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Abstract

Direct numerical simulations of the incompressible Navier-Stokes equations are
limited to relatively low-Reynolds numbers. Therefore, dynamically less complex
mathematical formulations are necessary for coarse-grain simulations. Regular-
ization and eddy-viscosity models for LES are examples thereof. They rely on
differential operators that should capture well different flow configurations (laminar
and 2D flows, near-wall behavior, transitional regime...). Most of them are based
on the combination of invariants of a symmetric second-order tensor that is de-
rived from the gradient of the resolved velocity field. In the present work, they are
presented in a framework where all the models are represented as a combination
of elements of a 5D phase space of invariants. In this way, new models can be
constructed by imposing appropriate restrictions in this space.

DNS of turbulent incompressible flows

Turbulent square duct at Reτ = 1200
(172M grid points)

Square cylinder at Re = 22000
(300M grid points)

Air-filled differentially heated cavity at
Ra = 1011 (111M grid points)

Plane impingement jet at Re = 20000
(102M grid points)

Scaling is possible...
but never enough!
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Number of CPU cores

256x  800x1600   (327.7M)
256x1400x2800 (1003.5M)
Linear Speedup
70% efficiency

Theory: a 5D phase space for eddy-viscosity models

Many turbulence eddy-viscosity models for LES have been proposed in the
last decades...

∂tu + C(u,u) = Du −∇p −∇ · τ (u) ; ∇ · u = 0,

τ (u) = −2νtS(u),
...most of them rely on differential operators that are based on the
combination of invariants of a symmetric second-order tensor derived from
G ≡ ∇u. It can be characterized by 5 basic invariants

{QS,RS,QG,RG,V
2},

where QA = 1/2{tr2(A)− tr (A2)} and RA = det(A) represent the second and
third invariants of the second-order tensor A. PA = tr (A) is the first invariant of
A, V 2 = tr (S2

Ω
2), where S = 1/2(G + GT ) and Ω = 1/2(G − GT ).

RS-based model νR
e = (CRδ)

2|RS|/(−QS),

Smagorinsky model ν
Smag
e = (CSδ)

2|S(u)| = 2(CSδ)
2(−QS)

1/2,

WALE model νW
e = (CWδ)2

(2/3Q2
G + Z 2)3/2

(−2QS)5/2 + (2/3Q2
G + Z 2)5/4

,

Vreman’s model νVr
e = (CVrδ)

2 (1/2(Q2
G + 4Z 2)/(QΩ − QS)

)1/2
,

Sigma model νσe = (Cσδ)
2σ3(σ1 − σ2)(σ2 − σ3)/σ

2
1,

where σi are the three singular eigenvalues of G, i.e. σi =
√
λi where λi is an

eigenvalue of GGT , Z 2 = V 2 − 2QSQΩ and QG = QS + QΩ.

Building new proper invariants for LES models

Hence, new models can be derived by imposing restrictions on the differential
operators they are based on...

Invariants
QG RG QS RS V 2 QΩ Z 2

Wall-behavior O(y2) O(y3) O(y0) O(y1) O(y0) O(y0) O(y2)
Units [T−2] [T−3] [T−2] [T−3] [T−4] [T−2] [T−4]

Models
Smagorinsky WALE Vreman’s RS-based σ-model

Wall-behavior O(y0) O(y3) O(y1) O(y1) O(y3)

... for instance, let us consider models that are based on the invariants of the
tensor GGT (like Vreman’s and Sigma models)

νe = (CMδ)
2Pp

GGTQq
GGTRr

GGT ,

PGGT QGGT RGGT

Formula 2(QΩ − QS) Q2
G + 4Z 2 R2

G
Wall-behavior O(y0) O(y2) O(y6)

Units [T−2] [T−4] [T−6]

−6r − 4q − 2p = −1; 6r + 2q = s,

where s is the slope for the asymptotic near-wall behavior, i.e. O(ys).
Solutions: q(p, s) = (1 − s)/2 − p and r (p, s) = (2s − 1)/6 + p/3
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Finding proper bounds for the model (constants?)

Then, the following three S3xx models for LES can be considered

νS3QP
e = (Cs3qpδ)

2P−5/2

GGT Q3/2

GGT ,

νS3RP
e = (Cs3rpδ)

2P−1
GGTR1/2

GGT ,

νS3RQ
e = (Cs3rqδ)

2Q−1
GGTR5/6

GGT .

The model constants, Cs3xx , can be related with the Vreman’s constant, CVr ,
with the following inequality

0 ≤ (CVr)
2

(Cs3xx)2
νS3xx

e

νVr
e

≤ 1
3
.

Hence, imposing that Cs3qp = Cs3rp = Cs3rq =
√

3CVr guarantees:

numerical stability 0 ≤νs3xx
e ≤ νVr

e less or equal dissipation than Vreman’s!

Preliminary results for a turbulent channel flow at Reτ = 395
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