
SPECTRALLY-CONSISTENT REGULARIZATION
MODELING AT VERY HIGH RAYLEIGH NUMBERS
F.Xavier Trias 1, Andrey Gorobets 1, Roel Verstappen 2, Assensi Oliva 1

1Heat and Mass Transfer Technological Center, Technical University of Catalonia, Spain. xavi@cttc.upc.edu
2Johann Bernoulli Institute for Mathematics and Computing Science, University of Groningen, The Netherlands

Abstract

In the foreseeable future numerical simulations of turbulent flows will have to resort
to models of the small scales for which numerical resolution is not available. At
the crossroad of theory and simulation, new tractable models start to develop.
Regularization of turbulence forms an example thereof: the convective term is
altered to reduce the production of small scales of motion. In this way, the new
set of partial differential equations are dynamically less complex than the original
Navier-Stokes equations, and therefore more amenable to be numerically solved.
Here, the performance of regularization models is tested for turbulent natural
convection flows at high Rayleigh numbers. Moreover, since for high temperature
differences the dynamic viscosity, µ, cannot be considered constant, a new simple
approach to discretize the viscous dissipation term , 2∇· (µS(u)), is proposed.

Differentially Heated Cavity - L3/L2 = 5, Pr = 0.7 (air) and Ra = 4.5 × 1010
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DNS of an air-filled DHC of aspect ratio 5 and Ra = 4.5 × 1010 (128 × 318 × 863)

Restraining the production of small scales of motion: C4 regularization modeling

We consider the simulation of turbulent, incompressible flows of Newtonian fluids.
Under these assumptions, the governing equations in primitive variables read

∂tu + C(u, u) = 2ρ−1∇ · (µS(u)) −∇p, ∇ · u = 0, (1)

where u denotes the velocity field, p represents the pressure, the non-linear con-
vective term is given by C(u, v) = (u · ∇) v and S(u) = 1/2(∇u + ∇uT ). The
density, ρ, is constant whereas the dynamic viscosity, µ(x , t), is a smooth positive
function that depends on space and time. For constant physical properties, these
equations simplify to the classical incompressible Navier-Stokes (NS) equations

∂tu + C(u, u) = ν∆u −∇p, ∇ · u = 0,

where ν = µ/ρ is the kinematic viscosity. Since the full energy spectrum, i.e.
DNS, cannot be computed, a dynamically less complex mathematical formulation
is sought. Here, we consider the C4 approximation: the convective term is replaced
by the following O(ǫ4)-accurate smooth approximation C4(u, v) given by

C4(u, v) = C(ū, v̄) + C(ū, v ′) + C(u′, v̄),

where the prime indicates the residual of the filter, e.g. u′ = u − ū and (·) rep-
resents a normalized self-adjoint linear filter with filter length ǫ. Together with the
temperature transport equation, the governing equations result to

∂tu + C4(u, u) = PrRa−1/2∆u −∇p + f ; ∇ · u = 0,

∂tT + C4(u, T ) = Ra−1/2∆T .

Note that C4 is skew-symmetric like the original convective operator. Hence, the
same inviscid invariants (kinetic energy, enstrophy and helicity) are preserved.

Challenging C4-regularization method

Mesh (in)dependence analysis
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Nusselt number and centreline stratification for 50 ran-
dom coarse grids. The number of grid points varies within
the limits: 8 ≤ N1 ≤ 12, 16 ≤ N2 ≤ 28 and 44 ≤ N3 ≤ 70.

C4 is robust respect to meshing parameters!

Performance at very high Ra
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Meshes have been generated with the criterion of keep-
ing the same number of points in the boundary layer.

Good agreement with a 2/7 power-law scal-
ing of Nusselt!

Constructing high-order schemes for 2∇ · (µ∇u) with µ(x , t)

The essence of turbulence are the smallest scales of motion. They result from
a subtle balance between convective transport and diffusive dissipation. Mathe-
matically, these terms are governed by two differential operators differing in sym-
metry: the convective operator is skew-symmetric , whereas the diffusive is
symmetric and positive-definite. In a discrete setting, it is strictly necessary to
retain these symmetries to preserve the analogous properties of the continuous
equations. Constructing this kind of discretizations for constant physical prop-
erties is relatively easy and many examples thereof can be found in the litera-
ture. However, the discretization of the viscous dissipation term, 2∇ · (µS(u)),
with spatially varying dynamic viscosity can be much more difficu lt espe-
cially for high-order staggered formulations. To circumvent this problem, the fol-
lowing alternative form for the viscous dissipation term

2∇ · (µS(u)) = ∇ · (µ∇u) + ∇(∇ · (µu)) − C(u,∇µ), (2)

has been derived (see below).

From a numerical point-of-view,
the most remarkable prop-
erty of this form is that it can
be straightforwardly imple-
mented by simply re-using
operators that are already avail-
able in any code. Moreover, for
constant viscosity, formulations
constructed via Eq.(2) become
identical to the original formula-
tion because the last two terms
in the right-hand-side exactly
vanish.
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Results correspond to the fourth-order
staggered discretization.

Straightforward implementation even for high-order schem es!

Appendix: Deriving an alternative form for the viscous dissipation term 2∇ · (µS(u))

Let us consider the following identity

∇(µu) = µ∇u + ∇µ ⊗ u,

then, taking the divergence of its transpose leads to

∇ · (∇(µu)T ) = ∇ · (µ(∇u)T ) + ∇ · (u ⊗∇µ),

then, applying the vector calculus identity ∇·(∇a)T = ∇(∇·a) to the left-hand-side
terms yields to

∇(∇ · (µu)) = ∇ · (µ(∇u)T ) + ∇ · (u ⊗∇µ).

This is a general identity. For the particular case of incompressible flows, ∇·u = 0,
and rearranging terms, it simplifies to

∇ · (µ(∇u)T ) = ∇(∇ · (µu)) − C(u,∇µ).

where C(u, v) = (u · ∇) v is the non-linear convective operator. Finally, the alter-
native form (2) for the total viscous dissipation term, 2∇ · (µS(u)), results

2∇ · (µS(u)) = ∇ · (µ∇u) + ∇(∇ · (µu)) − C(u,∇µ),

where S(u) = 1/2(∇u + ∇uT ) is the rate-of-strain tensor.

Final Remarks: (i) the computational costs can be reduced by simply ignoring
the second-term in the right-hand-side of Eq.(2), ∇(∇ · (µu)). It is a gradient of a
scalar field; therefore, this term can be absorbed into the pressure, π = p−∇·(µu).
(ii ) this approach is suitable for eddy-viscosity LES models . Notice that by sim-
ply replacing u by the filtered velocity, u, and adding the eddy-viscosity, νe(x , t),
to µ(x , t)/ρ, Eqs.(1) become the classical eddy-viscosity template for LES.
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