2 x

X

Ne 7=
oy = —incos Vi— y=1...~_1
Ny Ny 2
=1
_ 2 Na . 27 Ny
3721/+1 = —szsm v,— v=1..-—4 _1
Ng x 2
=1
Ny
= 7
TNy = Z z; (—1)
=1

SO

Centre Tecnologic de Transferéncia de Calor
UNIVERSITAT POLITECNIGA DE GATALUNYA

14 /41



SO

Centre Tecnologic de Transferéncia de Calor
UNIVERSITAT POLITECNIGA DE GATALUNYA

Fourier Diagonalization (4/8)

Second-order discretization

All the matrices A?k have tridiagonal form in the same base:
~1
Q A?kQ = Ajik

where \; ;. is a diagonal matrix whose elements are:

Al = (42«
. 2 vT Nx
>\2V = )\2y+1:—40éSll’l N—x +IB+2C¥ 1/217—1
)\Nx = B—QO{

Thus, expressing x; 1 as Q; x and premultiplying by Q !, the block equation becomes:

b — s — — n — t — 7
Ak Tik—1+ A Tjmke T+ Nk Tk + A, Tk + Ay Tt = bjk

As the non-diagonal entries of matrices A?k have been eliminated, unknown =x; ; . is only coupled

with unknowns in the same plane 1
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Fourier Diagonalization (5/8)

Second-order discretization

Selecting of the ¢ component of each of the N, N, block equations, we obtain a penta-diagonal
scalar equation system in =

b — s — —p — n — t — T
Qg Tigk—1 + O p Tij—1k + @ p Tijk + Qg Tij+1,k + @ p Tijk+1 = bijik

The operations to be performed to solve the heptadiagonal equation system are:

1. Direct FFT. Calculate the N, N, transformed right-hand-side sub-vectors, Ej,k = Q_lb

2. Solve the N, decoupled pentadiagonal equation systems A;z; = b;.
3. Inverse FFT. Carry out the antitransformation of the N, N, solution sub-vectors T;, = Q 'z

FFT are very cheap if done sequentially, but in our conditions they can not be carried out efficiently
with loosely coupled parallel computers (to the knowledge of the authors)

This is why the domain is only decomposed in directions y, z

Solution of the pentadiagonal systems is done with a Direct Schur Decompaosition using just one

message for all the pentadiagonal equation systems /
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Fourier Diagonalization (6/8)

Fourth-order discretization

The system A3%23% = b3? than arises from the fourth-order discretization has 19 diagonals.

A?k are heptadiagonal N, X N, circulant matrices,

ﬁ a1 O O3 a3 O O
a1 5 1 G2 (O3 a3 2
az o1 B oo o as s
p _
Aj,k_
a3 3 G2 O1 5 o1 A2
Qs Q3 a3 oz a1 B oo
a1 Qg Qg as ar oy P
where
_ wy _ el
A= Gip T Yk
_ wy e
@z = G5k = Yk
_ w3 ___e3
@ = AT Yk
_ p
B = aj,
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Fourier Diagonalization (7/8)

Fourth-order discretization

However, as A?k are also N, X N, circulant matrices, they have the same base of eigenvectors
—1 pp _

Now, the eigenvalues will be given by

’ 271i(j — 1)
)\j:ﬁ—l—ZZaicos( ~N ) 7=1,..., N,
i=1 v

And, after diagonalization, we will obtain a 13-diagonal scalar equation system in .

3
bg — Sd = ng — tqg = —p = A

Z (a’j,k: Tijk—d T ;0 Tij—dk + Q5 Tijrdk T Q% Tijktd) + @ g Tijk = bi j k

d=1
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Fourier Diagonalization (8/8)
Fourth-order discretization
In conclusion,

= Only the eigenvalues calculation needs to be changed respect to Fourier diagonalization of the
system that arises from a second-order discretization.

= The computational cost of the Fourier diagonalization does NOT' depend on the order of
accuracy of the Poisson equation.

Lif we do not consider the slight differences in the eigenvalues calculation, of course. 19 /41
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Direct Schur Decomposition - Main ideas (1/7)

Based on non-overlapping subdomains with implicit treatment of the interface

Interface nodes Interface nodes \
NN 1o S el o o o 000 e el 00 e el 0O
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. . 1mT--T--o [
OO0 0,0 e|e ! O 0 0,0 e|e ! o O O
3 4 38 7 8 39 12 13 14 o ' I v
O O O O OO0 O'e e|leo O O'e e|leo O O
p=0 1 : P:l 1 : =2

p=0 p=1 p= O 0 0, e e|e LTS g & o eo|e 1@ Qg
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Interface nodes needed by p=1 Interface nodes needed by p=1/

Partition and reordering of the unknowns for the second-order(left) and fourth-order(right) discrete Poisson equations.

Only one all-to-all communication episode is needed
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Direct Schur Decomposition - Overview (2/7)

No property of A (i.e., symmetry or positive-definiteness) or the underlying mesh is requiered

Each processor has to solve twice its own subdomain and cooperate to solve an interface equation to
obtain the exact solution of the problem

After a pre-processing step only one all-to-all communication episode is needed.

It can be applied to 2D and 3D problems. Its main limitation for 3D problems is the memory. This
is why the Fourier decomposition is carried out first

Compared with matrix inversion:

= DSD(A) needs far less storage memory than A~!
= lts faster to preprocess DSD(A) than A™!

= When DSD(A) is available, it is faster to solve Ax = b than to evaluate the matrix-vector
product A~1'b
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Direct Schur Decomposition (3/7)

Each of the pentadiagonal systems is denoted by: Ax = b
Decomposition (a subvector is assigned to each processor): & = [z, @1, - - - , Tp_1, Ts]'

After reordering, and using block matrices, the system is:

AO,O 0 coee 0 A(),S o bo
0 Al,l e 0 Al,s 1 bl
0O O -+ Ap_1p-1 Ap_1s Tp_1 bp_1

AS,O As,l Tt As,P—l As,s Ls bs

[ Apo O .o 0 Aos | [ =0 by
0 A - 0 At T1 b1
0O O o Ap_ipo1 Apoig Tp_1 bp-1
O O 0 As,s Ls bS
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Direct Schur Decomposition (4/7)

~

The interface equation A x; = BS allows to solve the interface nodes before the rest !
= P—1 1
AS?S — AS,S T Zp:O AsapAp,pApas
z P—1 1
b, = b, — szo 148,19141!)’17191D

After solving the interface equation, each local subproblem can be easily solved by a processor without
additional communications:

Ap,pwp = by, — Ap,sxs
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Direct Schur Decomposition (5/7)

Evaluation of interface equation fls,s:cs = 135

~

o P—1 —1 7 P—-1 -1
AS,S - AS,S T Zp:O AsapAp,pApaS bs _ s ZPZO AS’pApapbp

To avoid evaluation of A;; :

. . . e . P—-1 ~p
Evaluation of interface matrix A; s = As s — szo AS’S
. . . AD —1
Contribution from processor p: AS,S = AS,pAp’pAp,s
Column c of A? _is evaluated as:

a) Solve t from A, ,t = [A,,].
b) [AJSO,S} — Asapt

Evaluation of right-hand-side vector by = b, — Zf;_ol Els’
Contribution from processor p: b? = AS,pA;’;bp

a) Solve t from A, ,t = b,

b) b — At
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Direct Schur Decomposition (6/7)

The algorithm has two parts:

Preprocessing stage

Used only once

As A, , only depends on A (and not b), it is evaluated and inverted for each plane
Solution stage

Called for each b to be solved (107 times!)

a) bs is evaluated. Each processor has to solve a local equation system to do so. Here, one
all-to-all message is needed. The information for all the pentadiagonal equations is packed in
the same all-to-all message

b) Each processor performs the part of the matrix vector product [AS,S} 1 bs needed to evaluate

the nodes of x4 adjacent to its own subdomain
c) Each processor solves a local equation to determinate its subvector x,,
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Direct Schur Decomposition (7/7)

The algorithm is not conceptually complex but its efficiency depends on certain details:

~

—1
= |n order to evaluate [AS,S] bs, a parallel block-LU algorithm is used to improve the efficiency
on loosely coupled systems

= After the block-LU decomposition, the inverse is calculated row by row. The block LU of A’
Is evaluated and then inverse and transpose operators are permuted

. 11
= Distributed storage of [AS,S] . Each processor only stores the rows of the inverse needed to

o o1-1
perform its part of [AS,S] b,.

= The local equation systems are solved using a band-LU algorithm
= Different matrix data structures are needed:

e Matrices A, ,, Ap s, As s are treated as sparse
e Matrices A, , are banded

e Matrix A, s is treated as a block matrix and distributed by rows at the different processors

~

—1
e Matrix [AS,S} is treated as dense and stored by rows at the different processors
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Benchmark (1/9) - Speedup of DSD on a PC cluster

Totally direct, second order equation
900 MHz K7 processors; Switched 100 Mbits/s network

35 | | | | | | | | |
N=20000 —+—
N=45000 —¢—
N=80000 —»—
N=125000 —&—
30
25
a 20
3
©
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(O]
o
» 15
10
5
O i | |
1 4 6 8 9 10 12 15 16 20 24
P

The cost of DSFD is roughly Ny times the cost of one pentadiagonal equation Irregular behaviour for a fixed N is due to different bandwiths of

local problems depending on P.

Super-linear S is due to the non-linear cost of local band-LU solver and low cost of interface solution and communications. )
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Benchmark (2/9) - DSD solution time on a PC cluster

Totally direct, second order equation
900 MHz K7 processors; Switched 100 Mbits/s network
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For N = 125 % 103, P = 24 Direct Shur Complement is =~ 30 times faster than sequential ACM multigrid with P 10_3 28 /41
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Benchmark (3/9) - DSFD solution time on a PC cluster

Totally direct, second order equation
900 MHz K7 processors; Switched 100 Mbits/s network
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For N = 3,1 x 10", each equation can be solved almost to machine accuracy in about three seconds
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Benchmark (4/9) - Decomposition of total time with 36 processors
Direct Solution of Second-order Poisson Equation
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NS | update halos mass gwnoerpéaytum-
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Benchmark (5/9) - Decomposition of total time with 24 processors

Direct Solution of Second- and Fourth-order Poisson Equations
2600 MHz K7 processors; Switched 100 Mbits/s network
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Benchmark (6/9) - DSFD solution time on a PC cluster

Direct Solution of Second- and Fourth-order Poisson Equations
2600 MHz K7 processors; Switched 100 Mbits/s network
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Benchmark (7/9) - Speedup of DSFD on a PC cluster

Direct Solution of Second- and Fourth-order Poisson Equations
2600 MHz K7 processors; Switched 100 Mbits/s network
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DSD - RAM Memory Requirements (1/2)

The total number of array positions that each processor needs is approximately

3
2d ~ sp 2
N/(M,I,N,,, P) ~ 3M( = > + 81Ny
local band—YU problems Z'nt67”fa02r€q7/«at’i07”6

where P is the number of processors, I is the interface size, M the scheme stencil size and N, the
number of unknowns per plane.

As M and I are increasing functions of the order of the scheme’ , RAM memory requirements may
become a serious obstacle to use DSD for high-order schemes.

2Inourcase:
M=0-1 I =0—-1
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DSD - RAM Memory Requirements (2/2)

In particular,

= Second-order:

2d N\ 2 PY? 1

~ sp
N~ 3 ( = ) + 8Ny 57—
local band—fU problems interfaczrequation

= Fourth-order:
N\ 2 PY? 1
N2 9 il + 79N, —
tr P L

local band— LU problems inter face equation

Note that the main difficulty arises from the interface equation whose RAM memory requirement
does NOT decrease with the number of processors.
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Stationary Iterative Approach for Schur Problems (1/3)

The aim is to reduce the RAM memory requirements maintaining the results accurate enough with
reasonable computing times.

To do so:

» The Fourier diagonalization is carried out as in the fully direct methods

= To solve each 2D equation, the Direct Schur part is replaced by a stationary iterative method

Let each 2D equation be:
Ax =b
Matrix A is separated into a A4 (to be solved with DSD) and A,

A= As+ A

The iteration takes the form

Ada:k+1 =b— Az-a:k
Now the question is how to choose A; and A;
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Stationary lterative Approach for Schur Problems (3/3)

Option 1. Save memory in the local band- Option 2. Save memory only in the interface
LU problems and in the interface equation equation
: . 3,1 . o
Ail’l: Reduce the stencil to one node in all A" it reduces the stencil size to one node
the domain but only for the nodes near the interface
O o
O °
° °
oo X X XeRe 'YX XX X Xe
° - ; DIRECT ° : DIRECT
o ¥
° A °
eeocooceooe XX EXIC
° °
° |
° \ e s \ ;
® o ITERATIVE { . o ITERATIVE
FOURTH-ORDER STENCIL [ Y NONOEON N ) FOURTH-ORDER STENCIL ONONONONONON )
O O
° o
L4 O
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Benchmark (8/9) - DSFD Iterative approach (4rth order eq.)

CPU time versus RAM memory

2600 MHz K7 processors; Switched 100 Mbits/s network; N ~ 3,1 X 10% e = 1076

(s)

Computing time

15.5 T T T T T T T T T
L, xal3e(ea-x)adl o
| . 8A3'3+XA3'1+(56-X)A1'1 u
15w 1082 2+xA2 T+ (54-x)aT L o
f " 1 12A3’3+XA3’1+(52-X)A1’1 °
f "N 14A " "+xA”" "+ (50-x) A~ A
145 [ B A T— R S N -
o
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T e T T e e e s S
| | | | | - | |
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A
13 e A i S A IS B I R ]
B e e S e R S Lo .
B e e e
AR S S S S SR SR SR S N S
580 600 620 640 660 680 700 720 740 760 780 800
RAM (Mb)

With the same RAM memory requirement slightly smaller computing times are obtained when both iterative approaches Az’l and Al’1 are

properly combined

d
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Benchmark (9/9) - DSFD Iterative approach (4rth order eq.)

number of iterationsneeded for each plane
24 2600 MHz K7 processors; Switched 100 Mbits/s network; N = 64 X 156 x 312; € = 1079

16

14

12

10

Number of iterations
(o¢]
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- ,,,,,,,, @ ,,,,,,,,,,,,,,,,,,,,, .—’ ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, -
bog veee
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| \(%}OOOO{%)QQOO%.QOO\.Cj.'.'.Oj&“‘\01&.0&04*.*.*.*0?.000010.0lb
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plane

The number of iterations needed for high-frequency planes is smaller because the systems are better conditioned
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Conclusions

After a pre-processing stage, DSFD methods allows to solve second and fourth order Poisson
equations to machine accuracy with just one message

This allows the algorithm to run efficiently even on loosely coupled parallel computers, where
it is significantly faster than Krylov subspace solvers

Even on PC clusters with 100 Mbits/s networks, the algorithm scales well up to 36-48
processors.

For the situations where the RAM memory and not the network performance is the limiting factor,
DSFD can be used with a stationary iterative algorithm

DSFD algorithm has allowed us to run DNS simulations on a low cost PC cluster

The DSD part can be extended to non-structured meshes
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Last slide...

Please let me finish with a quote from the paper by Verstappen and Veldman (J.Comp.Physics, 2003):

“More than one and a half century ago
Claude Navier (1822) and George Stokes (1845)
derived an excellent mathematical model
for turbulent flow”
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