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Abstract
The main purpose of this thesis has been to contribute to the development of

numerical algorithms for the Direct Numerical Simulation (DNS) and regularization
modelling of turbulent 
ows on loosely coupled parallel computers. In the last decades,
DNS has become a very important area of contemporary 
uid dynamics, because it
is an essential tool to give new insights into the physics of turbulence and to provide
indispensable data for future progresses on turbulence modelling. Regarding to these
aspects some contributions are presented in this thesis1.

In the �rst chapter, a general symmetry-preserving discretization method is pre-
sented. The formulation presented intends to lead to a generalisation of the work
of R. Verstappen and A. Veldman (J. Comput. Physics 187 (2003) 343) for general
unstructured meshes. The operator formulation used here is based on the 'shift'
transformation idea recently proposed by J.E. Kickenet al.(J. Comput. Physics 208
(2005) 704). It allows matrix operators for collocated variables to be easily trans-
formed into matrix operators for staggered variables while preserving symmetries.
The basic idea behind remains the same: mimicking the crucial symmetry properties
of the underlying di�erential operators, i.e., the convective operator is approximated
by a skew-symmetric matrix and the di�usive operator by a symmetric, positive-
de�nite matrix. The 'shift' transformation operators permit, without g rid limitations,
to construct a staggered symmetry-preserving discretization from a collocated one.
For instance, de�ning a skew-symmetric convective operator on a collocated mesh is
straightforward. Hence, the main purpose of this �rst chapter has been to propose a
general framework for a future extension of all the work here presented to unstruc-
tured meshes. For the remainder of this thesis only orthogonal Cartesian grids are
considered.

In chapter 2, a parallel Direct Schur-Fourier Decomposition (DSFD) algorithm for
the direct solution of arbitrary order discrete Poisson equations on parallelcomputers
is presented. It is based on a combination of a Direct Schur method and a Fourier
Decomposition and allows to solve each Poisson equation to machine accuracy using
only one global communication episode. Thus, it is perfectly well suited for loosely
coupled parallel computers, that have a high network latency compared with the CPU
performance. Several numerical examples illustrating its robustness and scalability

1This work comprises �ve chapters: two of them include the con tents of two papers published
in international journals and a third that is currently unde r revision. The contents of chapter 4,
has been recently published in the proceedings of an interna tional conference. Hence, all these
chapters are written to be self-contained and only minor cha nges have been introduced with respect
the originals. As a consequence, some contents such those describing the governing equations, the
numerical algorithms or the description of test cases are re peated.
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12 Abstract

on a PC cluster with a conventional 100 Mbits/s network are presented.

Numerical methods presented in the �rst two chapters are used in chapter 3 to
perform direct numerical simulations of natural convection in enclosed cavities.The
symmetry-preserving discretization described in chapter 1 is specialised for orthogo-
nal Cartesian grids and the DSFD algorithm is used to solve e�ciently the Poisson
equation, making DNS of incompressible 
ows on loosely coupled parallel computers
feasible.

A set of complete two- and three-dimensional direct numerical simulations (DNS)
in a di�erentially heated air-�lled cavity of aspect ratio 4 with adiabatic ho rizontal
walls is presented. Although the physical phenomena is three-dimensional, due to its
prohibitive computational costs the majority of the previous DNS of turbulent a nd
transition natural convection 
ows in enclosed cavities assumed a two-dimensional
behaviour. An overview of the numerical algorithm and the methodology used to
verify the code and the simulations is presented. The main features of the 
ow,
including the time-averaged 
ow structure, the power spectra and probability density
distributions of a set of selected monitoring points, the turbulent statistics, the global
kinetic energy balances and the internal waves motion phenomena are described and
discussed.

As expected, signi�cant di�erences are observed between two- and three-dimensional
results. For two-dimensional simulations the oscillations at the downstreampart of
the vertical boundary layer are clearly stronger, ejecting large eddies to the cavity
core. In the three-dimensional simulations these large eddies do not persist and their
energy is rapidly passed down to smaller scales of motion. It yields on an evident
reduction of the mixing e�ect at the hot upper and cold lower regions and conse-
quently the cavity core still remains almost motionless even for the highest Rayleigh
number. The boundary layers remain laminar in their upstream parts up to the point
where these eddies are ejected. The point were this phenomenon occurs clearly moves
upstream for the three-dimensional simulations. It is also shown that, even for the
three-dimensional simulations, these eddies are large enough to permanently excite
an internal wave motion in the strati�ed core region. All these di�erences become
more marked for the highest Rayleigh number.

In the last chapter, the new DNS results obtained in the chapter 3 are used as
reference solution for the development of better turbulence models. We consider a
new class of regularization (smooth approximations) of the nonlinear (convective)
terms. The regularization method basically alters the convective terms to reduce
the production of small scales of motion by means of vortex stretching. In doing
so, we propose to preserve exactly the symmetry and conservation properties of the
convective terms. This requirement yields a novel class of regularizations that restrain
the convective production of smaller and smaller scales of motion by means of vortex
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stretching in an unconditionally stable manner, meaning that the velocity can not blow
up in the energy-norm (also enstrophy-norm in 2D). The numerical algorithm used to
solve the governing equations preserves the symmetry and conservation propertiestoo.
The regularization model is successfully tested for the three-dimensional di�erentially
heated cavity (Ra = 1010, P r = 0 :71 and height aspect ratio 4) whose DNS results
have been presented in chapter 3.
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1

Symmetry-preserving
discretization of the
Navier-Stokes equations

Abstract. In this chapter, a general symmetry-preserving discretization m ethod is pre-
sented. The formulation presented intends to lead to a generalisation of the work of R. Ver-
stappen and A. Veldman (J. Comput. Physics 187 (2003) 343) for general unstruct ured
meshes. The operator formulation used here is based on the 'shift' transformation idea re-
cently proposed by J.E. Kicken et al.(J. Comput. Physics 208 (2005) 704). It allows matrix
operators for collocated variables to be easily transformed into matrix op erators for staggered
variables while preserving symmetries. The basic idea behind remains the same: mimicking
the crucial symmetry properties of the underlying di�erential op erators, i.e., the convective
operator is approximated by a skew-symmetric matrix and the di�usiv e operator by a sym-
metric, positive-de�nite matrix. The 'shift' transformation oper ators permit, without grid
limitations, to construct a staggered symmetry-preserving discr etization from a collocated
one. For instance, de�ning a skew-symmetric convective operator on a collocated mesh is
straightforward. Hence, the main purpose of this �rst chapter has been to propose a general
framework for a future extension of all the work here presented to uns tructured meshes.

Once the method is presented and the properties required by the operators are well
de�ned, it is specialised for Cartesian staggered meshes. It is also shown that when using
the proper 'shift' operator it leads to the same second-order symmetr y-preserving formulation
proposed by R. Verstappen and A. Veldman (J. Comput. Physics 187 (2003) 343). T reatment
for boundary conditions and extension of the method to higher-order appr oximations are also
discussed. For the remainder of the thesis only orthogonal Cartesian grids are considered.
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1.1 Introduction

We consider the simulation of turbulent, incompressible 
ows of Newtonian 
uids.
Under these assumptions, the dimensionless governing equations in primitive variables
are

@u
@t

+ ( u � r ) u =
1

Re
� u � r p (1.1)

r � u = 0 (1.2)

where Re is the dimensionless Reynolds number de�ned as

Re =
�V 0L

�
(1.3)

where � and � are the density and the dynamic viscosity of the working 
uid. L and
V0 are the characteristic length and 
uid velocity, respectively.

Since Claude Navier (1822) and George Stokes (1845) derived this set of partial
di�erential equations, they have attracted the interests of many physicists, engineers
and mathematicians (see Appendix E).

High accurate numerical solutions over the past two decades [1{5] have evidenced
that these equations form an excellent mathematical model for turbulent 
ow. How-
ever, more than one and a half century later our understanding of them remains
minimal. For instance, the existence and uniqueness of general solutions remains an
open question1

Basic physical properties of Navier-Stokes equations can be deduced from the sym-
metries of the di�erential operators of the Navier-Stokes equations (see AppendixA).
In the following sections we will see that it is strictly necessary to preservesuch oper-
ator symmetries, at a discrete level, to preserve the analogous (invariant) properties
of the continuous equations. It may be argue, specially if the method is to be used on
unstructured meshes, that accuracy may need to take precedence over the properties
of the operator. However, in this work, we have adopted the same philosophy fol-
lowed by Verstappen and Veldman [6, 7]: symmetries of the convective and di�usive
operators are critical to the dynamics of turbulence and must be preserved.

1.1.1 A short historical review

Reconciling accuracy and stability has always been a great challenge for numerical
simulation of turbulence. Upwind-like schemes have been very popular mainly due to

1Actually, this is one of the seven 1$ million dollar \Millenn ium Prize Problems" proposed by the
Clay Mathematics Institute of Cambridge, Massachusetts (C MI) on May 2000. For more information
you can visit: http://www.claymath.org/millennium/
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they are generally stable because the convective term introduces arti�cial numerical
dissipation that systematically damps kinetic energy [8]. Central di�erence schemes
do not add non-physical dissipation, however they do not guaranteed stability. In the
latter case, kinetic energy need to be damped explicitly. Anyhow, the arti�cial false
dissipation introduced interferes with the subtle balance between convection transport
and dissipation. This false dissipation usually a�ects the smallest scales of motion, the
essence of turbulence [7]. One solution to guarantee stability is to construct numerical
approximations of the convective term that preserve total kinetic energy.

Importance of conservative discretization methods was realized early in the pi-
oneering works by Arakawa [9] and Arakawa and Lamb [10]. They showed that,
for hydrostatic systems, the conservation of both kinetic energy and enstrophy by
convective schemes prevent systematic and unrealistic energy cascade toward high
wavenumbers, a cause of nonlinear instability. Morinishiet al. [11] reviewed exist-
ing conservative, second-order �nite di�erence schemes for structured meshes, and
introduced a forth-order conservative scheme. However, for non-uniform meshes the
truncation error was not fourth-order, so they chose to sacri�ce conservation foraccu-
racy and developed a \nearly conservative" fourth-order scheme. Later, Vasilyev [12]
generalised the numerical schemes of Morinishiet al. to non-uniform meshes using
a mapping technique. However, their schemes do not simultaneously preserve mo-
mentum and kinetic energy: it depends on the choice for the discretization of the
convective term [12].

Verstappen and Veldman [6,7] propose to exactly preserve the symmetry proper-
ties of the underlying di�erential operators. The convective operator is represented
by a skew-symmetric coe�cient matrix and the di�usive operator by a symmetr ic,
positive-de�nite matrix. They show that such conditions are enough to ensure stabil-
ity. With regard to the accuracy, they recall the paper by Manteufel and White [13].
They emphasised that local truncation error is not decisive: given stability, a second-
order local truncation error is a su�cient, but not a necessary, condition for a second-
order global truncation error. Moreover, they proved that the second-order symmetry-
preserving discretization proposed by Verstappen and Veldman [6, 7] yields second-
order accurate solution although its local truncation error is indeed �rst-order on
non-uniform meshes. Finally, a fourth-order symmetry-preserving scheme is obtained
removing the leading terms of the discretization error by means of Richardson ex-
trapolation. On uniform grids, Verstappen and Veldman [6, 7] conservative schemes
become identical to those proposed by Morinishi [11].

The way for accurate DNS and LES simulations on more complicated domains
was opened by Perot [14] and Zhanget al. [15]. They derived a conservative stag-
gered mesh scheme for unstructured grids. Later, Maheshet al. [16] developed both
staggered and collocated conservative schemes for LES in complex domains. Recently,
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Hicken et al. [17], presented a fully conservative method for staggered unstructured
grids. They use 'shift' transformations to obtain properly-de�ned staggered oper-
ators from easy-to-de�ne collocated operators. Thus, their formulation leadsto a
generalisation of the works of Perot [14] and Verstappen and Veldman [7].

In this work we will follow the same philosophy of Verstappen and Veldman [6,7]
using the shift operator transformation idea recently introduced by Hicken et al. [17].

1.2 Symmetry-preserving discretization and conservation : a gen-
eral formulation

1.2.1 Discrete Navier-Stokes equations

The �nite volume discretization of the Navier-Stokes and continuity equations on
an arbitrary mesh can be written by


 s
du s

dt
+ C(u s) u s + Du s + 
 sGpc = 0s (1.4)

Mu s = 0c (1.5)

where u s 2 Rm and pc 2 Rn are the vectors of velocities and pressures, respectively.
The matrix 
 s 2 Rm � m is a diagonal matrix of velocity cell control volumes. The
matrices C(u s), D 2 Rm � m are the convective and di�usive operators, respectively.
Note the u s-dependence of the convective operator (non-linear operator). Finally,
G 2 Rm � n represents the discrete gradient operator and the matrixM 2 Rn � m is the
divergence operator.

Since now, no assumption about the grid (structured/unstructured) or the location
(centered/staggered) of the discrete variables on such mesh has been considered yet.
Hence, this discrete operator representation is generic and �ts for almost all the
existing spatial discretization based on a �nite volume (�nite di�erences and �nite
elements also) formulation.

The conservative nature of the Navier-Stokes equations is intimately tied up with
the symmetries of the di�erential operators (see Appendix A). In the following sec-
tions, we will see that retaining the symmetry properties of the continuous operators
when discretizing equations is necessary in order to exactly conserve the inviscid in-
variants in a discrete sense. It is examined how such symmetries constrain the choice
of the variable arrangement (staggered or collocated) and the operators discretization.

1.2.2 Kinetic energy conservation

The global discrete energy is de�ned as
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jju s jj2 � u �
s 
 su s (1.6)

The evolution equation of jju s jj2 can be obtained by left-multiplying Eq.(1.4) by
u �

s and summing the resulting expression with its conjugate transpose

d
dt

jju s jj2 = � u �
s (C(u s) + C� (u s)) u s � u �

s (D + D� ) u s � u �
s 
 sGpc � p�

cG� 
 �
su s (1.7)

In absence of di�usion, that is D = 0, the global kinetic energy jju s jj2 is conserved
if both the convective and pressure terms vanish (for anyu s) in the discrete energy
equation.

u �
s (C(u s) + C� (u s)) u s = 0 (1.8)

u �
s 
 sGpc + p�

cG� 
 �
su s = 0 (1.9)

This conservation properties are held if and only if the discrete convective operator
is skew-symmetric and if the negative conjugate transpose of the discrete gradient
operator is exactly equal to the divergence operator.

C(u s) = C� (u s) (1.10)

� (
 sG) � = M (1.11)

Therefore, if the convective and gradient operators are properly chosen, the global
kinetic energy equation (1.7) reduces to

d
dt

jju s jj2 = � u �
s (D + D� ) u s (1.12)

Since the di�usive terms must be dissipative,

u �
s (D + D� ) u s � 0; 8u s (1.13)

the di�usive operator, D, must be a symmetric and positive-de�nite.

1.2.3 Global momentum conservation equation

De�ning the total amount of momentum by taking the scalar product of the veloc-
ity vector u s with the vector 
 s1s, the equation for the temporal evolution of global
momentum is obtained by left-multiplying Eq.(1.4) by vector 1�

s

d
dt

(1�
s 
 su s) = � 1�

s (C(u s) + D) u s + 1�
s 
 sGpc (1.14)



30 Chapter 1. Symmetry-preserving discretization of Navier-Stokes equations

Therefore, momentum is conserved if

(C(u s) + D) � 1s = 0s (1.15)

Since the convective operator is skew-symmetric and the di�usive operator is sym-
metric we can leave the� 's away. Thus, it su�ces to check that the constant vector
0s lies in the null space of both the convective and the di�usive operators

C(u s) 1s = 0s (1.16)

D1s = 0s (1.17)

1.2.4 Choice of the arrangement of the discrete variables

No assumption about how the discrete variable are arranged has been made so far.
In this subsection, we will analyse how the symmetry (1.11), that relates thegradient
and the divergence operator, constrains the variable arrangement.

As it is well-known the discrete variables can be de�ned and arranged in di�erent
ways. The two most common are the staggered and the collocated arrangements(see
Fig. 1.1). The staggered arrangement, proposed in the pioneering work by Harlow and
Welch [18], stores the pressure center of the control volume and face-normal velocities
at the faces. In the collocated mesh scheme, both the pressure and the velocities are
stored at the center of the control volume. In the collocated arrangement a secondary
velocity �eld at the faces is necessary to enforce mass conservation. Then, the two
velocity �elds are commonly coupled by means of the interpolation method developed
by Rhie and Chow [19].

Collocated-mesh scheme: pros and contras
The collocated-mesh scheme is often preferred over the staggered scheme for turbulent
simulation in complex geometries due to its simpler form for non-orthogonal meshes.
However, on a collocated mesh, if the gradientG and the divergenceM operators were
related via equation (1.11), as required for kinetic energy conservation, the pressure
Poisson equation that would arise to enforce mass conservation would decouplethe
pressure �eld into odd and even modes. Such decoupling results on the well-known
checkerboard problem. This problem is commonly tackled using a non-conservative
pressure gradient. However, in doing so, we are altering the physics introducingan
undesirable arti�cial dissipation.

Morinishi et al. [11] analysed the conservation properties of several �nite-di�erence
schemes for both staggered and collocated arrangements on Cartesian uniformmeshes.
Morinishi et al. showed that fully-conservative numerical schemes can be constructed
for staggered grids, whereas collocated-mesh methods will always contain a kinetic
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Figure 1.1: Variable arrangements for the staggered (top) and collocated (bottom)
schemes.

energy conservation error of the formO(� tm ; � xn ) due to the improper pressure
gradient formulation.

Recently, Felten and Lund [20] have performed an accurate analysis to identify the
two sources of kinetic energy conservation error in the collocated-mesh arrangement:
(a) numerical errors from the interpolation scheme used to estimate the velocity at
the cell faces and (b) the errors associated with the slightly inconsistent pressure
�eld to ensure mass conservation for the face 
uxes. Felten and Lund [20] show
that interpolation errors can be easily eliminated using �rst-order accurate centered
interpolations instead of the classical improperly-constructed second-order central
di�erence schemes. However, the pressure errors seem to be intrinsic to the collocated-
mesh scheme and they scale asO(� t2; � x2). To test the behaviour of their approach,
Felten and Lund solved an inviscid two-dimensional 
ow around an airfoil. They
succeed in eliminating the strong oscillations observed when the second-order centered
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interpolation is used and reasonably smooth (and accurate) solutions are obtained for
the �rst-order centered approach.

Our �nal choice: Staggered-mesh scheme
In contrast, on a staggered mesh, the gradient and the discrete operators can be easily
related by means of the equation (1.11) without decoupling the pressure �eld. This
allows to construct numerical schemes free from non-physical arti�cial dissipation
e�ects.

Moreover, despite the great e�orts devoted by Felten and Lund [20], a non-physical
arti�cial dissipation needs to be added in order to avoid the checkerboard problem.
Although the impact of the kinetic energy conservation errors on the �rst numerical
simulations performed by Felten and Lund [20] seems to be relatively small,such
non-physical dissipation e�ects should be avoided. Their minimal impact for �ne
meshes and small timesteps could become relevant for coarser meshes. Thus, fully
conservative methods may be necessary for accurate LES simulations, as is emphasised
by Mahesh et al. [16].

Moreover, the skew-symmetry discretization of the convective term, the main dif-
�culty that could make the collocated-mesh scheme preferable over the staggered
one, can be easily avoided using proper face-to-center and center-to-face 'shift' opera-
tors [17]. In conclusion, some kinetic energy conservation errors seem to be intrinsic to
the collocated arrangement and the di�culties for a staggered-mesh scheme discretiza-
tion can be avoided for the remainder of this thesis, the variables will be assumed to
be staggered.

1.2.5 Shift operators: constructing staggered operators from coll ocated opera-
tors

De�ning a skew-symmetric convective operator or a symmetric positive-de�nite
di�usive operator on a staggered-mesh arrangement is di�cult. Standard approach
requires to de�ne di�erent control volumes for each face velocity and perform numer-
ical integration over these staggered volumes. This becomes specially di�cult when
unstructured meshes are used.

However, this apparently inherent di�culty of the staggered-mesh scheme can be
tackled using shift operators2 [17]. It is obvious that de�ning convective/di�usive
operators on a collocated-mesh arrangement is straightforward. Then staggered op-
erators can be construct via shift operators.

Using the same notation used by Hickenet al. [17], let � denote the 3 n � m face-
to-cell operator and � the m � 3n cell-to-face operator. Following subsections will
show what constraints need to be imposed over shift operators in order to derive a

2Roughly speaking 'shift' operators move variables from fac e to cell and vice versa.
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proper staggered discretization.

Constraints by staggered convective operator
Let Cc (u s) be an n � n skew-symmetric convective operator on a collocated mesh
that acts over an arbitrary centered variable. Thus, a staggered convective operator
will be given by

C(u s) = � Cu (u s) � (1.18)

where matrix Cu (u s) is given by

Cu (u s) =

0

@
Cc (u s) 0 0

0 Cc (u s) 0
0 0 Cc (u s)

1

A 2 R3n � 3n (1.19)

Then, the shift operators � and � are constrained by the skew-symmetry condition
of the staggered convective operatorC(u s),

C(u s) = � Cu (u s) � (1.20)

C� (u s) = � � C�
u (u s) � � = � � � Cu (u s) � � (1.21)

and skew-symmetry ofC(u s) operator demands that

C(u s) + C� (u s) = 0 =) � Cu (u s) � � � � Cu (u s) � � = 0 (1.22)

The obvious solution to (1.22) constraint is to choose

� � = � = � (1.23)

Finally note, as observed by Hickenet al. [17], that in general the convective
operator can be constructed using any number of shift operators

C(u s) =
1
N

NX

i =1

� �
i Cu (u s) � i (1.24)

Constraints by global momentum equation
In the section 1.2.3 it was shown that conditions (1.16) and (1.17) are required for
convective and di�usive operator to conserve global momentum. Such conditions will
also constrain the shift operator(s). If the collocated convective operator Cc (u s) is
properly discretized to conserve total momentum, that is, the constant vector1c 2 Rn

lies in the null space

Cc (u s) 1c = 0c (1.25)



34 Chapter 1. Symmetry-preserving discretization of Navier-Stokes equations

The counterpart condition for the staggered convective operator (1.16)

C(u s) 1s = � � Cu (u s) � 1s = 0s (1.26)

is accomplished provided that face-to-cell operators preserve the value of a constant

� 1s = 13c; 13c 2 R3n (1.27)

Staggered di�usive operator
Let Dc be ann � n symmetric positive-de�nite di�usive operator on a collocated mesh
that acts over an arbitrary centered variable. Fortunately, the same shift operators
used for the convective matrix can be reused. Thus, the general expression for the
staggered di�usive operator becomes

D =
1
N

NX

i =1

� �
i Du � i (1.28)

where Du is given by

Du �

0

@
Dc 0 0
0 Dc 0
0 0 Dc

1

A 2 R3n � 3n (1.29)

The symmetry and positive-de�niteness of Dc are preserved. Moreover, it is easy
to see that previous shift operator conditions (1.27) are also necessary to ensure that
the staggered di�usive operator conserve momentum globally.

1.2.6 Vorticity transport equation

The discrete vorticity is de�ned as follows

w v � 
 � 1
v Ru s (1.30)

where R is the e � m curl operator de�ned in section B.3. Then, temporal evolution
for the vorticity is obtained by left-multiplying Eq.(1.4) by matrix R
 � 1

s

d
dt

(
 v w v ) =
d
dt

(Ru s) = � R
 � 1
s (C(u s) + D) u s + RGpc (1.31)

According to identity (B.12) pressure-gradient term vanishes. With the help of
Eq.(B.17) the convective term can be expressed as the sum of two terms

R
 � 1
s C(u s) u s = 	 � C(u s) 	 
 � 1

v Ru s � 	 � C
�
	 
 � 1

v Ru s
�

u s (1.32)
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where the �rst term represents the convective term of vorticity itself and the sec-
ond term is the vortex-stretching term. Therefore, the vorticity transport equa tion
becomes

d
dt

(Ru s) + 	 � C(u s) 	 
 � 1
v Ru s = � R
 � 1

s Du s + 	 � C
�
	 
 � 1

v Ru s
�

u s (1.33)

Note that the vortex-stretching term vanishes in 2D. Hence, the discrete vorticity
equation also mimics its continuous counterpart equation (A.17).

1.2.7 Enstrophy conservation equation

The discrete enstrophy is de�ned as


 c � u �
sR� 
 � 1

v Ru s (1.34)

The time evolution equation of 
 c can be obtained by left-multiplying the vorticity
equation (1.33) by the vector 
 � 1

v Ru s and summing the resulting equation with its
conjugate transpose

d
 c

dt
= � u �

sR� 
 � 1
v 	 � (C(u s) + C� (u s)) 	 
 � 1

v Ru s

� u �
s

�
R� 
 � 1

v R
 � 1
s D + D� 
 � 1

s R� 
 � 1
v R

�
u s

+ u �
s

�
R� 
 � 1

v 	 � C
�
	 
 � 1

v Ru s
�

+ C� �
	 
 � 1

v Ru s
�

	 
 � 1
v R

�
u s (1.35)

Skew-symmetry of convective operator,C, symmetry of di�usive operator, D, and
identity (B.35) reduces previous equation

d
 c

dt
= � 2Reu �

sD2u s + 2u �
sR� 
 � 1

v 	 � C
�
	 
 � 1

v Ru s
�

u s (1.36)

provided that Mu s = 0. The �rst term at the right-hand side of (1.36) is a dis-
sipation term for enstrophy whereas the second term is the vortex-stretching term,
the responsible to drive the energy to small scales of motion. It is easy to seethat
vortex-stretching term vanishes in two dimensions

d
 c

dt
= � 2Reu �

sD2u s; (in 2D) (1.37)

Hence, the convective contribution vanishes for 2D 
ows and the enstrophy,
 c, is
conserved in absence of viscous dissipation (D = 0).
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1.2.8 Helicity conservation equation

The discrete helicity is de�ned as

Hc � u �
s 	 Ru s (1.38)

The time evolution equation for Hc can be obtained by left-multiplying the vortic-
ity equation (1.33) by the vector u s 	 � and summing it with the resulting equation
obtained by right-multiplying the momentum equation (1.4) by the vector 
 � 1

s 	 Ru s

dHc

dt
= (Conv) Hc

+ (Di�) Hc
+ (Pres) Hc

(1.39)

where

(Conv)Hc
= � u �

s 		 � C(u s) 	 
 � 1
v Ru s + u �

s 		 � C
�
	 
 � 1

v Ru s
�

u s

� u �
sC� (u s) 
 � 1

s 	 Ru s (1.40)

(Di�) Hc
= � u �

s 	 R
 � 1
s Du s � u �

sD� 
 � 1
s 	 Ru s (1.41)

(Pres)Hc
= � p�

cG� 	 Ru s (1.42)

Then, the shift operator 	 is constrained by the condition that the convective term
contribution, (Conv) Hc

, must vanish

	 � 1 = 	 � �! 	 � 	 = I (1.43)


 s 	 = 	 
 v �! 	 
 � 1
v = 
 � 1

s 	 (1.44)

and the pressure gradient term vanishes as a consequence of Eq.(B.12) if the following
condition between the shift operator, 	, and the curl operator, R,

	 R = R� 	 � (1.45)

is held. Hence, assuming that latter conditions (1.43,1.44,1.45) are accomplished and
the symmetry of the di�usive operator, D, the evolution of discrete helicity results
into

dHc

dt
= � 2u �

s 	 R
 � 1
s Du s (1.46)
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1.3 Constructing discrete operators

Discretization of operators preserving the global properties de�ned in the pre-
vious section is a di�cult task. In general, the constraints imposed by operator
(skew)symmetries strongly restrict the form of the local approximations limiting, in
some cases, the local truncation error to be only �rst-order. However, Manteu�eland
White [13] showed that local truncation error is not de�nitive. It only provides a
lower bound for global error [7,17].

1.3.1 Reynolds transport theorem

To prepare for the �nite volume symmetry-preserving discretization, we recall the
Reynolds transport theorem for a function �

d
dt

Z

( 
 c ) k;k

�dV =
Z

( 
 c ) k;k

@�
@t

dV +
Z

@(
 c ) k;k

� u � n dS (1.47)

on an arbitrary centered cell k of volume (
 c)k;k . The function � can have several
meanings depending on what is transported.

1.3.2 Collocated convective operator

Second (convective) term of the right-hand-side of (1.47) can be expressed exactly
as

Z

@(
 c ) k;k

� u � n dS =
X

f 2 F c (k )

Z

Sf

� u � n dS (1.48)

where Fc(nvc) is the set of faces bordering the cellk. Assuming that the discrete
normal velocities, Uf = u f � n f , are located at the centroid of the face, then a second-
order discretization of the integral (1.48) is given by

Z

@(
 c ) k;k

� u � n dS �
X

f 2 F c (k )

� f Uf A f (1.49)

where A f is the area of the facef .

Hence, the collocated convective operator is de�ned by its action on an arbitrary
centered variable� c at some cellk as

[Cc (u s) � c]k =
X

f 2 F c (k )

� f Uf A f (1.50)
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Figure 1.2: Face normal and neighbour labelling criteria.

1.3.3 Skew-symmetry of the convective operator

In section 1.2.2, we have seen that the convective contribution to the global kinetic
energy vanishes if and only if the convective operator is skew-symmetric (Eq. 1.10).
Such condition is veri�ed in two steps. First, we consider the o�-diagonal elements.
The matrix Cc (u s) � diag (Cc (u s)) is skew-symmetric if the interpolation weights of
the adjacent discrete variables are taken equal to 1=2, hence independent of the grid
location,

� f �
� c1 + � c2

2
(1.51)

where c1 and c2 are the cells adjacent to the facef (see Fig. 1.2). To illustrate this,
we consider the general interpolation rule

� f = (1 � � f ) � c1 + � f � c2 (1.52)

where the coe�cient � f may depend on the local mesh sizes. Substituting this inter-
polation into Eq. (1.50), we see that corresponding o�-diagonal coe�cients of matrix
Cc (u s) become

[Cc (u s)]c1;c2 = (1 + � f )Uf A f (1.53)

[Cc (u s)]c2;c1 = � � f Uf A f (1.54)

Thus, for skew-symmetry, these two coe�cients should be of opposite sign,

(1 + � f )Uf A f = � f Uf A f (1.55)

As we stated, this property can only be achieved if and only if weights� f are taken
equal to 1=2.
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Next, we consider the diagonal elements ofCc (u s). For skew-symmetry of the
collocated convective operatorCc (u s) they have to be zero. The interpolation rule
de�ned in (1.51) determines that

[Cc (u s)]k;k =
1
2

X

f 2 F c (k )

Uf A f = 0 (1.56)

In conclusion, the collocated convective operatorCc (u s) is skew-symmetric if the
discrete centered variable� is interpolated to the faces of the control volumes using the
rule de�ned in (1.51), and the Eq.(1.56) is accomplished. In the following section, we
will see that the latter condition would hold if the divergence operator is consistently
de�ned.

1.3.4 Gradient, divergence and Laplacian operators

Integrating the continuity equation (1.2) over an arbitrary centered cell k of volume
(
 c)k;k yields

Z

( 
 c ) k;k

r � udV =
Z

@(
 c ) k;k

u � n dS =
X

f 2 F c (k )

Z

Sf

u � n dS (1.57)

Note that taking � equal to the unity, the Reynolds transport theorem (1.47) also
gives the continuity equation in integral form. Therefore, Eq.(1.49) is particularised
to de�ne the proper integrated divergence operator,

[Mu s]k =
X

f 2 F c ( f )

Uf A f = 0 (1.58)

Doing so, we are forcing that diagonal elements of collocated convective operator be
equal to zero (1.56).

In section 1.2.2, it has been shown (Eq. 1.11) that the integrated pressure gradient
operator, 
 sG, must be equal to the negative conjugate transpose of the divergence
operator, M. Hence, the discretization of the pressure gradient at the facef follows
from (1.58)

[
 sGpc]f = ( pc1 � pc2) A f (1.59)

where c1 and c2 are the cells adjacent to the facef . It is obvious that the order
of accuracy of the discretization of the gradient operator (1.59), in general,is not
second-order. This accuracy issues will be further discussed in section 1.6.

Note that since the discrete gradient inherits the boundary conditions from the
discrete divergence operator, we need not specify boundary conditions for the pres-
sure. Finally, we compute the pressure from a Poisson equation, which arises from
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the incompressibility constraint (see chapter 2 for details about the time-integration
method). The Laplacian operator is approximated by the matrix,

L = � M
 � 1
s M� (1.60)

which is symmetric and negative-de�nite, like the continuous Laplacian operator.

1.3.5 Di�usive operator

Again, a di�usive operator is easily constructed on a collocated mesh. The same
method for discretization the Laplacian operator is also applied: the di�usiveoperator
is viewed as the product of two �rst-order di�erential operators, the divergence, M,
of a gradient, G,

Dc = �
1

Re
MG =

1
Re

M
 � 1
s M� (1.61)

The Reynolds numbers have been introduced in order to simplify the notation. Note
that the collocated di�usive operator is, by de�nition (1.61), symmetric a nd positive-
de�nite and its action on a cell-centered variable is given by,

[Dc� c]k =
1

Re

X

f 2 F c (k )

(� c2 � � c1) A f

�n f
(1.62)

where the length �n f is an approximation of the distance between the centroids of
cells c1 and c2 given by

�n f =
(
 s)f

A f
(1.63)

where (
 s)f is the volume of the face-normal velocity cell at the facef (see Fig. B.1).
However, on general unstructured meshes, the error term of the di�usive discretization
(1.63) is O(1). Therefore, this operator de�nition may be inappropriate for many
meshes. Problems related with accuracy will be discussed in section 1.6.

1.3.6 Boundary conditions

Since now we have not considered the numerical treatment of the boundary con-
ditions. Obviously, symmetry properties have to be preserved. In the case of periodic
boundary conditions, their discretization can be easily extended without breaking the
symmetries of the matricesC and D.

For non-periodic boundary conditions it is not so clear. The operators have to be
discretized is such a way that their symmetry properties are preserved. This point
becomes specially di�cult if higher-order approximations are used.
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Figure 1.3: Boundary conditions treatment

Convective operator
The discretization near the boundary is not constructed to minimize the local trun-
cation error. Instead, we have to take care to build it without violating the skew-
symmetry of matrix C.

The collocated convective operator at cell� i;j (see �gure 1.3) is de�ned according
to expressions (1.50) and (1.51). To do so, we need to evaluate the out-of-domain
variable � � 1;j . First, we consider that such ghost variable only depends of� 1;j and
the boundary value � 0;j ,

� � 1;j = f C (� 0;j ; � 1;j ) (1.64)

Therefore, the o�-diagonal coe�cients remain unchanged. Then, we have to construct
a linear extrapolation function f C in such a way that skew-symmetry ofC be exactly
preserved,

� � 1;j = a0;j � 0;j + a1;j � 1;j (1.65)

then, the diagonal element becomes

[Cc (u s)]k;k =
1
2

X

f 2 F c (k )

Uf A f �
1
2

(Uf A f )0;j (1 + a1;j ) (1.66)

Thus, it would remain null if and only if the coe�cient a1;j is taken equal to � 1.
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Finally, imposing that interpolated face variable at the boundary be equal to � 0;j

yields

� � 1;j = 2 � 0;j � � 1;j (1.67)

Di�usive operator
The di�usive 
uxes through the wall faces must be discretized such that the resulting
matrix Dc is symmetric and positive-de�nite. However, the coe�cient matrix Dc is
de�ned as M
 � 1

s M� (see Eq. 1.61) where the matrix
 � 1
s is a positive diagonal matrix.

Hence, symmetry and positive-de�niteness occurs naturally if (1.61) is applied to
construct Dc. Condition (1.67) is implicitly imposed when constructing the divergence
operator M.

1.4 Specialising to a Cartesian staggered meshes

Structured Cartesian meshes are a particular case of the general unstructured mesh
adopted for this work. To adapt our symmetry-preserving discretization method for
such meshes is relatively straightforward.

1.4.1 Shift operator for Cartesian meshes

We will restrict only to local face-to-cell shifts involving neighbour faces. Now, for
convenience let us de�ne the following two shift operators

(� 1u s) ik =
X

f 2 F (k )

Uf max (ni;f ; 0) (1.68)

(� 2u s) ik =
X

f 2 F (k )

Uf min (ni;f ; 0) (1.69)

(1.70)

whereni;f is the i th component of the outward face normal. Hence, operator �1 is the
east, north or top face velocity of cellk depending on the velocity component desired.
Similarly, operator � 2 is the west, south or bottom face velocity. Note that the shift
operators de�ned above are the same proposed by Hickenet al. [17] for unstructured
Cartesian grids.

Then, the staggered convective operator is obtained by substituting the shift op-
erators � 1 and � 2 into Eq.(1.24)

C(u s) =
1
2

(� �
1Cu (u s) � 1 + � �

2Cu (u s) � 2) (1.71)
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Figure 1.4: The control volume for the horizontal velocity uP .

1.4.2 Second-order symmetry-preserving discretization

Using the shift operators de�ned in the previous section, the discretization of the
convective term at the cell of the velocity uP cell (see �gure 1.4) has the following
form3

[C(u s) u s]uP
=

1
2

�
f P

(uP + uE )
2

� f W
(uP + uW )

2
+

f N
(uP + uN )

2
� f S

(uP + uS )
2

+

f E
(uP + uE )

2
� f P

(uP + uW )
2

+

f NE
(uP + uN )

2
� f SE

(uP + uS )
2

�

=
1
4

(f P + f N + f E + f NE � f W � f S � f P � f SE ) uP +

1
4

(f P + f E ) uE �
1
4

(f W + f P ) uW +

1
4

(f N + f NE ) uN �
1
4

(f S + f SE ) uS (1.72)

3We restrict ourselves to two dimensions to simplify the resu lting expressions. The extension to
3D is straightforward.
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where the mass 
uxes are de�ned as

f P = uP � xP ; f E = uE � xP ; f W = uW � xP (1.73)

f N = vP � xP ; f S = vS � xP ; f NE = vE � xE ; f SE = vSE � xE (1.74)

Thus, the discretization for the convective term (1.72) becomes identical to the
second-order symmetry-preserving discretization given by Verstappen and Veldman [7].
Similarly, the di�usive term discretization obtained is also the same.

1.5 Constructing high-order symmetry-preserving discret izations

In general, high-order discretizations are more e�cient for DNS than low-order
ones [6,7,12,21,22]. More accurate discretizations are usually constructed by means
of linear combination of low-order discretizations.

W1

W3

W5

Figure 1.5: Construction of higher-order symmetry-preserving discretizati ons

In our case, assuming that we are far enough from the boundaries, it is always
possible to generate a series of second-order accurate symmetry-preserving approxi-
mations for (1 + 2 i )d times larger control volumes (see �gure 1.5),


 V
du s

dt
+ CV u s; V = 1 ; 3; 5: : : (1.75)

where d is the number of spatial dimensions (d = 2 or d = 3) and V = 1 + 2 i . Since
the errors of these expressions on a grid of uniform spacingh are of this form

� V = K 2 (hV )2+ d + K 4 (hV )4+ d + K 6 (hV )6+ d + : : : (1.76)
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where K n are constants. Successive higher-order approximations can be built by
means of Richardson extrapolation. For instance, a fourth-order symmetry-preserving
discretization is obtained making the following linear combination

�
32+ d 
 1 � 
 3

� du s

dt
+

�
32+ dC1 � C3

�
u s (1.77)

The leading error term of the di�usive is eliminated in a similar way. Finall y, the
fourth-order approximation for the law of mass conservation becomes

�
32+ dM1 � M3

�
= 0 (1.78)

Higher-order (sixth-,eighth-,tenth-order, etc) approximations are construct simi-
larly. Figure 1.6 displays convergence tests for convective and divergence operators
for orders of accuracy from second- to eighth-order.

1.6 Accuracy

Normally, the analysis of the local truncation error is used to �nd the accuracy
of a numerical method. Local truncation error can be found by substituting an an-
alytical solution into the governing equations. However, Manteu�el and White [13]
showed that the local truncation error only provides a lower bound for global trun-
cation error. In practice, it is possible that low-order terms cancel providing a better
real accuracy. This is the case for symmetry-preserving discretizations on structured
Cartesian grids [7,17].

However, for unstructured grids the analytical analysis becomes more di�cult and
tedious. A second type of errors appears due to the misalignments between the faces
and cells centroids. Hickenet al. [17] only provides \anecdotal evidence" that the
order of accuracy is not a�ected by these errors. However, their analysis is only
restricted for an unstructured Cartesian method that bene�ts from the symmetry of
the re�nements. Therefore, general unstructured meshes may have largerO (1) global
truncation errors.

For instance, the order of accuracy of the gradient operator de�ned in Eq.(1.59) is,
in general, O (1). However, this apparently serious problem becomes irrelevant if the
gradient of an scalar �eld is crudely viewed as the vector that forces a given velocity
�eld, u p

s to be incompressible in a discrete sense,

u s = u p
s � Gpc ; Mu s = 0s (1.79)
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Figure 1.6: Numerical errors versus mesh size for convective (top) and divergenve
(bottom) operators for second-, fourth-, sixth- and eighth-order discr etizations.

Actually, it can be viewed as the discrete version of the Helmholtz-Hodge4 decompo-
sition theorem [23,24],

u p
s = u s + Gpc ; Mu s = 0s (1.80)

that states that a vector �eld, u p
s , is uniquely decomposed in a gradient �eld,Gpc,

and a divergence-free vector,u s. In our case, this is true due to the orthogonality

4Helmholtz-Hodge decomposition theorem plays a fundamenta l role in the projection methods
used for the numerical solution of the incompressible Navie r-Stokes equations. For further details
about the projection method adopted in this thesis see secti on 3.2.2
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betweenu s and Gpc,

u �
s 
 sGpc = � u �

sM� pc = � (Mu s) � pc = 0 (1.81)

Another relevant question in our context is what is the optimal5 order of accu-
racy for DNS/LES numerical simulations. The answer is not obvious. A priori more
accuracy seems always desirable but it also implies an extra computational cost (see
section 2.5.7, for instance). In the quest for such compromise, in chapter 3 we have
performed DNS simulations using second- and fourth-order accurate schemes con-
cluding that fourth-order formulation is more appropriate. Similar conclusions are
obtained by Verstappen and Veldman [7] when performing DNS simulations of a fully
developed channel 
ow atRe� = 180. However, this conclusion may change in favour
to higher-order (sixth-order) accurate schemes if numerical algorithms, speciallythe
Poisson solver, are made more e�cient for large stencil sizes.

1.7 Conclusions

A general symmetry-preserving discretization method has been presented. The
operator formulation used here is based on the 'shift' transformation idearecently
proposed by J.E. Kickenet al. [17]. It allows matrix operators for collocated variables
to be easily transformed into matrix operators for staggered variables while preserving
symmetries.

It has been shown that for orthogonal Cartesian grids it is possible to construct
high-order accurate symmetry-preserving discretizations by means of Richardson ex-
trapolation technique. However, for unstructured grids the problem becomes more
di�cult. Errors due to the non-orthogonality of the cell centroids appears. Actuall y,
Hicken et al. [17] suggest that it may be possible that on unstructured meshes the
accuracy of the operators should take preference over their global properties. How-
ever, in this work we have followed the same philosophy adopted by Verstappen and
Veldman [7]: preserving the symmetries of the operators is crucial to the dynamics of
turbulence and must be respected. Thus, in our context, the accuracy for general un-
structured grids remains an open question. Therefore, investigating on the suitability
of the method for unstructured meshes is an interesting area for future research.
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2

A Direct Schur-Fourier
Decomposition for the
E�cient Solution of
High-Order Poisson Equations
on Loosely Coupled Parallel
Computers

Main contents of this chapter have been published in:
F. X. Trias, M. Soria, C. D. P�erez-Segarra and A. Oliva, A Direct Schu r-Fourier Decomposi-
tion for the E�cient Solution of High-Order Poisson Equations on Loosely C oupled Parallel
Computers, Numerical Linear Algebra with Applications , 13, 303-326, 2006.

Abstract. In this chapter a parallel Direct Schur-Fourier Decomposition (DSF D) algorithm
for the direct solution of arbitrary order discrete Poisson equations on p arallel computers
is proposed. It is based on a combination of a Direct Schur method and a Fourier Decom-
position and allows to solve each Poisson equation almost to machine accuracyusing only
one communication episode. Thus, it is well suited for loosely coupled parallel computers,
that have a high network latency compared with the CPU performance. Se veral three-
dimensional direct numerical simulations (DNS) of wall-bounded tur bulent incompressible

ows have been carried out using the DSFD algorithm. Numerical examp les illustrating the
robustness and scalability of the method on a PC cluster with a conven tional 100 Mbits/s
network are also presented.
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2.1 Introduction

Many important applications in Computational Fluid Dynamics (CFD) cont ext,
such as Direct Numerical Simulation (DNS) or Large-Eddy Simulation (LES) of tran-
sition and turbulent 
ows demand huge computing power and need parallel computers
to be feasible. E�cient and scalable algorithms for the solution of Poisson equation,
which arises from the incompressibility constraint, are of high interest in this context.

In this chapter , algorithms for loosely coupled parallel computers such as PC
clusters with low-cost networks are considered. On such systems, that are signi�cantly
cheaper than conventional parallel computers with the same number of processors and
computing power per processor, the network performance is poor (high latency and
low bandwidth) compared with the computing power of each processor. Therefore,
the size and the number of the messages exchanged must be minimized in order to
increase the e�ciency of the algorithms. Depending on the computer architecture,
the number of processors and the scale of the problem being solved, this consideration
can be even more important than the arithmetical complexity.

For Poisson operator the speed of propagation of information in the spatial domain
is in�nite. Thus, the development of parallel algorithms to solve it with a reduced
number of communications is specially di�cult. The most e�cient sequential methods
for the Poisson equation, such as Multigrid, are di�cult to parallelize, because they
need a large number of communications between the processors. Due to the network
latency, the time needed for each of them is not negligible, even if the messages are
small, such as for the halo update operation at the coarsest levels [1]. Krylov-subspace
methods also need several communication episodes (for matrix-vector products, scalar
products and preconditioning) to solve each Poisson equation.

On the other hand, most of the existing parallel direct Poisson solvers do not prop-
erly combine the 
exibility required for CFD problems with a low enough communi-
cation cost to make them practicable on loosely coupled parallel computers. In [2], a
direct fast Poisson solver on a bidimensional rectangle is described. It is based on the
Schur complement method and performs an arithmetical complexity ofO(NlogN ).
However, as it involves the use of FFT for solving the arising interface Schur com-
plement systems, it requires uniform discretization meshes in both directions. Asis
pointed out in the next paragraphs, this prevents its use for most of the common
CFD applications with wall-bounded 
ows or 
ows with internal obstacles. Another
disadvantage with respect the method proposed here is that the data partitioningis
restricted to be done in an unique direction. This is a important issue because ina
parallel implementation of domain decomposition the ratio between the amount of
communication and the amount of computation required grows as the sub-domains
become narrower and may deteriorate the scalability properties of the global parallel
CFD algorithm.
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Another method relevant in our context is described in [3]. It is a direct solver for
block tridiagonal systems with separable matrices of arbitrary dimension.In [4], it is
described how the same algorithm can be used as a sequential solver for linear systems
with separable block band matrices. The method, that is closely related to the cyclic
reduction method, has also an arithmetical complexity ofO(NlogN ) and is capable
of solving separable elliptic problems discretized on nonuniform rectangular meshes.
However, the number of communication steps grows with the number of processors
and the algorithm may be ine�cient on loosely coupled parallel computers.

Thus, in the context of DNS and LES time-accurate incompressible 
ow simu-
lations, the development of parallel algorithms tolerant to slow networks is of high
interest to exploit e�ciently the CPU potential of a low cost parallel computer s. The
following aspects are commonly present in these applications:

� The Poisson equation has to be solved repeatedly1, in a time-stepping scheme,
with di�erent right-hand sides, while the system matrix remains constant. Ther e-
fore, a large computing time can be spent in a preprocessing stage, where only
the system matrix is used.

� Wall-bounded turbulent 
ows and 
ows with internal obstacles are common in
most of the applications [5{7]. Therefore, non-uniform meshes are required in
order ensure that the grid resolution is su�ciently �ne to resolve the essential
turbulent scales near the walls.

� Periodicity in one direction is of interest for many LES and DNS applications.

The last property makes the Fourier diagonalization [8] in the periodic direction
the best choice. The uniformity of the grid in each such direction imposed by the

1To solve our benchmark problems from initial conditions to s tatistically steady 
ow the number
of time steps is � 106
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method is suitable with the isotropic nature of the 
ow in the periodic directio n2.
This allows to decompose the three-dimensional (3D) Poisson equation into a family
of independent two-dimensional (2D) system of equations. However, as FFT paral-
lelization is not e�cient on loosely coupled parallel computers the domain can not be
decomposed in the periodic direction.

The �rst two properties make the Schur complement method [9{11] a good choice
for the parallel solution of these 2D problems because systems arising from non-
uniform meshes can be solved without increasing the computational cost. The Schur
complement matrix only needs to be calculated in a preprocessing stage and it allows
to solve each Poisson equation almost to machine accuracy using only one all-to-all
communication episode [12].

The Direct Schur-Fourier Decomposition (DSFD) method is a combination of both
techniques that allows to solve each discrete Poisson equation still withonly one mes-
sage for any number of processors. A previous version [13] was used to solve the stan-
dard 7-point three-dimensional discrete Poisson equation arising from a second-order
symmetry-preserving discretization of the incompressible Navier-Stokes equationsby
Verstappen and Veldman [14, 15]. In this chapter DSFD algorithm is extended for
high-order discrete Poisson equations. This allows to implement the fourth-order
counterpart scheme [14, 15]. This is a relevant issue, not only in terms of the ac-
curacy of the code, but also for its computational implications. Given an order of
discretization for convective, viscous and pressure gradient terms, to satisfy exactly
the kinetic energy balance, the Poisson equation must also be solved with the same
order of accuracy and using a coherent discrete Laplacian operator (i.e., the product
of the discrete divergence and gradient operators [14,15]).

All the numerical tests presented in this chapter have been carried out using
second- and fourth-order symmetry-preserving discretizations on a PC cluster with
24 standard PCs running Linux and a conventional 100 Mbits/s network. Illustr ative
instantaneous maps and second-order statistics results of several three-dimensional
DNS simulations of a turbulent natural convection 
ow in a tall cavity of asp ect ratio
4 and a turbulent 
ow past a square cylinder with � 106 nodes and� 106 time steps
are presented. Computing times and speed-ups obtained up to 3:1� 106 nodes and 24
processors illustrating the robustness and scalability of the method are alsopresented.

2.2 Governing Equations

The non-dimensional incompressible Navier-Stokes (NS) equations coupled with
the thermal energy transport equation in a bounded parallelepipedic domain 
 =

2For the case of a mesh uniform in any other direction, the Four ier diagonalization operation
could be used again.
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(0; L 1) � (0; L 2) � (0; L 3) � R3 are considered

@u
@t

+ ( u � r ) u � P r � u + r p � f = 0 (x; t) 2 
 � [0; 1 ) (2.1)

@T
@t

+ ( u � r ) T � � T = 0 ( x; t) 2 
 � [0; 1 ) (2.2)

r � u = 0 ( x; t) 2 
 � [0; 1 ) (2.3)

Dirichlet boundary conditions are prescribed on@
 a =
�

x 2 R3jx2 = 0
	

,
@
 b =

�
x 2 R3jx2 = 1

	
and @
 c =

�
x 2 R3jx3 = 0

	
[

�
x 2 R3jx3 = 1

	

uj@
 a
= ga ; uj@
 b

= gb ; uj@
 c
= gc (2.4)

and periodic boundary conditions in the x1 direction

u(x; t) = u(x + L 1e1 ; t) (x ; t) 2 
 � [0; 1 ) (2.5)

T(x; t) = T(x + L 1e1 ; t) (x ; t) 2 
 � [0; 1 ) (2.6)

with initial conditions

u(x; 0) = uo(x) x 2 
 (2.7)

T(x; 0) = To(x) x 2 
 (2.8)

here, uo(x) is a given C1 divergence-free vector �eld on R3 compatible with the
prescribed boundary conditions,To(x) is a C1 �eld on R3, also compatible with the
boundary conditions, and f (x ; t) is an externally applied body force (e.g. gravity).

2.3 Numerical Method and Discretization

Equations (2.1-2.3) are discretized on a staggered grid [16] in space by second-
or fourth-order spectro-consistent schemes [14, 15]. Such discretization preserves the
underlying di�erential operators symmetry properties, i.e. convective operator is
represented by a skew-symmetric coe�cient matrix and the di�usive operator is ap-
proximated by a symmetric positive-de�nite matrix. These global discrete operator
properties ensure both stability and that the global kinetic-energy balance is exactly
satis�ed even for coarse meshes if incompressibility constraint is accomplished.

We shall denote by npm the number of mesh nodes inxm -direction, m = 1 ; 2; 3
respectively, andN =

Q 3
m =1 npm , the total number of mesh nodes. As our approach
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is based on a Fourier decomposition, we require the discretization mesh to be uniform
in the direction where the solution is periodic (in our case periodic direction will be
x1). The mesh can be non-uniform inx2 and x3 directions.

2.3.1 Time-integration Method

In order to simplify the notation, momentum equation (2.1) can be rewritten as

@u
@t

= R (u) � r p (2.9)

where R (u) is the right-hand-side terms of the momentum equation except for the
pressure gradient. For the temporal discretization, a central di�erence scheme is used
for the time derivative term, a fully explicit second-order Adams-Bashforth scheme
for R and a �rst-order backward Euler scheme for the pressure-gradient term and
mass-conservation equation. Thus, assuming a constant time-step, we obtain the
semi-discretized NS equations

un +1 � un

�t
=

3
2

R n �
1
2

R n � 1 � r pn +1 (2.10)

r � un +1 = 0 (2.11)

To solve the velocity-pressure coupling we use a classical fractional step projec-
tion method [17, 18]. In the projection methods, solutions of the unsteady NS equa-
tions are obtained by �rst time-advancing the velocity �eld u without regard for its
solenoidality constraint (2.11), then recovering the proper solenoidal velocity �eld,
un +1 (r � un +1 = 0). This projection is derived from the Helmholtz-Hodge vector
decomposition theorem [19], whereby the velocityun +1 can be uniquely decomposed
into a solenoidal vector, up, and a curl-free vector, expressed as the gradient of a
scalar �eld, r ~p. This decomposition is written as

up = un +1 + r ~p (2.12)

where the predictor velocity up is

up = un + �t
�

3
2

R n �
1
2

R n � 1
�

(2.13)

and the pseudo-pressure is ~p = �tp n +1 . Taking the divergence of (2.12) yields a
Poisson equation for ~p

r � up = r � un +1 + r � (r ~p) �! �~p = r � up (2.14)

The question of what boundary condition to use for the pressure equation (2.14) in
the non-periodic directions has led to much discussion. The main ideas were shortly
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reviewed in [20]. The use of the normal component of the momentum equation is
commonly accepted as the most appropriate boundary condition, see for example [21].
However, at the discrete level on staggered grids with prescribed velocity boundary
conditions, as in our case, the incompressibility condition occurs naturally and no
speci�c boundary condition for the pressure needs to be speci�ed as pointed out
in [22]. For readers interested a detailed description for the second-order case can be
found in [23].

Once the solution is obtained,un +1 results from the correction

un +1 = up � r ~p (2.15)

Therefore, the algorithm for the integration of each time step is

1. Evaluate R n = R (un ).

2. Evaluate up from Eq. (2.13).

3. Evaluate r � up and solve the discrete Poisson (2.14) equation using the DSFD
algorithm.

4. Obtain the new velocity �eld with Eq. (2.15).

It is well-known that due to stability reasons explicit temporal schemes introduce
severe restrictions on the time step, while implicit discretization would improve the
overall stability. However, for the use of implicit methods in DNS of turbulent 
ows
the computational costs are rather high compared to those of explicit methods. This
is because of the underlying restrictions to time step that are required to fully resolve
all temporal scales in the NS equations [6, 7, 15]. Therefore, although the DSFD
algorithm can be easily used for an implicit discretization of the linear terms of the
momentum and energy equations, we have only considered explicit method in the
view of the lower costs.

2.3.2 Discretization of the Poisson equation

Let us brie
y outline those aspects concerning the discretization of the Poisson
equation (2.14) that are relevant in our context. For simplicity, in this section we
shall restrict to bidimensional discretizations of Poisson equation. The systematic
procedure for calculating Laplace operator discretization formulas considered here
for any numerical order, given by Vasilyev [24], leads to the following generic stencil
structure
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2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

at M

...
at 2

at 1

asM : : : as2 as1 ap an 1 an 2 : : : an M

ab1

ab2

...
abM

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

(2.16)

Obviously, near the boundary points the stencils have to be modi�ed. The dis-
cretization at these points is not constructed to minimize the local truncation error.
Instead, it is properly modi�ed without violating the underlying symmetry propert ies
of the Laplace operator [15]. The stencil sizeM required for the schemes under con-
sideration is related with the order of accuracy of the discrete di�erential operator o
by

M = o � 1 (2.17)

As an example, the second-order scheme (M = 1) is the well-known �ve-point
approximation of the Laplacian partial di�erential operator, and the four th-order
(M = 3) counterpart in a uniform spacing mesh denoted byh is

1
684h2

2

6
6
6
6
6
6
6
6
4

1
� 54
783

1 � 54 783 � 2920 783 � 54 1
783
� 54

1

3

7
7
7
7
7
7
7
7
5

(2.18)

Discretization of the right-hand-side terms is also carried out using a symmetry-
preserving scheme by Vestappen and Veldman [15]. More details about the numerical
method and discretization are given in [7]. Exact stencil connections and theoretical
properties of this family of schemes are further considered in [14,15,24,25].

2.3.3 Problem De�nition

With the given Poisson equation discretization and boundary conditions outlined
in previous sections the problem under consideration is of the form3

3The superindex 3 d is used here to express that each unknown is coupled with neig hbouring
unknowns in the three directions.
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A3dx3d = b3d (2.19)

where A3d 2 RN � N is a singular symmetric matrix, and vectors x3d 2 RN and
b3d 2 RN can be divided into np2np3 sub-vectors with np1 components each,

x3d �
�
x1;1; x2;1; � � � x j;k ; � � � ; xn p 2 ;n p 3

� T
(2.20)

b3d �
�
b1;1; b2;1; � � � bj;k ; � � � ; bn p 2 ;n p 3

� T
(2.21)

wherex j;k =
�
x1;j;k ; x2;j;k ; � � � ; xn p 1 ;j;k

� T
2 Rn p 1 . With this partition and considering

a column- or row-wise ordering of grid points (also called lexicographical ordering)
the resulting matrix A3d 2 RN � N is a block (6M + 1)-diagonal matrix with a regular
sparsity pattern

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

Ap
1;1 An 1

1;1 An 2
1;1 � � � A t 1

1;1 A t 2
1;1 � � �

As1
2;1 Ap

2;1 An 1
2;1 An 2

2;1 � � � A t 1
2;1 A t 2

2;1 � � �
. . .

. . .
� � � Ab2

j;k Ab1
j;k � � � As2

j;k As1
j;k Ap

j;k An 1
j;k An 2

j;k � � � A t 1
j;k A t 2

j;k � � �
. . .

. . .
� � � Ab2

n p 2 ;n p 3
Ab1

n p 2 ;n p 3
� � � As2

n p 2 ;n p 3
As1

n p 2 ;n p 3
Ap

n p 2 ;n p 3

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

where An d
j;k , Asd

j;k , A t d
j;k and Abd

j;k are np1 � np1 diagonal matrices

An d
j;k = an d

j;k I 2 Rn p 1 � n p 1 (2.22)

where an d
j;k is a constant and Ap

j;k are np1 � np1 symmetric circulant [26] matrices of
the form

Ap
j;k �

0

B
B
B
B
B
@

ap
j;k ae1

j;k ae2
j;k : : : ae1

j;k
ae1

j;k ap
j;k ae1

j;k : : : ae2
j;k

ae2
j;k ae1

j;k ap
j;k : : : ae3

j;k
...

...
...

. . .
...

ae1
j;k ae2

j;k ae3
j;k : : : ap

j;k

1

C
C
C
C
C
A

2 Rn p 1 � n p 1 (2.23)

Using the previous block matrices, equation (2.19) can be expressed in the form
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Ap
j;k x j;k +

MX

d=1

�
Abd

j;k x j;k � d + Asd
j;k x j � d;k + An d

j;k x j + d;k + A t d
j;k x j;k + d

�
= bj;k (2.24)

where 1 � j � np2 ; 1 � k � np3, M is the scheme stencil size (2.17), and the
terms that correspond to non-existent block vectors (outside the domain) should be
eliminated.

2.4 Symmetric Real-valued Circulant Matrices:
Diagonalization and Fourier Decomposition for Real-Value d
Problems

In this section we consider the diagonalization problem of generic symmetric real-
valued circulant matrices and their correspondence with the discrete Fourier trans-
forms. Finally we outline an optimization of the FFT algorithm for rea l-valued prob-
lems that allows approximately halving the computational cost. Later on, in Section
2.5, we use the results of the current section to decompose the system matrixA3d into
a set of np1 bidimensional problems using the intrinsic properties ofAp

j;k matrices.

2.4.1 Diagonalization of Symmetric Real-valued Circulant Matri ces

Let us consider in detail symmetric real-valued circulant matrices. As it is well
known [27], the eigenvalues of a generic circulant matrix of ordern

C �

0

B
B
B
B
B
@

c1 c2 c3 : : : cn

cn c1 c2 : : : cn � 1

cn � 1 cn c1 : : : cn � 2
...

...
...

. . .
...

cn � 2 cn � 1 cn : : : c1

1

C
C
C
C
C
A

2 Cn � n (2.25)

are given by

� j = c1 + c2! j + c3! 2
j + � � � + cn ! n � 1

j =
nX

i =1

ci !
i � 1
j 2 C (2.26)

where ! j is the j th root of unity. That is the solution of

! n = 1 ; ! 2 C (2.27)

namely 1, � , � 2, : : : , � n � 1 where � = exp(2�i=n ).

Next, let us consider a symmetric real-valued circulant matrix of order n
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A �

0

B
B
B
B
B
@

c1 c2 c3 : : : c2

c2 c1 c2 : : : c3

c3 c2 c1 : : : c4
...

...
...

. . .
...

c2 c3 c4 : : : c1

1

C
C
C
C
C
A

2 Rn � n (2.28)

under the assumption of symmetry, the eigenvalues of matrixA become

� j =

8
>>>><

>>>>:

c1 +
n= 2X

i =2

ci

n�
� j � 1� i � 1

+
�
� j � 1� n +1 � i

o
� cn= 2+1 ; if n is even;

c1 +
(n +1) =2X

i =2

ci

n�
� j � 1� i � 1

+
�
� j � 1� n +1 � i

o
; if n is odd.

(2.29)

moreover, from expression (2.27) can be easily shown that

�
� j � 1� i � 1

= (� j � 1)n +1 � i (2.30)

hence, eigenvalues expression (2.29) can be written explicitly as

� j = c1 + 2
n= 2X

i =2

ci <
� �

� j � 1� i � 1
�

(2.31)

Note that now � j 2 R ; 8j = 1 : : : n. Finally, expressing (2.31) in terms of polar
angles, we have

� j = c1 + 2
n= 2X

i =2

ci cos(i� j � � j ) (2.32)

where � j = 2� ( j � 1)
n .

All circulant matrices of the same order diagonalizes with the same base of eigen-
vectors. In particular, the eigenvector corresponding to the eigenvalue� j is

�
1; � j ; � 2j ; : : : ; � (n � 1) j

� T
2 Cn (2.33)

Following the terminology of [28], we denote the matrix whose columns are the eigen-
vectors of A as QC 2 Cn � n . Thus, the diagonalization of A is straightforward

Q� 1
C AQC = � C (2.34)
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where � C 2 Rn � n is a diagonal matrix with the eigenvalues ofA (2.32) down the
diagonal.

2.4.2 Fourier Decomposition for Real-valued Problems

The product x = QCx̂ can be expressed as an inverse Discrete Fourier Transform
(DFT)

x j =
nX

k=1

� � jk x̂k =
nX

k=1

e� i 2 �jk
n x̂k (2.35)

where x; x̂ 2 Cn . And the product x̂ = Q� 1
C x as a forward DFT

x̂k =
1
n

nX

j =1

� jk x j =
1
n

nX

j =1

ei 2 �jk
n x j (2.36)

However, for real-valued vectors, the discrete Fourier coe�cients have a special
structure. For a given real-valued vector v of length n, that is v 2 Rn , the Fourier
coe�cients v̂k satisfy the following condition

v̂k = v̂n � k+2 ; k = 2 ; : : : ; n (2.37)

thus, assuming for simplicity that n is even, when the coe�cients v̂k , k = 1 ; : : : ; n=2+
1, have been stored, the rest of the Fourier coe�cients can be obtained easily by taking
the complex conjugates. Hence, it is enough to apply a DFT algorithm to a vector
whose length is half of the original.

So, with the help of the property (2.37) and assuming that the transformations
(2.35) and (2.36) can be carried out using a FFT algorithm, the computation of v̂j ,
j = 1 ; : : : ; n=2 + 1, can be performed more e�ciently, approximately halving the FFT
computational cost compared with the straightforward implementation. For more
details about the FFT optimization for real-valued problems see [29].

For notational convenience let us de�ne the Fourier transforms matrices for real-
valued problems. Given an auxiliary real-valued vectorz 2 Rn whose coe�cients are
given by

z2k � 1 = < (v̂k ) k = 1 ; � � � ; n
2

z2k = = (v̂k ) k = 1 ; � � � ; n
2

(2.38)

we can de�ne QR 2 Rn � n as an inverse Fourier transform matrix for real-valued
problems

v = QRz (2.39)
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and consequentlyQ� 1
R as the forward DFT matrix. Furthermore, it is easy to verify

that the diagonalization of A can be performed as

Q� 1
R AQR = � R (2.40)

where � R 2 Rn � n is a diagonal matrix with the eigenvalues ofA down the diagonal.
However, it must be noted that, with the prescribed de�nition of vector z (2.38), the
eigenvalues ordering of �R and � C is di�erent. Explicit expressions of real-valued
forward and inverse discrete Fourier transforms are given in [13].

Hence, in what follows let QR and Q� 1
R stand for the inverse and the forward

discrete Fourier transform matrices for real-valued problems respectively.

2.5 Direct Schur-Fourier Decomposition

In this section the DSFD algorithm is described. It is based on a combination of a
Direct-Schur [11,12] method and a Fourier decomposition [8]. Fourier decomposition
allows to decouple the unknowns in the periodic direction. As FFT parallelization is
not e�cient on loosely coupled parallel computers, DSFD uses a domain decomposi-
tion only in the two directions orthogonal to the Fourier decomposition (see Fig. 2.1,
left). Each bidimensional decoupled problem is solved with a parallel Direct Schur
decomposition (DSD), that is based on the fact that the matrix of coe�cients re-
mains constant during all the 
uid 
ow simulation. This allows us to evaluate and
store the inverse of the interface matrix of each equation in a pre-processingstage.
Then, in the solution stage, all the systems are solved together. Only one all-to-all
communication episode is needed to solve each three-dimensional Poisson equation to
machine accuracy. Previous versions of this algorithm [12,13] were used to solve the
second-order Poisson equation. Now, a general extension of the algorithm for higher
order discrete Poisson equations is presented.

2.5.1 Fourier Decomposition

As we showed in Section 2.3.3, all theAp
j;k matrices are symmetric real-valued

circulant. Thus, applying the results obtained in Section 2.4 their diagonalization is
straightforward

Q� 1
R Ap

j;k QR = � j;k (2.41)

where � j;k 2 Rn p 1 � n p 1 is a diagonal matrix with the eigenvalues ofAp
j;k , given by

(2.32), down the diagonal.

The previous relation allows to decompose the original block diagonal system (2.19)
into a set of np1 independent block diagonal equations. To do so, Eq.(2.24) is premulti-
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plied by Q� 1
R and the sub-vectorsx j;k are expressed asQRx̂ j;k . After these operations,

the Ap
j;k matrices become diagonal while theAnb

j;k matrices, that are the identity ma-
trix multiplied by a scalar (2.22), are not a�ected (e.g., Q� 1

R an d
j;k IQ R = an d

j;k I ). The
resulting equations are

� j;k x̂ j;k +
MX

d=1

�
Abd

j;k x̂ j;k � d + Asd
j;k x̂ j � d;k + + An d

j;k x̂ j + d;k + A t d
j;k x̂ j;k + d

�
= b̂j;k (2.42)

This expression, like Eq.(2.24), is a block diagonal equation withnp2np3 unknowns,
each of them with np1 components. But in Eq.(2.42), as the non-diagonal entries of
matrices Ap

j;k have been eliminated, unknownx i;j;k is only coupled with unknowns in
the same planei . Therefore, selecting thei component of thenp2np3 block equations,
we obtain a block diagonal scalar equation system that can be expressed as

âp
i;j;k x̂ i;j;k +

MX

d=1

�
abd

j;k x̂ i;j;k � d + asd
j;k x̂ i;j � d;k + an d

j;k x̂ i;j + d;k + at d
j;k x̂ i;j;k + d

�
= b̂i;j;k

(2.43)
where the term of the main diagonal is thei entry of diagonal matrix � j;k ,

âp
i;j;k = � i;j;k (2.44)

therefore, Eq.(2.43) can be expressed more compactly as

Â i x̂ i = b̂i i = 1 � � � np1 (2.45)

whereÂ i 2 Rn p 2 n p 3 � n p 2 n p 3 is a block diagonal matrix associated with the transformed
equation for plane i . The operations to be performed to solve the equation system
are

1. Calculate the np1 transformed right-hand-side sub-vectors,̂bj;k = Q� 1
R b.

2. Solve thenp1 decoupled block diagonal equation systemŝA i x̂ i = b̂i .

3. Carry out the anti-transformation of the np1 solution sub-vectorsx j;k = QRx̂ j;k .

Matrix-vector product requires O
�
N 2

�
operations, so for a general transformation,

the cost of the �rst and third operations would be O
�
n2

p1np2np3
�
. However, in our case

they can be carried out using FFT algorithm that is O (np1 (log2np1)) [30]. Therefore,
their cost grows only with O (np1 (log2np1) np2np3) and it is small compared with the
solution of the np1 decoupled linear systems. Moreover, note that the optimized FFT
for real-valued problems outlined in section 2.4 allows us to half the computational
cost compared with the straightforward implementation.
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p=1p=0 p=2

p=5p=4p=3

Interface nodes needed by p=1

Interface nodes

Figure 2.1: Left: Domain decomposition used by DSFD. Right: Partition and
reordering of the unknowns for the fourth-order discrete Poisson equation

2.5.2 Direct Schur Decomposition (DSD)

Each of the np1 system of linear equations (2.45) is solved with a Direct Schur
Decomposition (DSD) method [12, 13]. To simplify the notation, the hats and sub-
indices are dropped and each of thenp1 block diagonal equations (2.45) to be solved
is denoted as

Ax = b (2.46)

where A 2 Rn p 2 n p 3 � n p 2 n p 3 and x; b 2 Rn p 2 n p 3 .

The unknowns in vector x are partitioned into a family of P subsets, called inner
domains, that are labelled from 0 to P � 1, plus one interface (see Fig. 2.1, right),
labelled s, de�ned so that the unknowns of each subset are not directly coupled with
the other subsets. With this partition, the system (2.46) can be expressed using block
matrices as

0

B
B
B
B
B
@

A0;0 0 � � � 0 A0;s

0 A1;1 � � � 0 A1;s
...

...
0 0 � � � AP � 1;P � 1 AP � 1;s

As;0 As;1 � � � As;P � 1 As;s

1

C
C
C
C
C
A

0

B
B
B
B
B
@

x0

x1
...

xP � 1

xs

1

C
C
C
C
C
A

=

0

B
B
B
B
B
@

b0

b1
...

bP � 1

bs

1

C
C
C
C
C
A

(2.47)
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For the solution of the reordered system, the interface unknowns are isolated using
block Gaussian elimination. System (2.47) is transformed to

0

B
B
B
B
B
@

A0;0 0 � � � 0 A0;s

0 A1;1 � � � 0 A1;s
...

...
0 0 � � � AP � 1;P � 1 AP � 1;s

0 0 � � � 0 ~As;s

1

C
C
C
C
C
A

0

B
B
B
B
B
@

x0

x1
...

xP � 1

xs

1

C
C
C
C
C
A

=

0

B
B
B
B
B
@

b0

b1
...

bP � 1
~bs

1

C
C
C
C
C
A

(2.48)

The last block equation, involving only unknowns in xs 2 Rn s , is the interface
equation

~As;s xs = ~bs (2.49)

with the modi�ed right-hand side

~bs = bs �
P � 1X

p=0

As;p A � 1
p;p bp (2.50)

and the Schur complement matrix

~As;s = As;s �
P � 1X

p=0

As;p A � 1
p;p Ap;s (2.51)

Therefore, the interface equation (2.49) can be used to solve exactlyxs before the
inner domains. Oncexs is known, each of thexp can be obtained independently by
its owner p, solving its original equation

Ap;p xp = bp � Ap;s xs (2.52)

Finally, note that ~As;s 2 Rn s � n s is a dense matrix. Both ~As;s and ~bs can be evaluated
without the explicit calculation of A � 1

p;p , as described in [12].

2.5.3 Parallel Block LU Decomposition of Dense Matrices

The solution of the interface equation (2.49) is critical for the e�ciency of t he
Schur decomposition algorithm. In the implementation proposed, an algorithm based
on the distributed evaluation and storage of the inverse of the dense interfacematrix
is employed. Each processor only stores the rows that are necessary for the evaluation
of the components ofxs = ~A � 1

s;s
~bs that are directly coupled with its inner nodes, as is

shown in Fig. 2.1(right).
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As the method used for the inversion only a�ects to the preprocessing stage, in
the �rst version of the code [12], a sequential algorithm was used to do so, but the
computing time and RAM memory needed become exceedingly large when the number
of interface nodesns increases. Therefore, the method was enhanced [13] with the
incorporation of a parallel block-LU decomposition. Here, a short review is provided
for completeness.

To evaluate ~A � 1
s;s row by row, we begin with the transpose of ~As;s . In order to

increase the number of 
oating point operations that each processor can perform
between communications, matrix B , de�ned as

B =
� ~AT

s;s 0
0 I

�
(2.53)

is treated as ac � c block matrix of square sub-matrices,

B �

0

B
B
B
@

B1;1 B1;2 B1;3 � � � B1;c

B2;1 B2;2 B2;3 � � � B2;c
...

B1;c B2;c B3;c � � � Bc;c

1

C
C
C
A

2 Rcc0� cc0
(2.54)

where each of the sub-matricesB i;j 2 Rc0� c0
. Values of c0 � 10 have been used in our

implementation. Note that in general ns can not be evenly divided byc0, so matrix
~AT

s;s has been augmented (2.53) with a number of arti�cial rows and columns from the
identity matrix appended to the end of Bc;c , that are discarded after the inversion.

The block matrix is distributed by rows among all the processors. A block
Gaussian-elimination LU decomposition algorithm is used for matrix (2.54), treat-
ing each matrix as a scalar would be treated in a conventional LU algorithm. The
pivot element is chosen as the sub-matrix with minimum condition number, � =
jjB i;j jj1 jjB � 1

i;j jj1 . The processors cooperate to evaluate the inverses of the sub-
matrices needed to determinate the pivot.

When the block LU decomposition ofB is available, it is used for the solution of
the equation systems that yield the columns ofB � 1,

Bt = ei i = 1 � � � ns (2.55)

where t is the column i of B � 1, but also the row i of its transpose ~A � 1
s;s , needed to

solve the interface equation (2.49). All the processors cooperate to solve each row
using the block LU decomposition, but when it is available only the processors that
need the row store it (see Fig. 2.1, right).
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The stability analysis of the block LU decomposition of the matrix B is beyond
of our scope. It is well known that block LU decomposition is not stable in gen-
eral [31]. Only for some particular classes of matrix, factorization stability can be
guaranteed [32]. However, all numerical tests carried out the factorizationhas been
found to perform stably.

2.5.4 Solution of A3dx3d = b3d system

After the completion of the pre-processing stage, where thenp1 block diagonal trans-
formed matricesÂ i are evaluated and their Schur decomposition computed, the solu-
tion of each three-dimensional equation is carried out in three steps:

1. Evaluate the transformed np1 right-hand side vectors b̂j;k = QRbj;k .

2. Solve thenp1 block diagonal equationsÂ i x̂ i = b̂i using Schur decomposition to
obtain x̂.

3. Evaluate the �nal solution undoing the transformation, x = Q� 1
R x̂ j;k .

The second step could be performed invokingnp1 times DSD algorithm outlined in
previous sections. In a straightforward implementation np1 global summation oper-
ations would be needed. However, all the messages can be grouped into just one to
save latency time proceeding as follows (the notation [X ]i refers to the repetition of
operation X for i -index values between 1 andnp1):

Step 2. Solution of
h
Âx̂ = b̂

i

i
f

2.1-Solve [Ap;p t = bp]i
2.2-Evaluate the local contribution to the r.h.s. of the interface equations,h

~bp
s = As;p t

i

i

2.3-Carry out the global summation
h
t =

P P � 1
p=0

~bp
s

i

i

2.4-Evaluate the r.h.s of the interface equations,
h
~bs = bs � t

i

i

2.5-Evaluate the interface nodes
h
xs = ~A � 1

s;s
~bs

i

i
where needed

2.6-Solve locally the inner nodes from [Ap;p xp = bp � Ap;s xs]i
g

Vector t is used to denote a temporary storage area, di�erent for eachi plane. To per-
form the communication operation (step 2.3), the np1 local vectors are concatenated
into a single vector with np1ns components, that is added in a single all-to-all com-
munication operation. So, a signi�cant reduction of latency time is achieved grouping
all messages into just one.
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2.5.5 Singularity of A3d

The singularity of A3d can be easily shown from the relation that the non-null
terms of each row verify

ap
i;j;k = �

MX

d=1

�
awd

i;j;k + abd
i;j;k + asd

i;j;k + aed
i;j;k + an d

i;j;k + at d
i;j;k

�
(2.56)

Moreover, asA3d = ( A3d)T , it is necessary that the right-hand-side term of Eq. (2.19)
veri�es

X
b3d

i;j;k = 0 (2.57)

in order to make the system compatible but undetermined to an additive constant.
It should be noted that previous discrete compatibility condition is equivalent to the
global mass conservation equation

Z

@

u � dS = 0 (2.58)

in a discrete manner.

After the Fourier decomposition, singularity is inherited only by the transfor med
system of the �rst plane ( Eq.(2.45) with i = 1), as according to (2.32) and (2.44) the
sum of all non-null terms in each row is zero

âp
1;j;k = � i;j;k = c1 + 2

n p 1 =2X

i =2

ci

= ap
j;k +

MX

d=1

�
aed

j;k + awd
j;k

�

= �
MX

d=1

�
abd

j;k + asd
j;k + an d

j;k + at d
j;k

�
(2.59)

Block Gaussian elimination can be carried out because local sub-matricesAp;p are
non-singular. However, the interface matrix ~As;s is singular. The solution adopted
here has been to change~As;s , imposing an arbitrary value of xs in one of the interface
nodes, by means of the replacement one of the columns of~As;s matrix by the equivalent
column of the identity matrix.
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2.5.6 Stability of Supercritical Two-Dimensional Flows

If the non-linear term ( u � r )u of the momentum equation is su�ciently large
compared with the dissipation term P r � u, the solutions of the NS equations becomes
three-dimensional, even if they are subject to two-dimensional boundary conditions.
If a simulation in such supercritical conditions begins with two-dimensional initial
conditions, the three dimensional numerical disturbances (due to round-o� errors and
to the residual of the Poisson equations) would be expected to grow and the 
ow
to become three-dimensional. However, in our implementation of DSFD, despite of
the round-o� errors, a super-critical two-dimensional 
ow remains two-dimensional,
unless it is arti�cially perturbed.

This unexpected behaviour is due to the properties of the transformations (2.35)
and (2.36). Assume that a simulation is carried out using as initial conditions a set of
exactly two-dimensional4 u and T maps. The roundo� errors in the evaluation of up

from Eq. (2.13) will be exactly equal in all the planes, so it will be two-dimensional
and also r � up. The errors in the solution of the Poisson equation would be ex-
pected to produce slightly three-dimensionalp and un +1 �elds. But this is not the
case with DSFD. When an exactly two-dimensional right-hand-side sub-vectorbj;k is
transformed to b̂j;k = Q� 1

R bj;k using expression (2.36), the components 2� � � np1 are
exactly zero. There are roundo� errors in the solution of each penta-diagonal equa-
tion with DSD, but if b in (2.46) is exactly null, the LU solution of each Ap;p t = bp

(step 2.1) is also exactly null. The same holds for the rest of the steps in theDSD
algorithm, so �nally the components 2 � � � Nx of each x̂ j;k vector are zero and the
transformation (2.35) yields an exactly two-dimensional x �eld. The same holds for
the rest of operations in each time step integration and thereforeun +1 and Tn +1 are
exactly two-dimensional too.

This stability of super-critical two-dimensional 
ows, that is not consistent w ith
the physical behaviour of the 
ows, has been observed in our computing system. How-
ever, as its ultimate reason is the exact cancellation of terms in the inverse(2.35) and
forward (2.36) DFT series, depending on how these functions are actually evaluated,
the phenomena might not arise. This aspect is beyond the scope of our analysis.

To determinate if a given 
ow has a stable two-dimensional solution it is necessary
to introduce an arti�cial three dimensional perturbation and observe its grow or decay.
Proceeding in this way, the previous behaviour does not a�ect the stability results.

2.5.7 Memory Requirements

The main obstacle that may prevent the extension of the DSFD method to higher
order schemes are the RAM memory requirements. The RAM memory that each

4 I.e., with equal values of all 64 bits of the double-precisio n 
oating point numbers. The term
exact is used with this meaning in the following discussion.
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processor needs to run DSD for each plane can be approximately quanti�ed as a
function of P (number of processors),Nsp = np2np3 (number of unknowns by each
Schur plane), M (scheme stencil size) andI (interface size). In order to simplify the
expression we assume thatnp2 = np3 =

p
Nsp and Py = Pz =

p
P. Therefore, the

sub-domains assigned to each processor are squares of
p

Nsp=P
p

Nsp=P = Nsp=P.

Neglecting the I
� p

P � 1
� 2

nodes that are in the intersection of interface lines, the

number of interface nodes aren2d
s = 2 IN 1=2

sp (P1=2 � 1). Moreover the maximum
number of interface nodes per processor is 4IN 1=2

sp P � 1=2 and the local band-LU de-
composition storaged RAM requirement is 3(Nsp=P)M (Nsp=P)1=2. Therefore the
total number of array positions that each processor needs is approximately

N 2d
t (M; I; N sp ; P) � 3M

�
Nsp

P

� 3
2

+ 8 I 2Nsp
P1=2 � 1

P1=2
(2.60)

As M and I are increasing functions of the order of the schemeo5, RAM memory
requirements may become a serious obstacle to use DSD for high-order schemes. Ob-
serve that the main di�culty arises from the interface equation whose RAM memory
requirement grows quadratically with I . The current research is focussed on the de-
velopment of new methods based on DSFD algorithm that allow to reduce the RAM
memory requirements preserving the robustness and scalability properties exhibited.

2.6 Stationary Iterative Approach for Schur Problems

In previous sections, we have shown that RAM memory requirements could be-
come the main bottleneck that may prevent its use for high-order problems. Thus,
the aim is to reduce drastically the RAM memory requirements maintaining the re-
sults accurate enough with reasonable computing times. In this section we outline a
stationary iterative approach for bidimensional Schur problems to do so.

2.6.1 General schema

Let A 2 Rn p 2 n p 3 � n p 2 n p 3 be a a symmetric non-singular matrix. We consider solving

Ax = b (2.63)

by stationary iteration, using a splitting

A = Ad + A i (2.64)

5 In particular, for the family of discretizations considere d:

M = o � 1 (2.61)

I = o � 1 (2.62)
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where Ad is nonsingular. The iteration takes the form

Adxk+1 = b� A i xk (2.65)

The error vector after k iterations ek � xk � x can be expressed as

ek+1 = A t ek (2.66)

where A t is the iteration matrix

A t = A � 1
d A i (2.67)

The iterative schema (2.65) concludes when the residual achieves

jjAx k � bjj1

jjAx 0 � bjj1
< " (2.68)

where x0 is the initial guess and " the prescribed reduction of the initial residual
factor.

Let � (A t ) be the spectral radius of the iteration matrix A t ,

� (A t ) = max
i

j� i (A t )j (2.69)

where � i (A t ) denotes any of the eigenvalues ofA t . Only if � (A t ) < 1 the iterative
method will be unconditionally convergent. Thus, it seems reasonable to consider,
given a system matrix A and some prescribed restrictions toAd matrix, a spectral
radius minimization problem. That is, �nd out the A matrix splitting (2.64) that
complying the prescribed restrictions leads to the minimum spectral radius.

An analytical approach to such problem would limit the generality of the matr ices
to be considered to some sort of patterned matrices such as circulant or Toeplitz
matrices whose asymptotic behaviour of eigenvalues is well-known. However, the
essential ideas and results can be conveyed in a more intuitive manner without the
mathematical machinery required for the most general cases.

2.6.2 Tested con�gurations

For notational convenience let us de�ne the following matrix

Asp ;ss

d 2 Rn p 2 n p 3 � n p 2 n p 3 sp; ss � M (2.70)

where sp is the stencil size for inner nodes, andss is the interface size. Thus,Asp ;ss

d
coe�cients would be de�ned as
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ap
d = ap (2.71)

an i
d =

�
an i if i � sp

0 if i > s p
(2.72)

furthermore, must be noted that as long asss < s p, unknowns from di�erents subsets
will be coupled. However, as we previously said, DSD method requires that the
unknowns of each subset be not directly coupled with the other subsets. So, those
coe�cients that would coupled unknowns from di�erent subsets must also be dropped.

The two basic Asp ;ss

d matrix structures taken under consideration

� AM; 1
d : it reduces the interface size (see Fig. 2.1, right) to only one node and the

inner nodes equations remain unaltered.

� A1;1
d : the same interface treatment but also reducing the inner nodes molecule

size to one node.

Many other combinations are possible, nevertheless the proposed ones seem to
be the most promising, combining reasonable RAM requirements with pretty good
convergence properties.

2.7 Numerical Experiments

2.7.1 Problem Model and Illustrative Results

The direct numerical simulation (DNS) of a buoyancy-driven turbulent natural
convection 
ow in an enclosed cavity has been used as a problem model. The di-
mensions of the domain areL 1 � L 2 � L 3 and the boundary conditions are: non-slip
velocity boundary conditions on @
 = f @
 a [ @
 b [ @
 cg,

uj@
 = 0 (2.73)

Dirichlet temperature boundary conditions on the side walls,

T j@
 a
= 0 ; T j@
 b

= 1 (2.74)

and Neumann boundary conditions at the top and bottom surfaces.

@T
@x3

�
�
�
�
@
 c

= 0 (2.75)
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The body force vectorf = (0 ; 0; RazP rT ) accounts for the density variations using
the Boussinesq approximation. The model described is governed by the dimensionless
numbersP r , Raz and the cavity aspect ratios: L 3

L 2
(height aspect ratio) and L 1

L 2
(depth

aspect ratio). More details about this con�guration can be found in [6,7].

Figure 2.2: Top: From left to right, three instantaneous temperature �elds at
Raz = 6 :4 � 108 , 2 � 109 and 1010 respectively, with P r = 0 :71 (air); the turbulent
kinetic energy, the turbulent kinetic energy dissipation and the turbulent kinetic
energy generation for Raz = 6 :4 � 108 and P r = 0 :71. Bottom: Instantaneous
pressure �eld for a 
ow past a square cylinder at Re = 22000.

Several illustrative DNS results of instantaneous temperature maps and mean val-
ues of second-order statistics obtained withRaz = 6 :4 � 108, 2 � 109 and 1010, with
P r = 0 :71 (air), height and width aspect ratios 4 and 1 respectively are shown in
Fig. 2.2(top). The turbulent kinetic energy, the turbulent kinetic energy dissipa-
tion and the turbulent kinetic energy generation by buoyancy forces values shown in
Fig. 2.2(top) are de�ned as < u0 � u0 > , <

�
r u0+ r u0T

�
: r u0 > and < u 0

3T0 >
respectively. The prime variables represent the 
uctuating components and< > the
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averaging operator6.

Despite the geometric simplicity of these con�gurations, it has to be noted that
turbulent natural convection is a very complex phenomenon, that is not still well
understood [33]. As an example of other simulations carried out using the DSFD
algorithm, an instantaneous pressure �eld for the 
ow past a square cylinder atRe =
22000 is shown in Fig. 2.2(bottom). Further details about this con�gurati ons can be
found in [5].

2.7.2 The DSFD Benchmark Results

Accuracy. In all the cases tested, when direct approach was used, DSFD allowed
to solve the Poisson equation with enough accuracy for CFD applications. As an
example, the typical ratio jjr � un +1 jj=jjr � up jj obtained with P = 24, second-order,
and a mesh of 64� 154� 310 nodes is less than 5� 10� 11.

Computing time. The computing times have been measured using a PC cluster
with 24 standard PCs (AMD K7 CPU 2600 MHz and 1024 Mbytes of RAM and a
conventional network (100 Mbits/s 3COM cards and a CISCO switch), running De-
bian Linux 3.0 kernel version 2.4.23. MPI has been used as message-passing protocol
(LAM 6.5.8). See appendix F for further details about the JFF cluster.

For the measures, the full Navier-Stokes algorithm was executed during 100 time
steps after the pre-processing stage and the wall times spent in each section of the
code averaged. No special optimization techniques, compiler 
ags or 
oating point
libraries have been used. Other implementations of the algorithms described here
might run faster or slower even on the same computers. Therefore, the following
computing times must be considered for guidance only.

DSFD algorithm is dominated by the solution of the two-dimensional equations,
mainly in the all-to-all communication episode (step 2.3), the products ~A � 1

s;s
~bs (step

2.5) and the solution of local band-LU systems (step 2.1 and 2.6). Thus, neglecting
the cost of the direct and inverse Fourier transforms (steps 1 and 3), the latency
time in the all-to-all message (step 2.3) and the cache memory e�ects, the computing
time needed by DSFD to solve Eq. 2.19 (after the pre-processing stage) would benp1

times the time needed for the solution of each two-dimensional equation with DSD.
All numerical experiments carried out con�rm such roughly linear dependence of the
computing time with respect to np1.

The breakdown of DSD computing costs versus mesh size forP = 24 have been
represented in Fig. 2.3(top) for second- and fourth-order problems. The dominant
factor in the results presented is the solution of the Schur equation (2.49). However,

6 In our case, mean values of the computational results are obt ained by averaging the results over
the direction of periodicity, over the skew-symmetric part of the cavity, and over time.
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Figure 2.3: Top: Breakdown of the computing time of the DSD algorithm for
second- and fourth-order problems, for P = 24. Bottom: Computing times versus
the number of processors for di�erent meshes and orders.

for larger meshes the computing costs of the local band-LU systems grows faster
than Schur equation and all-to-all communication ones. For further details about
the breakdown of computing costs of the basic DSD second-order algorithm see [12].
However, the most signi�cant conclusion, in our context, is that both matrix pr oblems
under consideration exhibit similar breakdowns appearances but signi�cantly larger
values for the fourth-order approach.

In Fig. 2.3(bottom), total computing time has been represented versus the number
of processors for di�erent meshes. It must be noted that, as the time of the band-LU
local solver (steps 2.1 and 2.6) depends on the bandwidth, for the samenp2np3 and
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P, the computing times can be substantially di�erent depending on np2, np3 and Py ,
Pz values.

Speed-up results. The speed-upS, the ratio between the computing time needed
by one processor andP processors, is usually employed as a measure of the parallel
performance of an algorithm running on a certain parallel computer. However,S is
di�cult to measure in a realistic situation because the algorithm is designed for large
problems that can not be solved by a single processor. The second and fourth-order
speed-ups corresponding to di�erent meshes have been represented in Fig. 2.4. The
times for sequential executions have been estimated because they can not be directly
measured for lack of RAM memory. Also, under the previous considerations respect
to the computing time, for the same np2 and np3, S can be estimated to be at least
as high as in the case of DSD algorithm [12].

Figure 2.4: Estimated speed-ups for di�erent meshes and orders.

Optimal number of processors. According to the assumption that a low-cost
system is used, the minimum computing time is more important than the e�cient
use of the processors (measured byS=P). As we can see in Fig. 2.4, in both cases
second-order and fourth-order, the algorithm scales better with larger meshes. Given
a mesh, the second-order con�guration scales better than the fourth-order counterpart
because the proportion of interface nodes, that prevent an e�cient scalability of the
algorithm, is increased with the order.

Thus, apart from minor details, there are two main aspects on which the optimal
number of processors depends: the mesh size and the order of accuracy. In general
terms, larger meshes imply larger optimal number of processors, meanwhile higher
orders imply smaller optimal number of processors.
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Figure 2.5: Left: Computing times versus the RAM memory requirements per
processor for the problem tested N = 64 � 156 � 312 with P = 24, " = 10 � 6 and
a fourth-order discretization for several iterative con�gurations. Ri ght: Number of
iterations needed for each plane for the same case.

Comparison with other algorithms. The behaviour of DSFD can be analyzed
comparing it with a well-known sequential alternative method (allowing it t o take
advantage of the periodicity in one direction too), such as a combination ofa Fourier
decomposition and a conventional algebraic multigrid (ACM [34]) solver for each
penta-diagonal equation. In [12], DSD was estimated to be about 30 times faster than
ACM for P = 24, a mesh of 235� 470 control volumes and stopping the iterations when
reduction of the initial residual by a factor 10� 3 was achieved. The same estimation
holds for problems of sizenp1 � 235� 470 solved with the present method, with an
accuracy several orders of magnitude higher. However, the Fourier/ACM approach
does not involve a pre-processing stage like DSFD.

Band-LU decompositions, used for local problems, could be replaced by a fast
direct solver based on the separation of variables and Fourier analysis [29].Its com-
putational cost, dominated by the cost of FFT, is O (Nlog2N ), but requires the
discretization mesh to be uniform in an additional direction.

2.7.3 Convergence of the Iterative Approach

As we have explained in the section 2.6, an iterative approach could be a reasonable
way to tackle the lack of RAM memory for the high-order direct problems.

In all tested cases aN = 64 � 156� 312 mesh withP = 24, " = 10 � 6 and fourth-
order con�guration have been used. Such mesh and partition seems to be reasonable
large enough to provide conclusive results about the iterative approach feasibility and
suitability for our applications.
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Computing time. The computing times have been measured using the same com-
putational architecture and averaging procedure. As we can see in Fig. 2.5(left) the
smallest computing times obtained, with the prescribed" value, is 12.44s meanwhile
the estimated computing time for the direct approach would be roughly 2.7s (see
Fig. 2.3, right). We can also see that with the same RAM memory requirement
slightly smaller computing times are obtained when both iterative approachesA3;1

d

and A1;1
d are properly combined. Smaller computing times may be obtained using a

less strict " value.

Number of iterations. The number of iterations needed to converge would be
closely related with the spectral radius ofA t . An analytical approach is beyond the
scope of this chapter , however numerical testing can provide us enough information to
tackle the problem. In Fig. 2.5(right) we can see the number of iterationsto converge
versus the Schur plane number for the tested case. The number of iterations is smaller
(except for some planes that is equal) when theAM; 1

d approach is employed. This
behaviour is more signi�cant for low-frequency planes whoseA t spectral radius tends
to be greater and therefore the iterative algorithm more di�cult to converge. For
high-frequency planes, with lower spectral radius, the number of iterations tend to
be almost equal for both cases. All numerical tests carried out for di�erent cases and
partitions seem to con�rm this behaviour for any non-trivial right-hand term b3d.

2.8 Conclusions

A robust and fairly scalable direct parallel algorithm for the solution of t he three-
dimensional high-order Poisson equations arising in incompressible 
ow problems with
a periodic direction has been described. After a pre-processing stage, it provides the
solution of each right-hand-side using only one all-to-all communication episode per
time-step, so it is specially intended for loosely-coupled parallel computers, such as
PC clusters with a low-cost network. It is based on a combination of a direct Schur
Complement method and a Fourier decomposition. The Schur Complement part is
based on the method presented in [12, 13] extended to higher order problems. En-
hanced methods to perform the FFT of real-valued problems and to evaluate the
inverse of the interface matrix, the integration of the algorithm in an explicit par-
allel CFD solver, the procedure to treat the matrix singularity and the stabil ity of
supercritical two-dimensional 
ows have been considered.

The good e�ciency and accuracy of the proposed method have been shown by
performing several numerical experiments on a PC cluster of 24 nodes with 1024
Mbytes of RAM each and a conventional 100 Mbits/s network. To benchmark the
DSFD algorithm a direct numerical simulation (DNS) of turbulent natural convecti on
problem used as a problem model. According to the measured computing times and
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numerical accuracies, the algorithm proposed is a suitable method for the use on low
cost PC clusters for DNS/LES simulations. Speed-up results up to 24 processors have
proved that the algorithm scalability for large enough meshes is good.

The use of more e�cient sequential solvers [4] for the local problems instead of
the standard band-LU decomposition, the development of new methods based on the
DSFD algorithm that allow to reduce the RAM memory requirements and, for certain
problems, the parallelization strategy described in [2] seem interesting areasfor future
research.
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Direct numerical simulations of
two- and three-dimensional
turbulent natural convection

ows in a di�erentially heated
cavity of aspect ratio 4

Main contents of this chapter have been published in:
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of two- and three-dimensional turbulent natural convection 
ows in a d i�erentially heated
cavity of aspect ratio 4, Journal of Fluid Mechanics , (accepted).

M. Soria, F. X. Trias, C. D. P�erez-Segarra and A. Oliva, Direct numer ical simulation of
a three-dimensional natural-convection 
ow in a di�erentially heat ed cavity of aspect ratio
4, Numerical Heat Transfer, part A , 45, 649-673, 2004.

Abstract.
A set of complete two- and three-dimensional direct numerical simul ations (DNS) in

a di�erentially heated air-�lled cavity of aspect ratio 4 with adiabat ic horizontal walls is
presented in this paper. Although the physical phenomenon is three-dimensional, due to its
prohibitive computational costs the majority of the previous DNS of tur bulent and transition

85
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natural convection 
ows in enclosed cavities assumed a two-dimensional behaviour. The
con�gurations selected here (Rayleigh number based on the cavity height 6 :4 � 108 , 2 � 109

and 1010 , P r = 0 :71) are an extension to three dimensions of the two-dimensional problems
previously studied by Xin & Le Qu�er�e [1] and the next step of the w ork initiated by Soria
et al. [2].

An overview of the numerical algorithm and the methodology used to veri fy the code
and the simulations is presented. The main features of the 
ow, incl uding the time-averaged

ow structure, the power spectra and probability density distr ibutions of a set of selected
monitoring points, the turbulent statistics, the global kinetic en ergy balances and the internal
waves motion phenomenon are described and discussed.

As expected, signi�cant di�erences are observed between two- and t hree-dimensional re-
sults. For two-dimensional simulations the oscillations at the downst ream part of the vertical
boundary layer are clearly stronger, ejecting large eddies to the cavity core. In the three-
dimensional simulations these large eddies do not persist and their energy is rapidly passed
down to smaller scales of motion. It yields on a reduction of the large-scale mixing e�ect at
the hot upper and cold lower regions and consequently the cavity core still remains almost
motionless even for the highest Rayleigh number. The boundary layers remain laminar in
their upstream parts up to the point where these eddies are ejected. The point were this
phenomenon occurs clearly moves upstream for the three-dimensional simulations. It is also
shown that, even for the three-dimensional simulations, these eddies are large enough to per-
manently excite an internal wave motion in the strati�ed core region. A ll these di�erences
become more marked for the highest Rayleigh number.
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3.1 Introduction

Natural convection in parallelepipedic enclosures has been the subject of numer-
ous studies. Most of them can be classi�ed in three main groups: cavities where the

ow is due to internal heat generation, cavities heated from below (Rayleigh-B�enard
con�guration), and those heated from the sides. The con�guration of the latter class
is the di�erentially heated cavity, the situation that here is under consideration. T his
models many engineering applications such as ventilation of rooms, cooling ofelec-
tronics devices or air 
ow in buildings. A summary of previous direct numerical
simulations of air-�lled ( P r = 0 :71) di�erentially heated cavity relevant in our con-
text is presented in the next paragraphs. The coordinate system used is:x1 for the
periodic direction and x2 (horizontal) and x3 (vertical) for the two wall-normal direc-
tions. Ra2 and Ra3 are the Rayleigh numbers based on the cavity width and height
respectively. A3 = L 3=L2 and A1 = L 1=L2 are the height and depth aspect ratios.
Unless otherwise mentioned, all cases use Boussinesq approximation.

The early numerical studies concentrated on con�gurations characterised by small
Rayleigh numbers in the steady laminar regime. After the pioneering work of Vahl
Davis & Jones [3], where the original benchmark formulation was establishfor a set
of square two-dimensional cavities with 103 � Ra � 106, Hortmann et al. [4] used a
multigrid method to solve the problem with �ner meshes up to 640 � 640. Latter,
solutions for the full range of two-dimensional steady-state solutions (Ra3 � 108) have
been obtained using di�erent methods by Le Qu�er�e [5], Ravi et al. [6] and Wan et
al. [7]. The three-dimensional cubic cavity (A1 = A3 = 1), with adiabatic horizontal
walls and solid vertical walls in the third direction is also a well-known con�guration,
but has received comparatively less attention (see Fusegiet al. [8]; Tric et al. [9]). For
large height aspect ratio cavities, in a certain range ofRa numbers, a steady-state
multicellular 
ow is obtained (see Lartigue et al. [10]; Le Qu�er�e [11]; Schweiger et
al. [12]).

Beyond a critical Rayleigh number, the two-dimensional di�erentially heated cav-
ity 
ows become time-dependent (periodic, chaotic and eventually fully turbulent).
Due to the presence of high temperature areas at the bottom of the cavity, the con�gu-
ration with perfectly conducting horizontal walls is more unstable than the con�g ura-
tion with adiabatic ones. Its transition to non-steadiness was studied by Winters [13],
obtaining a critical number of Ra3 = 2 :109� 106, later con�rmed by Henkes [14]. For
the square cavity with adiabatic horizontal walls , Le Qu�er�e & Behnia [15 ] determi-
nated the critical number as Ra = 1 :82� 0:01� 108 and studied the time-dependent
chaotic 
ows up to Ra = 1010. For the case of cavities also with adiabatic horizontal
walls and height aspect ratioA3 = 4, Le Qu�er�e [16] determined that there is a Hopf
bifurcation at Ra3 = 1 :03 � 108 and that a chaotic behaviour is �rst observed at
Ra3 = 2 :3 � 108. Two-dimensional chaotic 
ows have been studied by Farhangnia
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et al. [17], who carried out a direct simulation for Ra3 = 6 :4 � 1010 and by Xin &
Le Qu�er�e [1], who studied the situations with Ra3 = 6 :4 � 108, 2 � 109 and 1010,
recording statistics of the 
ow for Ra3 = 2 � 109 and 1010. The cavity with A3 = 8,
with Ra2 = 3 :4 � 105 (unsteady), has been chosen as a test problem (see Christon
et al. [18], for example). For this con�guration, the critical Ray number for the
transition to unsteadiness isRa2 = 3 :0619� 105. Time-dependent two-dimensional

ows have also been studied without using the Boussinesq approximation by Paolucci
& Chenoweth [19] and Paolucci [20], for Rayleigh numbers up to 1010 and di�erent
aspect ratios.

The transition from a two-dimensional steady laminar to a three-dimensional time-
dependent regime was �rst considered by Jansenet al. [21], for the case of a perfectly
conducting horizontal walls in a cubic cavity with solid vertical walls and numeri-
cally imposing 
ow symmetries. The critical Ra number was estimated to be be-
tween 2:25 � 106 and 2:35 � 106, larger than the equivalent critical number of a
two-dimensional cavity. An oscillatory 
ow regime was studied by Fusegi et al. [22]
in the same conditions, without assuming symmetry, forRa = 8 :5� 106. For the case
of the adiabatic horizontal walls in a cubic cavity , the transition to unsteadiness was
studied by Jansen & Henkes [23], assuming symmetry too. The criticalRa number
obtained was between 2:5 � 108 and 3 � 108. However, the same con�guration was
later studied without assuming symmetry by Labrosseet al. [24], obtaining a non-
symmetric transition for Ra = 3 :19 � 107, signi�cantly lower than in the equivalent
two-dimensional case. A direct simulation of a turbulent 
ow with Ra = 1010 was
carried out by Fusegi et al. [25], using a 62� 122� 62 mesh.

In a general di�erentially heated cavity problem with periodic vertical bound-
ary conditions where the boundary conditions do not force the 
ow to be three-
dimensional, there are three possible 
ow con�gurations: two-dimensional steady,
two-dimensional unsteady and three-dimensional unsteady. A question relevant in our
context is if there is a range of Rayleigh numbers where the 
ow is two-dimensional but
unsteady, this is, if the transitions to unsteadiness and three dimensionality are simul-
taneous. This problem was considered in detail by Henkes & Le Qu�er�e [26], for square
di�erentially heated cavities ( A3 = 1) with adiabatic horizontal walls and perfectly
conducting horizontal walls , using periodic vertical boundary conditions in the third
direction. In both cases, it was found that three-dimensional perturbations are less
stable than two-dimensional perturbations, concluding that the assumption of bidi-
mensionality is not correct (in time-dependent square di�erentially heated cavity ). A
three-dimensional simulation was carried out forRa = 108, with perfectly conducting
horizontal walls , using A1 = 0 :1 with four Fourier modes in the x1-direction. Statis-
tics of the 
ow were recorded and compared with the statistics of the two-dimensional

ow. The most signi�cant di�erence found was an increase of the heat transfer coef-
�cient in the three-dimensional 
ow. For cavities of height aspect ratio 4, the same
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question was considered by Penotet al. [27]. Experimentally, it was found that in a
cavity of A1 = 1 :33 there is a transition to unsteadiness atRa3 � 108, in good with
the results reported by Xin & Le Qu�er�e [1]. Two-dimensional numerical simula tions
con�rmed this result. However, in a three-dimensional periodic vertical boundary
conditions simulation with a slightly lower Rayleigh number, Ra3 = 9 :6 � 107, with
A1 = 1, the 
ow was found to be three-dimensional.

In conclusion, these results by Penotet al. [27] and Henkes & Le Qu�er�e [26] seem
to indicate that for A3 = 1 and A3 = 4 (and large enough A1), the 
ows would
never be unsteady and two-dimensional. But this conclusion is not valid for other
aspect ratios: Xin & Le Qu�er�e [28] showed that for A3 = 8, the critical number for
the transition to unsteadiness is Ra2 = 306192 � 10, while the two-dimensional to
three-dimensional transition is observed at a higherRa2 number, at least � 3:84� 105.

3.1.1 Motivation and summary of the present work

Concerning the turbulent regime, the state-of-the-art is not satisfactory yet. Al-
though most of the two-dimensional instability mechanics are now quite well-known
(see Le Qu�er�e & Behnia [15]), three-dimensional e�ects in the turbulent regime are still
a challenging �eld of research. Many experimental studies have been carried out (see
Tian & Karayiannis [29, 30]; Betts & Bokhtari [31]) providing valuable data for the
testing and tuning of turbulence models. However, concerning the three-dimensional
structure of the 
ow is far from being fully characterised and many di�erences ob-
served between numerical and experimental results remain unexplained. For example,
thermal strati�cation in the cavity core is still not well predicted and, despite t he im-
portant e�orts made by Salat et al. [32] to elucidate the origin of the discrepancies
between numerical and experimental results, it is still an open problem. Moreover,
for cavities with active lateral walls, most of the three-dimensional direct numerical
simulations have been restricted to values of Rayleigh numbers corresponding tothe
end of the laminar regime or the transitional regime (see Jansenet al. [21]; Tric et
al. [9]). Recently a three-dimensional direct numerical simulation in a di�erentially
heated cavity with adiabatic horizontal walls and periodic vertical boundary condi-
tions with A3 = 4, P r = 0 :71 and Ra3 = 6 :4 � 108 performed by Soriaet al. [2] has
provided worthful data to investigate three-dimensional e�ects, �nding that the gen-
eral features of the averaged 
ow do not change signi�cantly if the 
ow is treated as
two-dimensional. The main di�erences are found near the downstream corners where
stronger recirculations occur for the two-dimensional simulation. On the contrary,
the second-order statistics are substantially di�erent, specially at the vertical bound-
ary layers where two-dimensional simulation incorrectly predicts very low turbulence
values. However, the Rayleigh number studied by Soriaet al. [2], which is only � 6
times above the critical value, corresponds to a very weak turbulent 
ow.

The main objective of the present study is to improve our understanding of the
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dynamics of turbulent convection in a di�erentially heated cavity for a set of two -
and three-dimensional direct numerical simulations with A3 = 4, P r = 0 :71, Ra3 =
6:4 � 108, 2 � 109 and 1010 (i.e. two orders of magnitude higher than the critical Ra
number). These con�gurations have been selected as a three-dimensional extension of
the two-dimensional problems previously studied in detail by Xin & Le Qu�er�e [1] a nd,
of course, as the natural next step of the work initiated by Soriaet al. [2]. Periodic
boundary conditions in the x1-direction are used because they allow the study of
three-dimensional e�ects due to intrinsic instability of the main 
ow and not to the
boundary conditions. Hence, a uniform mesh in such direction is suitable. This is an
important computational advantage because Fourier-based methods can be used to
solve the Poisson equation in one direction. The 
ow con�gurations chosen, according
to the numerical and experimental results carried out by Penotet al. [27] and Soria
et al. [2] (that are con�rmed here by the present simulations), are time-dependent
and three-dimensional. As expected, all the two-dimensional results are in very good
agreement with the data provided by Xin & Le Qu�er�e [1]. Moreover, as was pointed
out by Salat et al. [32], we also conclude that thermal strati�cation discrepancies
observed between numerical and experimental results can not be attributed to the
two-dimensional assumption.

The present chapter is arranged as follows. In the next section the governing equa-
tions and the numerical method are brie
y described. In x3.3, we present and discuss
the main features of the 
ows, including the time-averaged 
ow structure, the power
spectra and probability density distributions of a set of selected monitoring points,
the turbulent statistics, the global kinetic energy balances and the internal waves mo-
tion phenomena. Both two- and three-dimensional sets of results are discussed and
compared. Finally, relevant results are summarized and conclusions are given inx3.4.

3.2 Governing equations and numerical method

3.2.1 Governing equations

We consider a cavity of heightL 3, width L 2 and depth L 1 (height and depth aspect
ratios are A3 = L 3=L2 and A1 = L 1=L2, respectively) �lled with an incompressible
Newtonian viscous 
uid of kinematic viscosity � and thermal di�usivity � . To account
for the density variations, the Boussinesq approximation is used. Thermal radiation
is neglected. Under these assumptions, the dimensionless governing equations in
primitive variables are
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r � u = 0
@u
@t

+ ( u � r ) u =
P r

Ra0:5 r 2u � r p + f

@T
@t

+ ( u � r ) T =
1

Ra0:5 r 2T

9
>>>>=

>>>>;

where Ra1 is the Rayleigh number based on the cavity height (g� � T L3
3)=(�� ) and

P r = �=� and the body force vector isf = (0 ; 0; P rT ). The reference length, time,
velocity, temperature and dynamic pressure used for the dimensionless form are re-
spectively L 3,

�
L 2

3=�
�

Ra� 0:5, (�=L 3) Ra0:5, � T and �
�
� 2=L2

z

�
Ra. With the above

reference quantities the vertical buoyant velocity,P r 0:5, and the characteristic dimen-
sionless Brunt-V•ais•al•a frequency, f BV = ( CP r)0:5 =(2� ), whereC is the dimensionless
strati�cation of the time-averaged temperature �eld, are independent of the Rayleigh
number.

The cavity is subjected to a temperature di�erence � T across the vertical isother-
mal walls (T(x1; 0; x3) = 1, T(x1; 1=A3; x3) = 0) while the top and bottom walls are
adiabatic. At the four planes x2 = 0 ; x2 = 1=A3; x3 = 0 ; x3 = 1, non-slip boundary
condition are imposed for velocity. Periodic boundary conditions in thex1-direction
are used. The initial conditions are not relevant because the statistics of the 
oware
recorded after a long enough time-integration period to reach a statistically steady-
state behaviour. Periodic vertical boundary conditions are used because they allow
to study the three-dimensional e�ects due to intrinsic instability of the main 
ow
and not to the boundary conditions. If we furthermore consider that the cavity is
�lled with air ( P r = 0 :71) and that its height aspect ratio A3 is equal to 4, then the
con�guration only depends on the Rayleigh number Ra and the depth aspect ratio
A1.

3.2.2 Numerical method

Spatial discretization
Governing equations (3.1) are discretized on a staggered grid in space by second- and
fourth-order spectro-consistent schemes by Verstappen & Veldman [33{35]. Follow-
ing the same notation, the symmetry-preserving discretization of the Navier-Stokes
equations becomes

Mu h = 0 (3.1)



du h

dt
= � C(u h ) u h + Du h + f h � Mt ph (3.2)

1Here, for simplicity, the subindex 3 is dropped.
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where u h stands for the discrete velocity vector,
 is a positive-de�nite diagonal ma-
trix representing the sizes of the control volumes, the convective coe�cient matrix
C(u h ) is skew-symmetric, the discrete di�usive operator D is a symmetric negative-
de�nite matrix and M is the discrete divergence operator. The discrete gradient
operator is the transpose of the discrete divergence multiplied by a diagonal scaling
G = � 
 � 1M. Such discretization preserves the underlying symmetry properties of
the continuous di�erential operators. These global discrete operator properties en-
sure both stability and that the global kinetic-energy balance is exactly satis�ed even
for coarse meshes if incompressibility constraint is accomplished. Therefore, kinetic
energy is not systematically damped by the discrete convective term or does not need
to be damped explicitly to ensure the stability of the method. This is a crucial point
because an arti�cial dissipation would interfere with the subtle balance betweencon-
vective transport and physical dissipation, especially at the smallest scales of motion.
Energy transport equation is also discretized using a spectro-consistent scheme.

A second-order symmetry-preserving discretization was used for solving the lowest
Ra number whereas the fourth-order counterpart has been used for the two highest
(see table 3.1). Verstappen & Veldman [35] showed that with the fourth-order method
coarser grids su�ce to perform accurate numerical solutions. Therefore, here grids
with similar spatial resolution (see table 3.1) than those used in the previous work
Soria et al. [2] have been enough to solve cases with signi�cantlt higherRa number.

Time-integration method
In order to simplify the notation, momentum equation (3.1) can be rewritten as

@u
@t

= R (u) � r p (3.3)

where R (u) represents the right-hand-side terms of the momentum equation except
for the pressure gradient. For the temporal discretization, a central di�erence scheme
is used for the time derivative term, a fully explicit second-order one-leg scheme
proposed by Verstappen & Veldman [35] forR (u ) and a �rst-order backward Euler
scheme for the pressure-gradient term. Incompressibility constraint is treated implicit.
Thus, we obtain the semi-discretized Navier-Stokes equations

(� + 1=2) u n +1 � 2� u n + ( � � 1=2) u n � 1

� t
= R

�
(1 + � ) u n � � u n � 1�

� r pn +1 (3.4)

r � u n +1 = 0 (3.5)

where the parameter� is computed each time step to adapt the linear stability domain
of the time-integration scheme to the instantaneous 
ow conditions in order to use
the maximum � t possible. Therefore, we look for stability domains which include
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eigenvalues� = x + iy . As D is a symmetric and negative-de�nite matrix the real
part x is negative and its values can be bounded by means of the Gershgorin circle
theorem. The skew-symmetry of theC(u h ) discrete operator also allows us to bound
the imaginary part y in the same way. Once eigenvalues are bounded it is easy to
compute the � value that better �ts the linear stability domain. In all the DNS carried
out here, the time step required for this dynamic scheme has been more than to two
times greater, that is twice cheaper, than the standard second-order Adams-Bashforth
(� = 1=2) scheme. In practice, we choose the time step such that the time-integration
becomes unstable when the selected time step is enlarged by 10%. Further details
about the time-integration method can be found in Appendix C.

To solve the velocity-pressure coupling we use a classical fractional step projection
method (see Chorin [36]; Yanenko [37], for example). In the projection methods,
solutions of the unsteady Navier-Stokes equations are obtained by �rst time-advancing
the velocity �eld u without regard for its solenoidality constraint (3.5), then recovering
the proper solenoidal velocity �eld, u n +1 (r � u n +1 = 0). This projection is derived
from the well-known Helmholtz-Hodge vector decomposition theorem (see Chorin [38],
for instance), whereby the velocityu n +1 can be uniquely decomposed into a solenoidal
vector, u p, and a curl-free vector, expressed as the gradient of a scalar �eld,r ~p. This
decomposition is written as

u p = u n +1 + r ~p (3.6)

where the predictor velocity u p is

u p =
2� u n � (� � 1=2) u n � 1

� + 1=2
+

� t
� + 1=2

R
�
(1 + � ) u n � � u n � 1�

(3.7)

and the pseudo-pressure is ~p = � t= (� + 1=2) pn +1 . Taking the divergence of (3.6)
yields a Poisson equation for ~p

r � u p = r � u n +1 + r � (r ~p) �! r 2 ~p = r � u p (3.8)

Once the solution is obtained,u n +1 results from the correction

u n +1 = u p � r ~p (3.9)

Solution of the Poisson equation on a loosely coupled paralle l computer
The discrete Laplacian operator of the Poisson equation (3.8) can be viewedas the
product of the discrete divergence operatorM by the discrete gradient operator,
which is the transpose of the discrete divergence multiplied by a diagonal scaling
G = � 
 � 1M. So, the Laplacian operator is approximated by the matrix product
L = � M
 � 1Mt . Therefore the discrete Poisson equation to be solved at each time
step is of the form
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Lph = Mu p
h (3.10)

Based on a domain decomposition strategy, the parallelisation of the explicit parts
of the code is straightforward. However, the e�cient solution of the discrete Poisson
equations is a critical aspect. This issue is specially relevant in a low costPC cluster
where the latency is high and the bandwidth network is low. Here, an extension
to fourth-order schemes (see Triaset al. [39]) of the original Direct Schur-Fourier
Decomposition (DSFD) algorithm by Soria et al. [40] is used. It is based on a com-
bination of a Direct Schur method Soria et al. [41] in the two wall-normal directions
and a Fourier decomposition in the periodic direction. This algorithm allows to solve
each three-dimensional Poisson equation to machine accuracy with only one all-to-all
communication episode. This is the crucial point that makes feasible the DNS of
turbulent 
ows on loosely coupled parallel computers such as PC clusters.

Averaging Operator
The main interest of the direct simulation is not the instantaenous �elds but their
statistics. In our con�guration, after a long enough time from the initial condi tions,
the 
ow has the following properties: (1) It is statistically stationar y, i.e., all the
statistics are invariant under a shift in time, (2) It is statisticall y two-dimensional, i.e.,
its statistics are identic in each x2x3 plane and (3) It is statistically skew-symmetric,
i.e., � (x2; x3) = � � ( 1

4 � x2; 1 � x3) for � =
�

u2; u3; T � 1
2

	
. Averages on the three

statistically invariant transformations are carried out. For the ca se of vertical velocity,
the averaging operator is

u3 (x2; x3) =
Z L 1

0

Z t 0 +� t a

t 0

u3 (x1; x2; x3; t)
2L 1� ta

�
1 +

ju3 (x1; L 2 � x2; L 3 � x3; t) j
ju3 (x1; x2; x3; t) j

�
dt dx

(3.11)
Of course, the statistic properties of the 
ow could be estimated only with time

(or even space) averaging. However, the triple averaging indicated in (3.11) isused
in this chapter with the aim of reducing the averaging period � ta , and therefore the
computational cost. Henkes & Le Qu�er�e [26] performed time and depth averaging but
not symmetry averaging. In practice, the evaluation of averaging operator presents
several di�culties. The data to be averaged has to be de�ned before the simulation
since the storage of the instantaneous �elds (about 100 Tbytes or even more) is not
possible. The initial instant for the evaluation of the averaging t0 is not known
a priori. The averaging of products of 
uctuations such as a0b0 can not be directly
evaluated and must be post-processed asab� ab. Since the computing time is long, the
computation is usually interrupted (e.g., by hardware failures in one of the computing
nodes), so partial averages of all the products of interest should be saved and then
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assembled. Symmetry and space averaging can not be evaluated during the parallel
simulation since this would requiere massive data exchange between the processors.

3.2.3 Code and simulation veri�cations

Code veri�cation
Before using the code developed for direct numerical simulations, it is necessary to
verify that it is correct (i.e., that it solves the governing equations 3.1 with the pre-
scribed boundary conditions and the expected order of accuracy). To do so, the
Method of Manufactured Solutions (MMS), described by Roache [42], was used. In
MMS, an arbitrary analytic function u a (that will be a solution of the PDE system
and accomplish the incompressibility constraint) is chosen. Then, the source term
f a that matches with the arbitrary solution, is calculated analytically from the PDE
system to be solved. The initial and boundary conditions are obtained evaluating
u a . This procedure ensures that an analytic solution is obtained even for complex
equations such as the Navier-Stokes system. This analytic source termf a is evalu-
ated at the discretization nodes and used as input data for the numerical code. The
time-dependent numerical solutionu n is compared againstu a . The norm of the error
is evaluated as

kek1 = ku a � u n k1 (3.12)

= max j u a f (x1) i ; (x2) j ; (x3)k ; tn g � u n f (x1) i ; (x2) j ; (x3)k ; tn g j

where the indices (x1) i ; (x2) j ; (x3)k ; tn sweep all the spatial and temporal domain. If
this measure is repeated for systematically re�ned grids,kek1 must tend to zero with
the expected order of accuracy. In general, it can be expressed as

kek1 = Ct � tpt + Ch � hph + H:O:T (3.13)

where Ct and Ch are constants, � t is the time step, � h is a measure of the spa-
tial discretization, and pt and ph are the orders of accuracy of the temporal and
spatial discretizations. The values ofpt and ph obtained with the code are evalu-
ated separately and compared with the theoretical results (see �gure 3.1). As the
discretization is spectro-consistent, the exact ful�lment of the global kinetic energy
balance (seex3.3.4) has been used as an additional veri�cation. For more details
about the code veri�cation see Soriaet al. [2].

Simulation veri�cation
As no subgrid-scale model is used in the computation, the grid resolution and the time
step have to be su�ciently �ne to solve all the relevant turbulence scales. Moreover,
a su�cient length in the periodic direction is required to ensure that turbulence

uctuations are uncorrelated at a separation of one half-period. The time to begin
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Figure 3.1: Numerical errors versus mesh size for convective and divergence op-
erators for second- and fourth-order discretizations. In parenthesis (see boxes) the
orders of accuracy.

the averaging period t0 and the time integration period � ta have also to be long
enough to evaluate the 
ow statistics properly. Of course, for all these parameters, a
compromise between accuracy and computing time must be accepted.

To do so, a total of 9 DNS have been carried out. The physical and numerical
parameters for all cases are given in table 3.1. (N1; N2; N3) are the number of grid
points and 
 2 and 
 3 the concentration parameters (see formula 3.14). Total time
stands for the total integration time of Navier-Stokes equations from initial conditions
(zero velocity �eld and uniformly distributed random temperatures between 0 and 1,
in our case) and average time is the total time for computing statistics. In table 3.1,
parameters of Xin & Le Qu�er�e [1] work are also presented for comparison. Grid spacing
in the periodic direction is uniform and the wall-normal points are distribut ed using
a hyperbolic-tangent function

(x2) j =
L 2

2

�
1 +

tanh f 
 2 (2 (j � 1) =N2 � 1)g
tanh
 2

�
(3.14)

Spatial resolution in the two wall-normal directions is determined by means of
a systematic procedure based on successive mesh re�nements explained by Soriaet
al. [2]. Examples of the grid convergence studies for two-dimensional simulations
are displayed in the �gure 3.2 where each of these points corresponds to one full
simulation and statistical analysis. For the meshes corresponding to cases A, B and
C (N=N3D = 1), the results obtained seem to be reasonably close to the asymptotic
value.
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Total Average
Case Ra N1 N2 N3 L 1 
 2 
 3 � t time time order a

A 6:4 � 108 128 156 312 2:0 1:5 1:5 1:26� 10� 3 1000 800 2nd

B 2 � 109 64 144 318 1:0 1:75 0:0 1:27� 10� 3 800 550 4th

C 1010 64 138 326 0:5 2:0 0:0 1:49� 10� 3 800 550 4th

A2D 6:4 � 108 | 156 312 | 1 :5 1:5 1:40� 10� 3 1000 800 2nd

B2D 2 � 109 | 144 318 | 1 :75 0:0 1:29� 10� 3 800 550 4th

C2D 1010 | 138 326 | 2 :0 0:0 1:50� 10� 3 800 550 4th

AA2D 6:4 � 108 | 218 438 | 1 :5 1:0 6:96� 10� 4 450 300 2nd

BB2D 2 � 109 | 202 448 | 1 :75 0:0 6:51� 10� 4 325 200 4th

CC2D 1010 | 194 459 | 2 :0 0:0 7:56� 10� 4 265 175 4th

Xin & Le Qu�er�e 6 :4 � 108 | 64 128 | | | 2 :0 � 10� 3 400:0 | |
Xin & Le Qu�er�e 2 � 109 | 64 256 | | | 1 :5 � 10� 3 350:0 | |
Xin & Le Qu�er�e 10 10 | 96 768 | | | 8 :0 � 10� 4 250:0 150 |

Table 3.1: Physical and numerical simulation parameters.

aXin & Le Qu�er�e uses an spectral method
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Figure 3.2: Examples of grid convergence study for two-dimensional simulations.
Left: overall averaged Nusselt number scaled by Ra� 1=4 . Right: the maxima
of u3 at the horizontal mid-height plane. The abscissa represents the rati o, on
a logarithmic scale, of the number of nodes for each direction with respect to
number of nodes used for three-dimensional simulations (meshes A, B and C),
i.e.N1=(N1)3D = N2=(N2)3D = N3=(N3)3D = N=N 3D . Finest meshes correspond
to two-dimensional cases AA2D, BB2D and CC2D (see table 3.1).

The mesh concentration factors 
 2 and 
 3 are computed to minimise the 
ow
gradients on the computational space for a set of representative instantaneous maps.
The increase of
 2 arises from the fact that the boundary layer thickness decreases with
the Rayleigh number. Actually, the grid resolution near the isothermal vertical walls
(see table 3.1) obtained with this computational method is in quite good agreement
with the Ra� 1=4 laminar scaling2.

Finally, the direct comparison of our two-dimensional meshes (see table 3.1) and
statistical results with those reported by Xin & Le Qu�er�e [1] recon�rms t he adequacy
of the grid resolution in the two wall-normal directions.

For three-dimensional simulations the computational domain and grid resolution
in the homogeneous direction needs to be adjusted to ensure that the turbulence 
uc-
tuations are uncorrelated at a separation of one half-period and the smallest relevant
turbulent scales are also well-resolved. Two-points correlations and one-dimensional
energy spectra de�ned respectively as,

2The product (� x2 )min Ra1=4 takes values 3:88 � 10� 2 , 3:97 � 10� 2 and 4:31 � 10� 2 for meshes
corresponding to cases A, B and C, respectively.
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R�� (r 1; x2; x3) =
h� 0(x1; x2; x3)� 0(x1 + r 1; x2; x3)i

h� 02i
(3.15)

E �� (k1; x2; x3) =
D

�̂ k1 (x2; x3)�̂ �
k1

(x2; x3)
E

(3.16)

where (�) � and h�i represent the complex conjugate and the average over time respec-
tively, are shown in �gures 3.3 and 3.4 to illustrate the adequacy of the computational
domain and the grid resolution in the homogeneous direction. Three (x2; x3)-locations
have been monitored for each case (see table 3.4). A detailed explanation of these
locations is given in x3.3.3.

Since there is no energy pile-up at high wavenumbers and the magnitude of the
energy density between the smallest and the largest wavenumbers has dropped several
orders of magnitude, the spanwise energy spectra displayed in �gure 3.3 show that the
grid resolutions are enough. Similar results are obtained for one-dimensional energy
spectra computed at other (x2; x3)-locations.

In �gure 3.4, spanwise two-point correlations R�� for the two wall-normal compo-
nents of velocity and the temperature at the same monitoring points are shown. For
the two lowest Ra numbers the correlation values fall to zero for separations lower
than one half-period showing that the computational domain in the spanwise direction
is su�ciently large. Soria et al. [2] performed the three-dimensional simulation for the
lowest Rayleigh number using the same spatial resolution in the spanwise direction but
with L 1 = 1. For such con�guration, two-point correlations R�� suggested that com-
putational domain was not large enough. Here, withL 1 = 2, uncorrelated turbulent

uctuations at a separation of one-half of the domain size are obtained. Neverthe-
less, when results are compared with those obtained withL 1 = 1, only insigni�cant
di�erences are observed. The �gure 3.4(c) displays that the two-point correlations
R�� for the highest Rayleigh number at the centre of the cavity are signi�cantly high.
This indicates that the computational domain is not large enough but, based on the
previous results at Ra = 6 :4 � 108, it is not thought to seriously a�ect any of the
conclusions of the present work. Of course, future simulations with a larger domain
size will be necessary to con�rm this assertion.

3.3 Results and discussion

3.3.1 Time-averaged 
ow

Averages over the three statistically invariant transformations (ti me, x1-direction
and central point symmetry around the centre of the cavity) are carried out for all
�elds. The time-averaged temperature �elds and the streamlines of the averaged 
ow
have been represented in the �gure 3.5. A quantitative comparison with the results
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Figure 3.3: One-dimensional energy spectra at monitoring cavity locations at (a)
Ra = 6 :4 � 108 , (b) Ra = 2 � 109 and (c) Ra = 10 10 .

of Xin & Le Qu�er�e [1] is di�cult, but (as expected), the two-dimensional results seem
to be in very good agreement. A summary of several �rst-order statistics ispresented
in table 3.2 for direct comparison.

Despite the relatively large range of Rayleigh numbers all them exhibit similar

ow characteristics: thin vertical boundary layers and a large core area with very
low time-averaged velocity and a strati�ed temperature distribution. When the tw o-
dimensional and the three-dimensional results are directly compared we observe that
the 
ow structure is still very similar for the �rst two Rayleigh numbers ex cept the
formation of clearly stronger recirculations near the downstream corners3 for the two-
dimensional simulations.

The waves travelling downstream grow up to a point where they disrupt the bound-

3This is, top-left and bottom-right corners.
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AA2D BB2D CC2D A B C
Nu 49:23 66:19 100:60 49:24 66:63 101:70
Numax 169:96 249:80 441:65 171:89 260:49 454:86
x3 4:52� 10� 3 1:12� 10� 3 0 3:63� 10� 3 0 0
u2max 8:69� 10� 4 6:04� 10� 4 6:18� 10� 4 9:02� 10� 4 6:36� 10� 4 4:24� 10� 4

x2 2:22� 10� 1 2:29� 10� 1 5:26� 10� 3 2:22� 10� 1 2:29� 10� 1 4:75� 10� 3

u3max 2:23� 10� 1 2:23� 10� 1 2:29� 10� 1 2:22� 10� 1 2:22� 10� 1 2:23� 10� 1

x2 7:51� 10� 3 5:76� 10� 3 3:75� 10� 3 7:26� 10� 3 5:76� 10� 3 3:75� 10� 3

x2Ra1=4 4:78 4:87 4:74 4:62 4:87 4:74
u2max 2:32� 10� 2 2:01� 10� 2 8:30� 10� 3 2:72� 10� 2 1:76� 10� 2 9:06� 10� 3

x3 9:49� 10� 1 9:47� 10� 1 9:58� 10� 1 9:52� 10� 1 9:57� 10� 1 9:86� 10� 1

u3max 4:49� 10� 2 3:63� 10� 2 2:60� 10� 3 4:47� 10� 2 1:67� 10� 2 2:03� 10� 3

x3 8:41� 10� 2 8:71� 10� 2 2:31� 10� 1 6:91� 10� 2 6:01� 10� 2 9:66� 10� 1

Tmax 8:93� 10� 1 8:90� 10� 1 8:86� 10� 1 8:91� 10� 1 8:93� 10� 1 9:07� 10� 1

x3 1 1 1 9:85� 10� 1 1 1

Table 3.2: Summary of the averaged 
ow results. By rows, from top to bottom, the magn itudes are: the
overall averaged Nusselt number, the maxima of the averaged local Nusselt and its position at the vertical
hot wall, the maxima of u3 and T at the horizontal mid-height plane and their respective x2 positions, the
maxima of u2 and T at the vertical mid-width plane and their respective x3 positions.
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Figure 3.4: Two-points correlations at monitoring cavity locations at (a) Ra =
6:4 � 108 , (b) Ra = 2 � 109 and (c) Ra = 10 10 .

ary layers ejecting large unsteady eddies to the core of the cavity. The mixing e�ect
of these eddies, that throw hot and cold 
uid respectively, tends to result in almost
isothermal hot upper and cold lower regions. The point where this phenomenon oc-
curs moves upstream of the boundary layer when the Rayleigh number is increased.
This mixing e�ect at the top and bottom areas of the cavity, clearly displayed i n the
time-averaged solutions (�gure 3.5 and 3.6), force the temperature drop in thecore
of the cavity occurs in a smaller region. The strengthening of the horizontal motion
by means of large unsteady eddies also results into a remarkable thickening of the
boundary layer in the downstream part and consequently a sudden decrease of the
vertical velocity (�gure 3.8) and a reduction of the wall-shear stress (�gure 3.7).

However, when comparing two- and three-dimensional simulations a weakening
of all these e�ects is clearly observed in the three-dimensional results. Energy of
the large eddies thrown from the boundary layers is rapidly driven to smaller scales
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(a) (b) (c)

Figure 3.5: Averaged solutions: Ra = 6 :4 � 108 (a), 2 � 109 (b) and 1010 (c).
For each solution the streamlines are on the left and temperature is on th e right.
For temperature �elds, the isotherms are uniformly distributed f rom 0 to 1. Top:
two-dimensional results. Bottom: three-dimensional results.
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Figure 3.6: Averaged vertical temperature pro�le at mid-width. Left: two-
dimensional results. Right: three-dimensional results.

by means of a vortex-stretching mechanism. As these large eddies do not persist in
the three-dimensional simulations, mixing e�ect is not so evident (�gure 3.5 and 3.6)
and the thickening of the boundary layer moves downstream (�gure 3.8). A further
explanation of these phenomena is given inx3.3.3.

The averaged temperature and vertical velocity component pro�les displayed in
the �gure 3.8, show that velocity maxima remain constant (see also table 3.2) and that
identical pro�les are obtained for more than half vertical boundary layer when the
lengths are scaled by the laminarRa1=4 factor. This laminar scaling is also observed
in the table 3.2 for the position of its maxima. Discrepancies only occur from the point
where waves travelling downstream grow large enough to totally disrupt the boundary
layer. These conclusions are exactly the same for both two- and three-dimensional sim-
ulations, con�rming that in the range of Rayleigh numbers investigated the main part
of the vertical boundary layer is still laminar or quasi-laminar. This also con�rms the
adequacy of using the same grid resolution in the two wall-normal direction for both
two-dimensional and three-dimensional con�gurations.

Thermal strati�cation in the core of the cavity is one of the basic questions that
still remains open. Comparison between numerical and experimental results (seeSalat
et al. [32] for a detailed overview) for a wide range of width/height aspect ratiosgive
completely di�erent results. Experimental studies yield a dimensionless strati�cation
of about 0:5 while numerical simulations predict values about 1. According to the
results obtained by Salat et al. [32] and Soriaet al. [2] the two-dimensional assump-
tion is not a critical issue to explain these di�erences. Salatet al. [32] also conclude
that introducing experimental temperature measurements in the top and bottom wall
instead of assuming adiabaticity hypothesis do not improve the discrepancies in the
thermal strati�cation. Our three-dimensional DNS results seem to con�rm their con-
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Figure 3.7: Dimensionless time-averaged wall shear stress scaled byRa� 1=4 . Left:
two-dimensional results. Right: three-dimensional results.

clusions with respect to the two-dimensional assumption. The only relevant di�erence
observed (see table 3.5) is the slightly increased strati�cation value observed for the
two-dimensional simulation of the largest Rayleigh number, also observed by Xin &
Le Qu�er�e [1], that does not occur for the three-dimensional counterpart simulation.
Thus, once two-dimensionality and adiabaticity hypothesis have been discarded as
critical issues, the next plausible candidates are the thermal radiation e�ects, the
isothermal hypothesis of the vertical walls and the Boussinesq approximation.

3.3.2 Heat transfer

As expected from the similarity between the two-dimensional and three-dimensional
averaged thermal boundary layers, the time-averaged and spatial mean Nusselt num-
bers4 are almost equal (see table 3.3) although slightly higher values are obtained for
three-dimensional results. Table 3.3 also shows that Nusselt number correlationis
much closer to theRa1=4 correlation for laminar 
ow than the Ra1=3 correlation for
turbulent 
ow. The reason for such behaviour is that most of the heat transfer occurs
in the upstream part of the boundary layer where it is almost laminar. To con�rm
this point we have computed the mean Nusselt number at the most downstream part
where the boundary layer becomes turbulent. In the last column of table 3.3, we see
that the Nudown , that has been integrated from x3 = 0 :8 to x3 = 1 over the hot
sidewall, is very close to the classicalRa1=3 turbulent scaling. This con�rms that at
the most downstream part boundary layers become turbulent.

The averaged local Nusselt distributions are also very similar, as can be observed
in the �gure 3.9 (left). However, there are signi�cant di�erences in the standard

4The reference heat 
ux is given by � � T=L 3 , where � is the thermal conductivity. Thus, the

dimensionless local Nusselt number at the vertical hot wall is given by Nu = � @T
@x2

�
�
�
x 2 =0
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0 0.05 0.1 0 0.05 0.1 0 15 30 0 15 30

0 0.05 0.1 0 0.05 0.1 0 15 30 0 15 30

Figure 3.8: Averaged temperature (left) and vertical velocity (right) pro�les at
z = 0 :1, 0:2, 0:3, 0:4, 0:5, 0:6, 0:7, 0:8, 0:9. Each vertical subdivision represents
0:5 units for temperature and 0 :2 units for vertical velocity. For plots on the left,
the abscissa scale factor is 4x2 and for plots on the right, is 4 x2Ra1=4 . Top: two-
dimensional results. Bottom: three-dimensional results. Ra values as �gure 3.7.
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Figure 3.9: Local Nusselt number distribution (left) and their standard devi ation
(right): Ra = 6 :4 � 108 (a), Ra = 2 � 109 (b) and Ra = 10 10 (c)

deviation of the local Nusselt numbers. As can be observed in �gure 3.9 (right),
large 
uctuations, that always occurs in the downstream part of the boundary layer
whereas upstream is almost laminar, display evident di�erences between two- and
three-dimensional con�gurations. For two-dimensional simulations, this region of
large 
uctuations increases with the Rayleigh number and the standard deviation
maxima position moves downstream the boundary layer. These phenomena has also
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Case Ra Nu NuXQ Nu=Ra1=4 Nu=Ra1=3 Nudown Nudown =Ra1=3

AA2D 6:4 � 108 49:23 49:2 0:3095 0:05712 3:00 3:48� 10� 3

BB2D 2 � 109 66:19 66:5 0:3129 0:05253 4:48 3:56� 10� 3

CC2D 1010 100:60 101:0 0:3181 0:04669 7:01 3:25� 10� 3

A 6:4 � 108 49:24 - 0:3096 0:05713 2:98 3:45� 10� 3

B 2 � 109 66:63 - 0:3151 0:05288 4:54 3:60� 10� 3

C 1010 101:70 - 0:3216 0:04720 7:86 3:65� 10� 3

Table 3.3: Nusselt number and correlations

(a) (b) (c)

Figure 3.10: Instantaneous isotherms: Ra = 6 :4 � 108 (a), 2 � 109 (b) and 1010

(c). For each solution the two-dimensional results are on the left and th e three-
dimensional results on the right. The isotherms are uniformly distr ibuted from 0
to 1.

been observed by Xin & Le Qu�er�e [1] in their two-dimensional simulations. However,
for the three-dimensional simulations this region seems to remain almost invariant
slightly above x3 = 0 :6 position while the peak moves upstream. Standard devia-
tion maxima display similar values that the two-dimensional counterpart but occurs
at higher positions. Another important di�erence is observed in the almost laminar
upstream part, where both pro�les seem to collapse when the Rayleigh number is
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increased.

3.3.3 Flow dynamics

A general view of the several instantaneous temperature �elds is displayed in the
�gure 3.10. At �rst sight, we can see that when the Ra number is increased very
important di�erences between two- and three-dimensional simulations are observed.
With the aim to elucidate the origin of such di�erences and the physical mechanisms
involved, several 
ow dynamics aspects are analysed and discussed in the next sec-
tions.

Two- and three-dimensional turbulence
As it is well-known the most relevant feature of 'two-dimensional turbulence' is its
ability to form large persistent vortices even out of an initially disor dered 
ow, by
means of an inverse cascade of energy. This self-organisation of two-dimensional 
ows
can be explained by considering the convective contribution to the temporal evolution
of the enstrophy

1
2

d
dt

Z



w 2 d
 = �

P r
Ra0:5

Z




�
r 2u

� 2
d
 +

Z



((u � r ) u ) � r 2u d
 �

Z



f � r 2u d


(3.17)
where w = r � u is the vorticity. When the 
ow is forced to be two-dimensional,
the convective term becomes zero

Z



((u � r ) u ) � r 2u d
 = 0 (3.18)

for any incompressible velocity �eld (if the boundary terms vanish, as in our con�gu-
ration). This additional enstrophy invariant for two-dimensional Navier-St okes equa-
tions, when viscosity and forcing terms are ignored, is the responsible of the character-
istic inverse energy cascade (see the pioneering work of Kraichnan [43], for instance).
In three dimensions, the convective contribution does not vanish and the energy is
driven to smaller scales of motion by means of the vortex-stretching mechanism.

In our case, despite the relatively low Rayleigh numbers considered, signi�cant
di�erences between two-dimensional and three-dimensional turbulence 
ow dynamics
are observed in the time sequences of two-dimensional sections of isotherms displayed
in �gures 3.12 and 3.13. Two-dimensional animations show persistent vorticesthat
are transported to the centre of the cavity. This phenomenon becomes more marked
for the two highest Rayleigh numbers.

These features of the two- and three-dimensional 
ows are also important from
a theoretical point of view. The orthogonality property (3.18) is widely used in the
proof of existence and uniqueness of weak and strong solutions of the two-dimensional
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Figure 3.11: Time sequence of instantaneous isotherms atRa = 6 :4 � 108 . Zoom
around the top left corner. Time step between consecutive snapshotsis � 0:25. Top:
two-dimensional simulation. Bottom: three-dimensional simulation. T he isotherms
follow the same uniform distribution used in �gure 3.10.

Navier-Stokes equations. However, in three dimensions, this is still an open problem.
Recent e�orts on regularization modelling of turbulence by Verstappen [44] and Trias
et al. [45] remark the importance to preserve the symmetry properties that form basis
for the conservation of kinetic energy, enstrophy (in two dimensions) and helicity(in
three dimensions). Note that, as discussed inx3.2.2, the spatial discretization used
here preserves the underlying symmetries of the continuous di�erential operators and
therefore it holds discretely all these global inviscid invariants.
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Figure 3.12: Time sequence of instantaneous isotherms atRa = 2 � 109 . Zoom
around the top left corner. Time step between consecutive snapshots is � 0:335.
Top: two-dimensional simulation. Bottom: three-dimensional simulati on. The
isotherms follow the same uniform distribution used in �gure 3.10.

Instantaneous �elds
Figures 3.11, 3.12 and 3.13 show time sequences of instantaneous temperature �elds.
Dynamics of the lowest Rayleigh number considered here was analysed in detail by
Soria et al. [2] concluding that both two- and three-dimensional con�gurations have a
motionless and strati�ed cavity core and concentrate important 
uctuations in the two
downstream corners of the cavity. The main di�erences occur in the vertical boundary
layers. For the two-dimensional simulation it is almost totally stabl e and only periodic
oscillations can be observed in the most downstream part of the boundary layer while
in the three-dimensional simulation instabilities generated in the upstream corner
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Figure 3.13: Time sequence of instantaneous isotherms at Ra = 10 10 . Zoom
around the top left corner. Time step between consecutive snapshots is � 0:281.
Top: two-dimensional simulation. Bottom: three-dimensional simulati on. The
isotherms follow the same uniform distribution used in �gure 3.10.

moves downstream resulting on considerable values for turbulent statistics at the
vertical boundary layer, as discussed in next sections. Also, in the two-dimensional
results, the vortices at the end of the vertical boundary layers are more vigorous and
stable, as can also be appreciated in the streamline maps displayed in the �gure 3.5
(left). Occasionally, in the three-dimensional simulation, there are large instability
episodes where the three-dimensional structures generated at the top right and bottom
left areas of the cavity propagate across all the vertical boundary layers. However,
this phenomenon (that has not been observed in the two-dimensional results) is too
infrequent to generate signi�cant values of u0

1u0
1 and u0

2u0
2 at the vertical boundary
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Point x2 x3 6:4 � 108 2 � 109 1010

A 0:03675 0:8535 x x x
B 0:0095 0:8535 x x x
C 0:0095 0:725 x
D 0:0095 0:778 x x

Table 3.4: Monitoring cavity locations

layers.

At Ra = 2 � 109, for the two-dimensional simulation, the oscillations at the down-
stream of the boundary layer are clearly stronger ejecting large eddies to the cavity
core where the isotherms exhibit a periodical motion around the mean horizontal posi-
tion. Such two-dimensional large-scale coherent vortex structures are very e�ective in
convective transport. However, in the three-dimensional simulation these large eddies
do not persist and its energy is rapidly passed down the cascade to smaller eddies. It
yields on a manifest reduction of the large-scale mixing e�ect at the hot upper and
cold lower regions and consequently a still motionless strati�ed cavity core.

For the highest Rayleigh number, Ra = 1010, di�erences between the two- and
three-dimensional simulations become more marked. The boundary layers still remain
laminar in their upstream part up to the point where large unsteady eddies are ejected
to the cavity core. For the two-dimensional simulation this occurs aroundx3 = 0 :6 (at
the hot vertical wall) which agrees very well with the results of Xin & Le Qu�er �e [1],
meanwhile for the three-dimensional one, the vertical boundary layer remains laminar
up to x3 = 0 :75. This was also observed when comparing time-averaged pro�les with
lengths scaled by aRa1=4 factor in �gure 3.8 (right). At this Rayleigh number, again
large vortices ejected from the boundary layer are rapidly stretched and the mixing
e�ect clearly reduced. The cavity core remains still almost motionless and very well
strati�ed in an evident contrast with the two-dimensional simulation result s that
display increasingly large top and bottom regions of disorganisation that consequently
reduce the area of uniform temperature strati�cation.

Power spectra and probability density functions
Time traces of the temperature and the two wall-normal velocity components have
been monitored at the same points used by Xin & Le Qu�er�e [1] (see table 3.4) for
a direct comparison. These points are located in the downstream part of the hot
boundary layer. Points B,C and D are located around the location of the maximum
velocity while A is located at the outer edge of the boundary layer.

The probability density functions (PDF ) of the temperature and velocity signals
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for the two highest Rayleigh numbers at the monitored positions are displayed in
�gures 3.14 and 3.15. The results are in a good agreement with the two-dimensional
results of Xin & Le Qu�er�e [1]. Wall e�ects and strati�cation of the core of the cavity
are sources of the anisotropy seen in the PDF of theu2 velocity component for which
the proximity of the wall prevents large negative 
uctuations while positiv e ones
are not constrained. At Ra = 2 � 109 the e�ect of three-dimensional 
uctuations
produces slightly di�erent PDF pro�les specially for vertical velocity component . For
the highest Rayleigh number, the three-dimensional results display a signi�cantly
higher range of values for theu2 component of velocity. However, as expected, the
most evident di�erences between two- and three-dimensional results occur at point
labelled A, located at the outer edge of an already disrupted boundary layer. As we
have seen inx3.3.3, such disruption occurs at a more downstream location for the
three-dimensional simulations and this di�erence become more marked when theRa
number is increased.

Normalised density power spectra5 of temperature displayed in �gures 3.16 and 3.17
show that low-frequency modes contain a large part of the total energy. Only for
Ra = 2 � 109 simulations and for the three-dimensional simulation of the highest
Rayleigh number and at the lowest location C, the high frequency boundary layer
instability becomes clearly evident. This high frequency mode is still slightly visible
at point B, specially for the three-dimensional simulations, whereas at pointA, that
it is almost at the cavity core, the power spectra is dominated by very low-frequency
oscillations. The origin of such oscillations is related with the formation of the large
unsteady eddies ejected from the most downstream part of the boundary layer into
the cavity core. This explains the persistence of the high frequency of the boundary
layer instability for the three-dimensional simulations at B and C locations whereas
for the two-dimensional simulations the boundary layers have already been totally
disrupted.

Internal waves
Although the velocities in the core of the cavity become much smaller compared to
the velocities in the vertical boundary layers for increasing Rayleigh number (see
�gure 3.8), simulations show that the cavity core is in motion and the isotherms in
this region oscillate around the mean horizontal pro�le. Since the core of the cavity
is well strati�ed (see �gure 3.5 and 3.6), this phenomenon can probably be attributed
to internal waves. Traditionally, mean Nusselt number through the vertical mid-
plane Nuc has been used to characterise this wave motion. Normalised density power
spectra of Nuc, displayed in �gure 3.18, show that fundamental frequencies for two-
and three-dimensional simulations are quite similar. Since strati�cation of the time-
averaged temperature �elds in the core region is not signi�cantly in
uenced by the
three-dimensional 
uctuations we could expect such agreement. However it was not

5The power spectrum of each variable is normalised such that t he peak be equal to unity.
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Figure 3.14: Probability density functions at (a) A, (b) B and (c) C for Ra = 2 �
109 . Vertical lines indicate the time-averaged values. Top: two-dimen sional results.
Bottom: three-dimensional results
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Figure 3.15: Probability density functions at (a) A, (b) B and (c) D for Ra = 10 10 .
Vertical lines indicate the time-averaged values. Top: two-dimens ional results.
Bottom: three-dimensional results
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Ra 2D 3D S.Xin & P. Le Qu�er�e C2D C3D CXQ (f BV )2D (f BV )3D (f BV )XQ

6:4 � 108 0:093 0:103 - 1:01 1:02 - 0:135 0:135 -
2 � 109 0:128 - 0:130 1:00 1:01 1:00 0:134 0:135 0:134

1010 0:152 0:131 0:137 1:08 1:02 1:20 0:140 0:135 0:147

Table 3.5: From left to right: fundamental frequencies of the Nu c , dimensionless strati�cation in the core of
the cavity and Brunt-V•ais•al•a frequency
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Figure 3.16: Normalised density power spectra of temperature. From top to
bottom: at A, B and C for Ra = 2 � 109 . Left: two-dimensional results. Right:
three-dimensional results

clear, a priori, that excitation frequencies that characterise the largest structures in
the three-dimensional con�gurations were large enough to permanently excite the
internal wave motion. In the table 3.5, these fundamental oscillation frequencies are
compared with the dimensionless Brunt-V•ais•al•a frequencies: N = ( CP r)0:5 =(2� )
(see Lighthill [46], for instance), where C is the dimensionless strati�cation of the
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Figure 3.17: Normalised density power spectra of temperature. From top to
bottom: at A, B and D for Ra = 10 10 . Left: two-dimensional results. Right:
three-dimensional results

time-averaged temperature. The results show a relatively good agreement between
both sets of values for all con�gurations.

The dispersion relation for a linearly strati�ed 
uid is given by
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Figure 3.18: Normalised density power spectra of Nusselt number at the vertic al
mid-plane. From top to bottom: Ra = 2 � 109 and Ra = 10 10 . Left: two-
dimensional results. Right: three-dimensional results

! 2 =
N 2

1 + m2=k2 (3.19)

where ! is the excitation frequency and k and m are the horizontal and vertical
components of the wave vector generated (see Lighthill [46], for example). More-
over, the angle between the excitation and the propagation wavenumbers is givenby
� = arccos(!=N ). Thus, internal waves are generated only if ! � N . When the
system is excited at the eigenfrequency (! = N ), wave propagation is in the same
direction as excitation whereas low excitation frequencies (! � N ) generate perpen-
dicular wave propagations. Therefore, as was pointed out by Xin & Le Qu�er�e [1],
the permanent excitation of internal waves is due to the large eddies ejected from
the vertical boundary layer at the hot upper and cold lower regions. We conclude
that these eddies are large enough, even in the three-dimensional con�gurations, to
be characterised by excitation frequencies! smaller that the Brunt-V•ais•al•a frequency
and therefore permanently maintain an internal wave motion.
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Second-order statistics
The distributions of turbulent kinetic energy k = u0

i u
0
i , its total viscous dissipation

rate � � = (r u 0+ ( r u 0)t ) : r u 0, the temperature variance T0T0, the turbulent heat

ux u0

3T0 and two of the four non-zero components of the Reynolds stress have been
represented in �gures 3.19, 3.20 and 3.21. It should be noted that, as the domainis
homogeneous in thex1-direction, all the statistics are independent ofx1, u1 = 0, and
the 
uctuations of u1 are uncorrelated with the 
uctuations of other variables, i.e.,
u0

1u0
2 = u0

1u0
3 = u0

1T0 = 0, except statistical noise that decreases with the integration
period. Obviously, the componentu0

1u0
1 vanishes for the two-dimensional simulations.

At Ra = 6 :4� 108, the maxima and spatial distributions of the non-zero Reynolds
stress tensor are already signi�cantly di�erent. For the two-dimensional results, as
can be seen in �gure 3.19, all the turbulent statistics are almost zero at the vertical
boundary layers. In the two-dimensional case, the vertical boundary layers are almost
steady, and the 
uctuations are concentrated at the top and bottom regions, where the
second-order statistics have more complex distributions than in the three-dimensional
simulations (e.g., the maps ofu0

2u0
2 obtained in the two-dimensional simulations has

also a minimum at the corners, not present in the three-dimensional case). The
two-dimensional and three-dimensional distributions ofu0

3T0 are completely di�erent.
This behaviour is also observed in the results presented by Soriaet al. [2].

In the top part of the �gures 3.20 and 3.21, two-dimensional results atRa = 2 � 109

and Ra = 1010 respectively are presented. As expected, they are again in quite
good agreement with results of Xin & Le Qu�er�e [1]. Second-order statistics are only
signi�cant in the downstream part of the vertical boundary layers while the most
upstream parts and most part of the cavity core are laminar. Turbulent statistics and
the region of large 
uctuations increase with the Ra number. However, signi�cant
di�erences occur with the three-dimensional results (see also �gures 3.20 and 3.21,
bottom). At �rst sight we see that the spatial distribution of turbulent st atistics
di�ers substantially and that such di�erences become more evident when increasing
the Ra number. At Ra = 2 � 109, the three-dimensional results still display important

uctuations at the vertical boundary layer compared with the almost zero values of the
two-dimensional counterpart. Viscous dissipation rate� � and the turbulent heat 
ux
u0

3T0 are the statistics where this phenomenon is more evident. However, the most
signi�cant di�erence is that whereas for two-dimensional simulations the region of
large 
uctuations increases, for three-dimensional con�gurations it tends to decrease
shrinking to the two downstream corners. Thus, we conclude that 
ow anisotropy is
even larger for three-dimensional where regions with high values of turbulent statistics
coexist with a large laminar region. Such phenomenon becomes clearly marked for
the highest Rayleigh number results (see �gures 3.21 and 3.22).

Since their physical origin is the same, the spatial correlations between di�erent
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Figure 3.19: Second-order statistics at Ra = 6 :4 � 108 , from left to right: k, � � ,
T 0T 0, u0

3T 0, u0
2u0

2 and u0
3u0

3 . Top: two-dimensional simulations. Bottom: three-
dimensional simulations.

second-order statistics do not di�er signi�cantly between two-dimensional and three-
dimensional simulations. Near the vertical walls the non-slip boundary conditions
for velocity make the @u03=@x2 be the leading term of the viscous dissipation rate� �

and its maxima be located very close to the wall whilek is essentially contributed
by u0

2u0
2 whose maxima is located outside the boundary layer. This explains the bad

correlation observed between two important quantities for turbulence modellingsuch
ask and � � . The horizontal pro�les at x3 = 0 :8, a region with high values of turbulent
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Figure 3.20: Second-order statistics at Ra = 2 � 109 , from left to right: k, � � ,
T 0T 0, u0

3T 0, u0
2u0

2 and u0
3u0

3 . Top: two-dimensional simulations. Bottom: three-
dimensional simulations.

statistics, displayed in the �gure 3.22 show more clearly that the this two quantities
become more uncorrelated when theRa is increased.

3.3.4 Kinetic energy balances

The transport equation for kinetic energy, e = 1
2 u � u is obtained from the scalar

product of velocity vector and momentum equation,
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Figure 3.21: Second-order statistics at Ra = 10 10 , from left to right: k, � � ,
T 0T 0, u0

3T 0, u0
2u0

2 and u0
3u0

3 . Top: two-dimensional simulations. Bottom: three-
dimensional simulations.

@e
@t

= � r � (eu )+
P r

Ra0:5 r �
�
u �

�
r u + r u t �� �

P r
Ra0:5 � (u ) � r � (pu )+ u � f (3.20)

where � (u ) = ( r u + r u t ) : r u . The term � P rRa � 0:5 � (u ) is the kinetic energy
dissipation rate that arises from the viscous forces termP rRa � 0:5 r 2u . Integration
of (3.20) in the spatial domain 
 yields
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Figure 3.22: Horizontal pro�les at x3 = 0 :8 of the turbulent kinetic energy k
(solid line) and its viscous dissipation rate � � (dashed line): Ra = 6 :4 � 108 (a),
Ra = 2 � 109 (b) and Ra = 10 10 (c). Left: two-dimensional results. Right: three-
dimensional results. The scale of k should be multiplied by 10 � 3
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dEK

dt
=

Z

@


�
� eu +

P r
Ra0:5 u �

�
r u + r u t � + pu

�
�dS+

Z




�
u � f �

P r
Ra0:5 � (u )

�
d


(3.21)
where EK =

R

 ed
 is the total kinetic energy. The �rst term, that accounts for the

boundary interactions, is zero in domains where all the boundaries are either periodic
or with zero velocity u j@
 = 0 (or a combination of both as in our case). Considering
these types of boundary conditions, the instantaneous global kinetic energy balance
equation can be expressed as

dEK

dt
=

Z




�
u � f �

P r
Ra0:5 � (u )

�
d
 =

Z




�
P rT u3 �

P r
Ra0:5 � (u )

�
d
 (3.22)

It is clear from this expression that the only term of the momentum equation
that contributes to the evolution of the total kinetic energy is � P rRa � 0:5 � (u ), that
necessarily dissipates kinetic energy to thermal energy (as� � 0 ) and the body force
term u � f that can either generate or dissipate kinetic energy. Pressure gradient and
convective terms have a local e�ect but do not contribute to the global kinetic energy
balance. As the spectro-consistent numerical schemes by Vertappen & Veldman [35],
outlined in x3.2.2, used for the simulations do not introduce any arti�cial dissipa-
tion, the discrete velocity �elds verify exactly the equality (3.22) even for very coarse
meshes. This has been tested as an additional veri�cation of the code.

Averaging the expression 3.22, for a long enough time integration period, aglobal
kinetic energy balance is obtained, that expressed per volume unit is given by

P r
V

Z




�
u3T + u0

3T0
�

d

| {z }

E g

=
P r

V Ra0:5

Z




�
� (u ) + � (u 0)

�
d


| {z }
E d

(3.23)

where V is the cavity volume. That is, for a statistically stationary 
ow, Eg, the
averaged kinetic energy generation rate (only due to the buoyancy forces in our case)
must be equal toEd, the averaged kinetic energy dissipation rate due to viscous forces.
Since the instantaneous kinetic energy balances are exactly satis�ed, the energy imbal-
ance expression

�
�Eg � Ed

�
� =Eg can be used to control if averaging time is long enough.

The values ofEg obtained in the di�erent simulations can be found in table 3.6. At
�rst sight, we see that the dimensionless overall kinetic energy generation rateEg

tends to decrease with the Rayleigh number following a correlation closer toRa� 1=4.
We also observe that slightly higher values are obtained for three-dimensional simula-
tions. At x3.3.1, we saw that time-averaged temperature and vertical velocity pro�les
for di�erent Rayleighs numbers collapse when the laminarRa1=4 scaling is used for
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Case Ra Eg = Ed
P r

V Ra 0: 5

R

 � (u 0)d
 P r

V

R

 u0

3T0d
 EgRa1=4

AA2D 6:4 � 108 1:976� 10� 3 3:89� 10� 5 1:81� 10� 7 0:314
BB2D 2 � 109 1:491� 10� 3 6:39� 10� 5 � 9:39� 10� 7 0:315
CC2D 1010 1:002� 10� 3 8:04� 10� 5 � 1:65� 10� 5 0:317
A 6:4 � 108 1:996� 10� 3 5:33� 10� 5 4:71� 10� 6 0:317
B 2 � 109 1:524� 10� 3 8:08� 10� 5 2:36� 10� 6 0:322
C 1010 1:023� 10� 3 6:67� 10� 5 2:41� 10� 7 0:323

Table 3.6: Global kinetic energy balances

lengths (see �gure 3.8). We also saw that such laminar behaviour is exhibit in the
upstream part of the boundary layers, where most of the kinetic energy is generated,
and extends for more than half of the cavity. Thus, it is not surprising the Ra1=4 scal-
ing shown by the overall kinetic energy generation rateEg. With respect the slightly
higher values obtained for the three-dimensional simulations, such discrepancies are
probably due to the fact that, as we saw in previous sections, the point where vertical
boundary layers become totally disrupted moves downstream resulting on a larger
region of quasi-laminar behaviour.

In table 3.6, we also observe important discrepancies between two-dimensional and
three-dimensional results for turbulent dissipation term, P rRa � 0:5=V

R

 � (u 0)d
.

Higher values are obtained for the three-dimensional simulations for the �rst two
Rayleigh numbers, but a sudden decrease occurs for the three-dimensional results of
the highest Rayleigh number meanwhile the two-dimensional counterpart seems to
go on growing with the Ra number. A reasonable explanation is that, as we saw
in x3.3.3, for the two-dimensional simulations when theRa number is increased the
regions with high turbulent 
uctuations spread out reducing the region of uniform
strati�cation whereas for the three-dimensional simulations such regions seems to
shrink to the two downstream corners of the cavity. Finally, turbulent generation
term, P r=V

R

 u0

3T0d
 displays completely di�erent tendencies. It seems clear that it
tends to decrease with theRa number, however this reduction is more marked for the
two-dimensional simulations obtaining negative values of turbulent generation term
for the two highest Rayleigh numbers. Anyway, it is necessary to perform simulations
at higher Rayleigh numbers to con�rm these tendencies.

3.4 Conclusions

A set of complete two- and three-dimensional direct numerical simulations of a
buoyancy driven 
ow in a di�erentially heated air-�lled ( P r = 0 :71) cavity of aspect
ratio 4 and Rayleigh numbers up to 1010 has been presented. The correctness of
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the code has been veri�ed using the method of manufactured solutions, that ensures
that the order of accuracy is in good agreement with the theoretical expectation in
the whole domain. A low cost parallel computer (a PC cluster with a conventional
1 Gbits/s network) has been used for the simulations. An explicit scheme has been
used for temporal integration and second and fourth-order schemes for spatial dis-
cretization. These schemes preserve the global kinetic energy balances even for very
coarse meshes. The parallel algorithm is based on spatial domain decomposition. A
direct algorithm (DSFD) has been used to solve the Poisson equations with onlyone
communication episode. The main features of the 
ow, including the time-averaged

ow structure, the power spectra and probability density distributions of a set of se-
lected monitoring points, the turbulent statistics, the global kinetic energy balances
and the internal waves motion phenomena, have been presented and compared.

All simulations share some basic 
ow features: a strati�ed cavity core, recirculating
structures near the downstream corners and thin vertical boundary layers that remain
laminar at their upstream part up to a point above the mid-height where transiti on
occurs. Periodic oscillations are ampli�ed in the boundary layer and trigger non-linear
e�ects provoking the transition. With respect to the centreline dimensionless thermal
strati�cation, all the numerical simulations performed in this work give values close
to 1 while experimental studies yield values of about 0:5. These results con�rm the
conclusions pointed out by Salatet al. [32] discarding the three-dimensional e�ects as a
possible reason for these discrepancies. Understanding the origins of these di�erences
seems an interesting area for future research.

Respect to the comparison between two- and three-dimensional results, the time-
averaged 
ow structures are quite similar, in particular the averaged local and overall
Nusselt numbers. However signi�cant di�erences are observed in the 
ow dynam-
ics. For two-dimensional simulations the oscillations at the downstream partof the
boundary layer are clearly stronger ejecting large unsteady eddies to the cavity core
where the isotherms exhibit a periodical motion around the mean horizontal position.
In the three-dimensional simulations these eddies do not persist and their energy is
rapidly passed down to smaller scales of motion causing an evident reduction of the
large-scale mixing e�ect at the hot upper and cold lower regions and consequently
a still almost motionless strati�ed cavity core is displayed. The boundary layers re-
main laminar or quasi-laminar on their upstream parts up to the point where these
eddies are ejected. The point were this phenomenon occurs clearly moves to a more
upstream location for the three-dimensional simulations. All these di�erences become
more marked for the highest Rayleigh number. It is also shown that, even forthe
three-dimensional simulations, these eddies are large enough to permanently excite
an internal wave motion oscillating at the Brunt-V•ais•al•a frequency in the strati�ed
core region.
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For the range of Rayleigh number investigated here, second-order statistics are
signi�cant only on the downstream corners of the cavity. The assumption of instanta-
neous two-dimensional maps clearly in
uences the distribution of all the second-order
statistics, that are substantially di�erent (by two orders of magnitude i n certain cases).
For the lowest Rayleigh number the main di�erences occur at the vertical boundary
layers, where the two-dimensional simulation incorrectly predicts very low valuesfor
all the second-order statistics. However for the two highestRa numbers, the di�er-
ences become more marked: whereas the area of large 
uctuations tends to increase
for two-dimensional simulations, for the three-dimensional con�guration it decreases
shrinking to the two downstream corners. Spatial correlations of second-order statis-
tics are qualitatively similar for all simulations. It is specially signi�cant, in the
context of turbulence modelling, the bad correlation displayed betweenk and � � .

We can conclude that two-dimensional simulations may be enough, as a �rst and
cheaper approach, to capture the general features of buoyancy driven 
ows in enclosed
cavities at Rayleigh numbers up to 1010. However, three-dimensional simulations are
necessary for an accurate description of the 
ow, specially for turbulent statistics.
This issue could be relevant if DNS is to be used to develop or enhance turbulence
modelling.

References

[1] S. Xin and P. Le Qu�er�e. Direct numerical simulations of two-dimensional chaotic
natural convection in a di�erentially heated cavity of aspect ratio 4. Journal of
Fluid Mechanics, 304:87{118, 1995.

[2] M. Soria, F. X. Trias, C. D. P�erez-Segarra, and A. Oliva. Direct numerical sim-
ulation of a three-dimensional natural-convection 
ow in a di�erentially heated
cavity of aspect ratio 4. Numerical Heat Transfer, part A , 45:649{673, April
2004.

[3] G. de Vahl Davis and I. P. Jones. Natural Convection in a Square Cavity: a
Comparison Exercise. International Journal for Numerical Methods in FLuids ,
3:227{248, 1983.

[4] M. Hortmann, M. Peric, and G. Scheuerer. Finite Volume Multigrid Prediction
of Laminar Natural Convection: Bench-Mark Solutions. International Journal
for Numerical Methods in Fluids, 11:189{207, 1990.

[5] P. Le Qu�er�e. Accurate Solutions to the Square Thermally Driven Cavity at High
Rayleigh Number. Computers and Fluids, 20:29{41, 1991.



130 References

[6] M.R. Ravi, R.A.W.M. Henkes, and C.J. Hoogendoorn. On the high-Rayleigh-
number structure of steady laminar natural-convection 
ow in a square enclosure.
Journal of Fluid Mechanics, 262:325{351, 1994.

[7] D.C. Wan, B.S.V. Patnaik, and G.W. Wei. A New Benchmark Quality Solution
for the Buoyancy-Dr0iven Cavity by Discrete Singular Convolution. Numerical
Heat Transfer, part B , 40:199{228, 2001.

[8] T. Fusegi, J.M. Hyun, K. Kuwahara, and B. Farouk. A numerical study of
three-dimensional natural convection in a di�erentially heated cubical enclosure.
International Journal of Heat and Mass Transfer, 34:1543{1557, 1991.

[9] E. Tric, G. Labrosse, and M. Betrouni. A �rst incursion into the 3D structur e
of natural convection of air in a di�erentially heated cubic cavity. International
Journal of Heat and Mass Transfer, 43:4043{4056, 2000.

[10] B�ereng�ere Lartigue, Sylvie Lorente, and Bernard Bourret. Multicellular natural
convection in a high aspect ratio cavity: experimental and numerical results.
International Journal of Heat and Mass Transfer, 43:3157{3170, 2000.

[11] P. Le Qu�er�e. A Note on Multiple and Unsteady Solutions in Two-Dimensional
Convection in a Tall Cavity. Journal of Heat Transfer, 112:965{974, 1990.

[12] H. Schweiger, A. Oliva, M. Costa, and C.D.P�erez-Segarra. Numerical exper-
iments on laminar natural convection in rectangular cavities with and without
honeycomb structures.International Journal of Numerical Methods for Heat and
Fluid Flow, 5:243{443, 1995.

[13] K. H. Winters. Hopf Bifurcation in the Double-Glazing Problem with Conducti ng
Boundaries. Journal of Heat Transfer, 109:894{898, 1987.

[14] R.A.W.M. Henkes. Natural-Convection Boundary Layers. PhD thesis, Faculty
of Applied Physics at the Delft University of Technology, 1995.

[15] Patrick Le Qu�er�e and Masud Behnia. From onset of unsteadiness to chaos in
a di�erentially heated square cavity. Journal of Fluid Mechanics, 359:81{107,
1998.

[16] P. Le Qu�er�e. Transition to unsteadiness routes to chaos and simulationof tur-
bulent 
ows in cavities heated from the side: a review of present status. In
Heat Transfer: Proceedings of the10th International Heat Transfer Conference,
volume 1, pages 281{296. Hewitt GF, 1994.



References 131

[17] M. Farhangnia, S. Biringen, and L.J. Peltiery. Numerical Simulation of Two-
Dimensional Bouyancy-Driven Turbulence in a Tall Rectangular Cavity. Inter-
national Journal for Numerical Methods in Fluids, 23:1311{1326, 1996.

[18] M. A. Christon, P. M. Gresho, and S. B. Sutton. Computational Predictabil-
ity of Time-Dependent Natural Convection Flows in Enclosures (Including a
Benchmark Solution). International Journal of Numerical Methods in Fluids ,
201:953{980, 2002.

[19] S. Paolucci and D. R. Chenoweth. Transition to chaos in a di�erentially heated
vertical cavity. Journal of Fluid Mechanics, 201:379{410, 1989.

[20] S. Paolucci. Direct Numerical Simulation of Two-Dimensional Turbulent Natural
Convection in an Enclosed Cavity. Journal of Fluid Mechanics, 215:229{262,
1990.

[21] R. J. A. Jansen, R. A. W. M. Henkes, and C. J. Hoogendoorn. Transition to
Time-Periodicity of a Natural-Convection Flow in a 3-D Di�erentially Heat ed
Cavity. International Journal of Heat and Mass Transfer, 36(11):2927{2940,
1993.

[22] T. Fusegi, J. M. Hyun, and K. Kuwahara. Three-Dimensional Numerical Simula-
tion of Periodic Natural Convection in Di�erentially Heated Cubical Enclos ure.
Appl. Sci. Res., 49:271{282, 1992.

[23] R. J. A. Jansen and R. A. W. M. Henkes. Instabilities in Three-Dimensional
Di�erentially-Heated Cavities with Adiabatic Horizontal Walls. Physics of Flu-
ids, 8(1):62{74, 1996.

[24] G. Labrosse, E. Tric, H. Khallouf, and M. Betrouni. A Direct (Pseudo-Spectral)
Solver of the 2-D/3-D Stokes Problem: Transition to Unsteadiness of Natural-
Convection Flow in a Di�erentially Heated Cubical Cavity. Numerical Heat
Transfer B, 31:261{276, 1997.

[25] F. Fusegi, B. Farouk, J. M. Hyun, and K. Kuwahara. A direct numerical simula-
tion of periodic natural convection in di�erentially heated cubical enclosure. In
Proceedings of the International Symposium on EngineeringTurbulence Modeling
and Measurements, pages 261{268, 1990.

[26] R. A. W. M. Henkes and P. Le Qu�er�e. Three-dimensional transition of natural -
convection 
ows. Journal of Fluid Mechanics, 319:281{303, 1996.

[27] F. Penot, A. N'Dame, and P. Le Qu�er�e. Investigation of the Route to Turbulence
in a Di�erentially Heated Cavity. In 9th International Heat Transfer Conference,
pages 417{422, Jerusalem, 1990.



132 References

[28] S. Xin and P. Le Qu�er�e. An Extended Chebyshev Pseudo-Spectral Benchmark for
the 8:1 Di�erentially Heated Cavity. International Journal of Numerical Methods
in Fluids, 8:2182{2189, 2002.

[29] Y. S. Tian and T. G. Karayiannis. Low turbulence natural convection in an
air �lled square cavity. Part I: the thermal and 
uid 
ow �elds. International
Journal of Heat and Mass Transfer, 43:849{866, 2000.

[30] Y. S. Tian and T. G. Karayiannis. Low turbulence natural convection in an air
�lled square cavity. Part II: the turbulence quantities. International Journal of
Heat and Mass Transfer, 43:867{884, 2000.

[31] P. L. Betts and I. H. Bokhtari. Experiments on turbulent natural conv ection in an
enclosed tall cavity. International Journal of Heat and Fluid Flow , 21:675{683,
2000.

[32] J. Salat, S. Xin, P. Joubert, A. Sergent, F. Penot, and P. Le Qu�er�e. Experimental
and numerical investigation of turbulent natural convection in large air-�ll ed
cavity. International Journal of Heat and Fluid Flow , 25:824{832, 2004.

[33] R. W. C. P. Verstappen and A. E. P. Veldman. Direct Numerical simulation
of turbulence at lower costs. Journal of Engineering Mathematics, 32:143{159,
1997.

[34] R. W. C. P. Verstappen and A. E. P. Veldman. Spectro-consistent discretiza-
tion of Navier-Stokes: a challenge to RANS and LES.Journal of Engineering
Mathematics, 34:163{179, 1998.

[35] R. W. C. P. Verstappen and A. E. P. Veldman. Symmetry-Preserving Discretiza-
tion of Turbulent Flow. Journal of Computational Physics, 187:343{368, May
2003.

[36] A. J. Chorin. Numerical Solution of the Navier-Stokes Equations. Journal of
Computational Physics, 22:745{762, 1968.

[37] N. N. Yanenko. The Method of Fractional Steps. Springer-Verlag, 1971.

[38] A. J. Chorin. A Mathematical Introduction to Fluid Mechanics . Springer-Verlag,
1993.

[39] F. X. Trias, M. Soria, C. D. P�erez-Segarra, and A. Oliva. A Direct Schur-Fourier
Decomposition for the E�cient Solution of High-Order Poisson Equations on
Loosely Coupled Parallel Computers. Numerical Linear Algebra with Applica-
tions, 13:303{326, 2006.



References 133

[40] M. Soria, C. D. P�erez-Segarra, and A.Oliva. A Direct Schur-Fourier Decomposi-
tion for the Solution of the Three-Dimensional Poisson Equation of Incompress-
ible Flow Problems Using Loosely Parallel Computers.Numerical Heat Transfer,
Part B , 43:467{488, 2003.

[41] M. Soria, C. D. P�erez-Segarra, and A. Oliva. A Direct Parallel Algori thm for the
E�cient Solution of the Pressure-Correction Equation of Incompressible Flow
Problems Using Loosely Coupled Computers.Numerical Heat Transfer, Part B ,
41:117{138, 2002.

[42] Patrick J. Roache. Code Veri�cation by the Method of Manufactured Solutions.
Journal of Fluids Engineering, Transactions of ASME, 124:4{10, 2002.

[43] Robert H. Kraichnan. Inertial-ranges in two-dimensional turbulence. Physics of
Fluids, 10:1417{1423, 1967.

[44] Roel Verstappen. On restraining the production of small scales of motion in a
turbulent channel 
ow. Computers and Fluids, To be published, 2007.

[45] F. X. Trias, M. Soria, A. Oliva, and R. Verstappen. Regularization models for the
simulation of turbulence in a di�erentially heated cavity. In Proceedings of the
European Computational Fluid Dynamics Conference (ECCOMAS CFD 2006),
Egmond aan Zee, The Netherlands, September 2006.

[46] James Lighthill. Waves in Fluids. Cambridge University Press, Cambridge, 2002.



134 References



4

Regularization Models for the
Simulation of Turbulence in a
Di�erentially Heated Cavity

Main contents of this chapter have been published in:
F. X. Trias, M. Soria, A. Oliva and R. Verstappen, Regularization model s for the simulation
of turbulence in a di�erentially heated cavity, ECCOMAS-CFD 2006 Conference, Egmond
aan Zee (The Netherlands), September 2006.

Abstract. Since direct numerical simulations (DNS) of natural convection in a d i�eren-
tially heated cavity can not be performed at high Ra-numbers, a dynamic ally less complex
mathematical formulation is sought. In the quest for such a formulation, w e consider regular-
izations (smooth approximations) of the nonlinearity. The regularizati on method basically
alters the convective terms to reduce the production of small scales of motion by means
of vortex stretching. In doing so, we propose to preserve the symmetry and conservation
properties of the convective terms exactly. This requirement yi elds a novel class of regular-
izations that restrain the convective production of smaller and smalle r scales of motion by
means of vortex stretching in an unconditional stable manner, meaning t hat the velocity can
not blow up in the energy-norm (in 2D also: enstrophy-norm). The numer ical algorithm
used to solve the governing equations preserves the symmetry and conservation properties
too. The regularization model is successfully tested for a 3D natural convection 
ow in a
di�erentially heated cavity ( Ra = 10 10 , P r = 0 :71 and height aspect ratio 4)
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4.1 Introduction

Natural convection in parallelepipedic enclosures has been the subject of numerous
studies over the past decades. Most of them can be classi�ed in three main groups:
cavities where the 
ow is due to internal heat generation, cavities heated from below
(Rayleigh-B�enard con�guration), and those heated from the sides. The con�gura-
tion of the latter class is the di�erentially heated cavity, the situation t hat here is
under consideration. This models many engineering applications such as ventilation
of rooms, cooling of electronics devices or air 
ow in buildings. Simultaneously, this
con�guration has served as prototype for the development of numerical algorithms.

An accurate prediction of the 
ow structure and the heat transfer in such con�gu-
ration is of great interest and despite the great e�ort devoted (see for instance[1{3])
for an accurate turbulence modelling of this con�guration it remains as a great chal-
lenge. This is mainly due to the complex behaviour exhibit: the boundary layers
remain laminar in their upstream part up to the point where the waves travelling
downstream grow up enough to disrupt the boundary layers ejecting large unsteady
eddies to the core of the cavity. The mixing e�ect of these eddies, that throw hot and
cold 
uid respectively, tends to result in almost isothermal hot upper and cold lower
regions. This mixing e�ect at the top and bottom areas of the cavity, force the tem-
perature drop in the core of the cavity occurs in a smaller region. Moreover, recently
important di�erences have been observed between 2D and 3D con�gurations [4,5] (see
also chapter 3 of this thesis). In the 3D DNS simulations these large eddies do not
persist and its energy is rapidly passed down the cascade to smaller eddies. It yields
on a manifest reduction of the mixing e�ect at the hot upper and cold lower regions
and consequently a still motionless strati�ed cavity core. The cavity core remains
still almost motionless and very well strati�ed in an evident contrast wi th the 2D
simulation results that display increasingly large top and bottom regions of disor-
ganisation that consequently reduce the area of uniform temperature strati�cation.
These di�erences between 2D and 3D turbulence 
ow dynamics are clearly observed
in the time sequences of isotherms displayed in the �gure 4.1.

At high Ra-numbers, the 3D dynamics can not be studied since DNS's are not
feasible. Therefore, a dynamically less complex mathematical formulation is sought.
In the quest for such a formulation, we consider regularizations (smooth approxima-
tions) of the nonlinearity. The proposed regularization method basically alters the
convective terms to reduce the production of small scales of motion in an uncondi-
tional stable manner. In this chapter , a direct comparison between 3D DNS results [5]
(see also chapter 3 of this thesis) atRa = 1010 and numerical results obtained with
the regularization model is carried out. The chapter is organised as follows.In Sec-
tion 4.2, the regularization model is described. In Section 4.3, the performanceof the
regularization model is evaluated by means of direct comparison with reference DNS
data. Finally, the results are summarised and conclusions are given in Section 4.4.
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Figure 4.1: Left: Instantaneous isotherms at Ra = 10 10 for 2D (left) and 3D
(right) DNS simulations. Right: Zoom around the top left corner of a time sequence
of instantaneous isotherms for 2D (top) and 3D (bottom).

4.2 Governing Equations and Numerical Method

We consider a di�erentially heated cavity of height aspect ratio 4 �lled with
an incompressible 
uid. The Rayleigh number Ra based on the cavity height is
(g� � T L3

z )=(�� ), and the Prandlt number P r = �=� is 0:71 (air). To account for
density variations, the Boussinesq approximation is used. Thermal radiationis ne-
glected. Under these conditions, the velocityu and the temperature T are governed
by the following set of partial di�erential equations

@t u + C(u; u) =
P r

p
Ra

� u � r p + f; (4.1)

@t T + C(u; T ) =
1

p
Ra

� T; (4.2)

where the convective term is given by

C(u; v) = ( u � r )v; (4.3)
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the body force vector is given byf = (0 ; 0; P rT ) and the incompressibility constraint
readsr � u = 0.

4.2.1 Regularization modelling

At high Ra-numbers, the velocity and temperature can not be computed numer-
ically from Eqs. (4.1)-(4.2), because the solution possesses far too many scales of
motion. The computationally almost numberless small scales result from thenonlin-
ear, convective termsC(u; u) and C(u; T ) that allow for the transfer of energy from
scales as large as the 
ow domain to the smallest scales that can survive viscous dis-
sipation. In the quest for a dynamically less complex mathematical formulation, we
consider smooth approximations (regularizations) of the nonlinearity,

@t u� + eC(u� ; u� ) =
P r

p
Ra

� u� � r p� + f; (4.4)

@t T� + eC(u� ; T� ) =
1

p
Ra

� T� ; (4.5)

where the variable names are changed fromu and T to u� and T� , respectively, to
stress that the solution of (4.4)-(4.5) di�ers from that of Eqs. (4.1) -(4.2).

The regularized system (4.4)-(4.5) should be more amenable to solve numerically
(that is, the regularization should limit the production of small scales of motion),
while the leading modes ofu� ; T� have to approximate the corresponding modes of
the solution u; T of Eqs. (4.1)-(4.2) .

The �rst outstanding approach in this direction goes back to Leray [6], who took
eC(u; u) = C(�u; u) and proved that a moderate �ltering of the transport velocity is suf-
�cient to regularize a turbulent 
ow. Here, the �ltering operation is denoted by a bar.
The Navier-Stokes-� -model forms another example of regularization modelling [7]. In
this model, the convective term becomeseCr (u; u) = Cr (u; �u), where Cr denotes the
convective operator in rotational form: Cr (u; v) = ( r � u) � v.

The regularization given by (4.4)-(4.5) may also be seen in relation tolarge-eddy
simulation (LES). In LES, Eqs. (4.1)-(4.2) are �ltered spatially, and the resulting
nonlinear terms involving residual velocities and temperatures are modelled in terms
of the �ltered velocity and temperature �elds:

@t u� + C(u� ; u� ) =
P r

p
Ra

� u� � r p� + f + M 1(u� ); (4.6)

@t T � + eC(u� ; T � ) =
1

p
Ra

� T � + M 2(u� ; T � ); (4.7)

where the model terms are approximately given by
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M 1(u� ) � C (u� ; u� ) � C(u� ; u� ); M 2(u� ; T � ) � C (u� ; T � ) � C(u� ; T� ):

The regularization described by Eqs. (4.4)-(4.5) falls in with this concept if

eC(u� ; u� ) = C(u� ; u� ) � M 1(u� ); eC(u� ; T� ) = C(u� ; T � ) � M 2(u� ; T � ): (4.8)

Indeed under this condition, Eqs. (4.4)-(4.5) are equivalent to (4.6)-(4.7): we
can �lter (4.4)-(4.5) �rst and thereafter compare the �ltered version of (4.4) -( 4.5)
term-by-term with (4.6)-(4.7) to identify the closure models M 1(u� ) and M 2(u� ; T � ).
Finally, it may be noted that Eq. (4.8) relates the regularization eC(u� ; u� ) one-to-one
to the closure modelsM 1 and M 2 for any invertible �lter (the Gaussian �lter, for
instance).

4.2.2 Symmetry and conservation

The regularization method basically alters the nonlinearity to restrain the produc-
tion of small scales of motion, seee.g. [8]- [9]. In doing so, one can preserve certain
fundamental properties of the convective operatorC in Eqs.(4.1)-(4.2) exactly. We
propose to preserve the symmetry properties that form the basis for the conservation
of energy, enstrophy (in 2D) and helicity. To sketch the symmetry and conservation
properties, we de�ne the energy of a 
uid with velocity u and occupying the 
ow
domain V by juj2 = ( u; u), where (u; v) =

R
V u � vdx denotes the usual scalar product.

The norm of the temperature becomesjT j2 = ( T; T). The enstrophy is de�ned as
jr � uj2 and the helicity is given by (r � u; u).

The evolution of the energy follows from di�erentiating ( u; u) with respect to time
and rewriting @t u with the help of (4.1). In this way, we get a convective contribution
given by (C(u; u); u). This term cancels, because the trilinear form (C(u; v); w) is
skew-symmetric with respect tov and w:

(C(u; v); w) = � (v; C(u; w)) ; (4.9)

seee.g. [10], for instance. Note that contributions resulting from boundary conditions
are ignored here.

The same reasoning applies to dynamics ofjT j2: the convective contribution
(C(u; T ); T) cancels because of (4.9). The evolution of the enstrophy is obtained by
taking the inner product of the Navier-Stokes equations with the vector �eld � � u.
The resulting convective contribution vanishes in two spatial dimension, since in2D,
we have [11]

(C(u; v); � v) = ( u; C(� v; v)) ; (4.10)
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where the right-hand side vanishes foru = v because of (4.9). The evolution of the
helicity follows from the inner product of Eq. (4.1) with the vorticity ! = r� u and the
inner product of the curl of Eq. (4.1) with the velocity u. Taking these inner products
results into the convective contribution (C(u; u); ! ) + ( C(u; ! ); u) � (C(!; u ); u), which
vanishes as an immediate consequence of the skew symmetry (4.9). Therefore, the
helicity is conserved in the absence of viscous dissipation. For further details about
the symmetries and conservation properties of Navier-Stokes equations the reader is
referred to Appendix A.

4.2.3 Symmetry-preserving regularization models

We aim to regularize the convective operatorC in such manner that the underlying
symmetries (given by Eq. (4.9) and Eq. (4.10)) are preserved. In other words, we
require that the approximation eC of C satis�es

( eC(u; v); w) = � (v; eC(u; w)) ; (4.11)

and in 2D,

( eC(u; v); � v) = ( u; eC(� v; v)) : (4.12)

This criterion yields the following class of regularizations

eC2(u; v) = C(u; v) (4.13)
eC4(u; v) = C(u; v) + C(u; v0) + C(u0; v) (4.14)
eC6(u; v) = C(u; v) + C(u; v0) + C(u0; v) + C(u0; v0); (4.15)

where a prime indicates the residual of the �lter, e.g. u0 = u � u. The di�erence
between eCn (u; u) and C(u; u) is of the order � n (where n=2,4,6) for symmetric linear
�lters with �lter length � . Note that for a generic, symmetric �lter: u0 = O(� 2)u,
cf. [12].

The Reynolds transport theorem (seee.g. [13]) states that for any part W of the

uid domain, we have

d
dt

Z

W
vdW =

Z

W

@v
@t

dW +
Z

@W
v u � ndS =

Z

W

�
@v
@t

+ C(u; v)
�

dW;

where the last equality follows from the divergence theorem of Gauss (provided
r � u = 0). In view of this, the approximation Cn (u; v) of C(u; v) may be derived by
smoothing the 
ux through the boundary @Wof W . For instance, the approximation
C4 is found if v u � n is replaced by (v u + v u0+ v0 u) � n.

The approximations eCn (u� ; u� ) are stable by construction, meaning that no con-
vective terms contribute to the evolution of ju� j2 and jT� j2; hence, the evolution of
both ju� j2 and jT� j2 is governed by a dissipative process.
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4.2.4 Nonlinear transport mechanism

To see how the above regularizations restrain the production of small scales of
motion, we take the curl of Eq. (4.4), with eC as in Eqs. (4.13)-(4.15),

@t ! � + eCn (u� ; ! � ) =
P r

p
Ra

� ! � + r � f + eCn (! � ; u� ): (4.16)

This equation resembles the vorticity equation that results from the Navier-Stokes
equations: the only di�erence is that C is replaced by its regularization eCn . If it
happens that the vortex stretching term eCn (! � ; u� ) in Eq. (4.16) is so strong that the
dissipative term (P r=Ra)� ! � can not prevent the intensi�cation of vorticity, smaller
vortical structures are produced. The Navier-Stokes equations lead to the source term

C(!; u ) = S! = S! + S! 0+ S0! + S0! 0; (4.17)

where S = 1
2 (r u + r uT ) is the deformation tensor. The regularization reduce the

high frequencies in the vortex stretching term:

eC2(!; u ) = S!

eC4(!; u ) = S! + S! 0+ S0!
eC6(!; u ) = S! + S! 0+ S0! + S0! 0

Qualitatively, vortex stretching leads to the production of smaller and smaller
scales,i.e., to a continuous, local increase of bothS0 and ! 0. Consequently, at the
positions where vortex stretching occurs, the terms withS0 and ! 0 will eventually
amount considerably to C(!; u ). Since the regularizations eCn (!; u ) diminish these
terms, they counteract the production of smaller and smaller scales by means of
vortex stretching and may eventually stop the continuation of the vortex stretching
process. In this way, the symmetry-preserving regularization method restrainsthe
convective production of smaller and smaller scales of motion by means of vortex
stretching, while ensuring that convection makes no contribution to the dynamics of
both ju� j2 and jT� j2.

A detailed study of the triadic interactions shows that eCn (u; u) approximates the
local interactions between large scales of motion (� jkj < 1) up to n-th order. Hence,
the triadic interactions between large scales are only slightly altered. All interactions
involving longer wavevectors (smaller scales of motion) are reduced. The amountby
which the interactions between the wavevector-triple (k; p; q) are lessened depends on
the length of the legs of the trianglek = p+ q. In casen = 4, for example, all triadic
interactions for which at least two legs are (much) longer than 1=� are (strongly)
attenuated, whereas interactions for which at least two legs are (much) shorterthan
1=� are reduced to a small degree only.
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4.2.5 Choice of the �lter

The �lter is based upon the elliptic di�erential operator,

(1 � @i � i @i ) u = u; (4.18)

where the coe�cients � 1, � 2 and � 3 parameterize the length of the �lter in the x1-,
x2- and x3-direction, respectively. Note that Eq.(4.18) reduces to the Helmholtz �lter
in the isotropic case: � i = � . The �lter length is de�ned by � = �

p
24, i.e., need not

be restricted to integer multiples of the grid width. The boundary conditions that
supplement the Navier-Stokes equations are also applied to (4.18). The �lter (4.18)
commutes with the gradient operator, that is r � = r � for any (su�ciently di�er-
entiable) scalar � . This implies that the approximations Cn are exact for potential

ows. More importantly, if we decompose the velocity �eld u into a gradient part
and a rotational part, u = r � + r � 	, we see that the 
uctuating part u0 of u is
purely rotational: u0 = r � 	 0. Thus, the 
uctuating velocity captures a characteris-
tic property of turbulence: it consists of 
uctuating rotational 
ow. The �lter given
by Eq. (4.18) is generic in the sense that any symmetric convolution �lter can be
approximated by the di�usive process (4.18), where the error in the approximation is
of the order � 4 [12].

Since solving the Helmholtz equation for u is rather expensive, we have tried
to reduce the �ltering costs by truncating the iterative solution method for (4.1 8)
numerically before the point of convergence is approached. In doing so, we found
that one Jacobi iteration (with u = u as initial guess) su�ce already. Therefore, the
results shown in Section 4.3 are obtained by means of one Jacobi iteration.

4.2.6 Numerical method

To evaluate the performance of the proposed regularization models, numerical
results are compared with reference DNS data in Section 4.3. In sucha posteriori
test, modelling errors and discretization errors are mixed together. Consequently, the
discretization of the governing equations is a very important point when dealing with
a posteriori performance tests for LES-models [14]. The regularizationsCn given by
Eqs. (4.13)-(4.15) are constructed such that symmetry properties (4.11)and (4.12)
are preserved. Of course, the same should hold for the numerical approximations that
are used to discretizeCn . Therefore, we have developed a spatial discretization that
preserves these properties. For a detailed explanation, the reader is referred to [15].

4.3 Results for a Di�erentially Heated Cavity

The performance of the symmetry-preserving regularization modelC4 is tested
for a 3D air-�lled ( P r = 0 :71) di�erentially heated cavity of height aspect ratio 4
and Ra = 1010 (based on the cavity height) by means of direct comparison with
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DNS RM1 RM2
Nx 64 8 8
Ny 136 17 13
Nz 324 40 30
� xmin 7:81� 10� 3 6:25� 10� 2 6:25� 10� 2

� ymin 1:11� 10� 3 8:88� 10� 3 1:16� 10� 2

� zmin 1:23� 10� 2 9:96� 10� 2 1:33� 10� 1

Table 4.1: Description of meshes.

our 3D DNS results [5] (see also chapter 3 of this thesis). We have considered two
coarse meshes consisting of 8� 13 � 30 and 8� 17 � 40 grid points, respectively
(see table 4.1). Coarse meshesRM 1 and RM 2 are constructed trying to maintain
the same grid points distribution of the DNS but with much less spatial resolutions.
For more numerical details (grid-streching, explicit time-integration method, Poisson
solver, etc.) the reader is referred to [4,5] (see also chapter 3 of this thesis).Of course,
domain size and mesh concentration parameters are taken equal to those used for the
DNS simulation.

An accurate prediction of these 
ows that display both laminar and turbulent
zones lies on its ability to locate correctly the transitional zones. Comparison between
2D and 3D DNS results suggests [5] that this feature is intimately tied up with the
capability of the convective operator to mimic correctly the physics of the original
Navier-Stokes equations. Therefore, approximations of the convective operatorin
such a manner that the underlying symmetries and certain fundamental properties
such as the inviscid invariants - kinetic energy, enstrophy (in 2D) and helicity (in
3D) - are preserved exactly even for very coarse meshes may be the key ingredient of
turbulence modelling.

In the present tests, the coe�cients � i of the �lter (4.18) are taken such that
the corresponding �lter length � i = � i

p
24 in the i -th spatial direction be equal to

� i = rh i , where the ratio r does not depend on the coordinate direction andhi denotes
the average grid spacing inx i direction. Since this ratio is chosen equal in all three
spatial directions, the approximation C4 contains only one parameter, the ratio �=h
(�lter length to the grid width).

4.3.1 Mean �elds

Averages over the three statistically invariant transformations (ti me, x1-direction
and central point symmetry around the centre of the cavity) have been carried outfor
all �elds. The corresponding vertical temperature pro�le at mid-width is displayed
in �gure 4.2. As was pointed out in Section 4.1, an accurate prediction of thermal
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lengths � . Left: 8 � 13 � 30 simulations. Right: 8 � 17 � 40 simulations. The ratio
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Figure 4.3: Dimensionless strati�cation in the core of the cavity as a function of
the ratio of the �lter length � to the average grid width h

strati�cation is a challenge for turbulence modelling. This is due to the high sensitivity
exhibit: small disturbances in the location of the transitional point at the v ertical
boundary layers or a sudden 'arti�cial' stop of the energy cascade at large scales of
motion can dramatically a�ect the structure of the strati�ed cavity core.

In �gures 4.2 and 4.3, we can see that without smoothing (� = 0), the thermal
strati�cation in clearly underpredicted. For both coarse grids optimal values of the
ratio �=h are around 2:5 (see �gure 4.3). For the �ner RM1 mesh the strati�cation
value remain almost constant for a wide range of�=h whereas for the coarser moderate
oscillations around the reference value are observed.

Let us now focus on the vertical boundary layer. The temperature and vertical
velocity pro�les are displayed in �gures 4.4 and 4.5. We can see that the corresponding
solutions for � = 0 displays a much too thick vertical boundary layer. With enough
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smoothing (�=h ratio � 3 for the RM2 grid, and � 2 for the RM1 grid) the results
agree very well with the DNS reference solution. Figure 4.6 depicts essentially the
same for the horizontal velocity pro�le.

In the �gure 4.7, the dependence of the maximum of the averaged vertical velocity
at mid-height of the cavity with respect �=h is analyzed. We can see that the cal-
culations carried out with the RM1 grid predict the reference value well if the ratio
�=h is taken equal to � 3. For the RM2 grid, the optimal ratio is about 2. In any
case, the results obtained remains almost constant when the value of the �lter length
is increased.

4.3.2 Heat transfer

Figure 4.8 displays the total Nusselt number as function of�=h. The reference
value Nu = 101:70 has been obtained from our DNS simulation (see table 4.1) and
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height plane as a function of the ratio of the �lter length � to the average grid width
h

� = 0. We see that the RM1 simulations predict fairly well the reference value if the
ratio �=h is equal to � 2. For the coarsest mesh, 8� 13 � 30, the optimal ratio �=h
is about 1:5 (or greater), and, as expected, the results obtained are slightly worse. In
conclusion, for both cases we observe that the solution without smoothing (� = 0) is
incomparably worse and that similar results are again obtained for a wide range of
�=h values.

In the �gures 4.9 and 4.10, the maximum and the mininum values of local Nusselt
number as a function of �=h are displayed, respectively. These two quantities are
of interest because they occur in two clearly di�erent parts of the vertical boundary
layers. Maximum values occur in the upstream part of the boundary layer where it is
still almost laminar whereas minimum values are observed at the most downstream
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Figure 4.9: The maximum of the averaged Nusselt number as a function of the
ratio of the �lter length � to the average grid width h

part of the boundary layer where it has become fully turbulent (see �gure 4.1, left).
For both coarse grids, the optimal values of the ratio�=h are about 4 (or greater).

4.3.3 Turbulent statistics

Horizontal pro�les at the mid-height plane of the turbulent kinetic energy, k =
u0

i u
0
i , the temperature variance, T0T0, and the turbulent heat 
ux, u0

3T0, have been
represented in �gures 4.11, 4.12 and 4.13, respectively. An accurate prediction of
turbulent quantities at this part of the vertical boundary layer is rather di�cult b e-
cause it is located in an area of transition from the laminar upstream to theturbulent
downstream part.

At �rst sight we observe, that although the absolute levels are not always well pre-
dicted, the smoothed results are in fairly good agreement with the reference solution.
Non-smoothed solutions (� = 0, not displayed here) di�er from the DNS solution in
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Figure 4.10: The minimum of the averaged Nusselt number as a function of the
ratio of the �lter length � to the average grid width h
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0
i pro�le at the horizontal mid-

height plane for di�erent �lter lengths � . Left: 8 � 13 � 30 simulations. Right:
8 � 17 � 40 simulations

several orders of magnitude for both coarse grids. It is also observed that for a rela-
tively short range of �=h ratios, turbulent quantities are well predicted. Moreover, it
also seems that the range of optimal�=h ratios is the same for all turbulent statistics
analyzed. This suggest that, although results show a high dependence on the �lter
length chosen, the symmetry-preserving regularization models possess the ability to
predict correctly the turbulent statistics.

4.4 Concluding Remarks

The performance of the symmetry-preserving regularization modelC4 has been
tested for a 3D air-�lled di�erentially heated cavity of aspect ratio 4 and Ra = 1010

by means of direct comparison with the DNS results [5] (see also chapter 3 of this
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Figure 4.13: u0
3T 0 pro�le at the horizontal mid-height plane for di�erent �lter

lengths � . Left: 8 � 13 � 30 simulations. Right: 8 � 17 � 40 simulations

thesis). To do so, we have considered two coarse meshes consisting of 8� 13� 30 and
8 � 17� 40 grid points, respectively, for di�erent values of the �=h ratio.

Comparison with DNS reference results show signi�cant improvements in cap-
turing the general pattern of the 
ow even for very coarse meshes. A fairly good
agreement with the DNS mean 
ow is observed for a wide range of �lter lengths. For
turbulent statistics, although they are only fairly well predicted for a short r ange of
�=h ratios, the smoothed solutions exhibit the ability to capture the basic patterns
of turbulent statistics and in the worst cases they, at least, substantially improve the
non-smoothed solution. This results suggest that the symmetry-preserving regular-
ization models possess the ability to predict correctly also turbulent statistics.

In conclusion, considering the inherent di�culty of turbulence modelling, we
consider that the these �rst results displayed here illustrate the great potential of
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symmetry-preserving smoothing method as a simulation shortcut for a di�erentially
heated cavity. Moreover, since noad hoc phenomenological arguments that can not
be formally derived from the governing Navier-Stokes equations are used it suggest
that this method may be valid for any other con�guration. Nevertheless, simulations
for a wide variety of cases and meshes will be necessary to con�rm these preliminary
conclusions.
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5

Conclusions and future
research

5.1 Concluding remarks

In the abstract of this thesis Direct Numerical Simulation (DNS) is referred as
an essential tool to give new insights into the physics of turbulence and to provide
indispensable data for future progress on turbulence modelling. Regarding to such
issues some contributions have been presented.

DNS and turbulence modelling
In chapter 3 results of a set of two- and three-dimensional DNS simulations of a
buoyancy driven 
ow in a di�erentially heated air-�lled cavity of aspect ratio 4 and
Rayleigh numbers up to 1010 has been presented. The main features of the 
ow,
including the time-averaged 
ow structure, the power spectra and probability density
distributions of a set of selected monitoring points, the turbulent statistics, the global
kinetic energy balances and the internal waves motion phenomena, have been pre-
sented and compared. The main conclusion is that, for the range of Rayleigh number
investigated, two-dimensional simulations may be enough, as a �rst and cheaper ap-
proach, to capture the general features of buoyancy driven 
ows in enclosed cavities.
However, three-dimensional simulations are necessary for an accurate description of
the 
ow, specially for turbulent statistics. The latter issue becomes specially relevant
if DNS is to be use to develop or enhance turbulence modelling.

In chapter 4, a new class of regularizations models have been tested for a three-
dimensional air-�lled di�erentially heated cavity of aspect ratio 4 and Ra = 1010 by
means of direct comparison with the DNS results obtained in the chapter 3. To do so,
we have considered two coarse meshes consisting of 8� 13� 30 and 8� 17� 40 grid
points, respectively, for di�erent values of the �lter length. Direct comparison with
DNS reference results shows signi�cant improvements in capturing the general pattern
of the 
ow even for very coarse meshes. A fairly good agreement with the DNS mean
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ow is observed for a wide range of �lter lengths. For turbulent statistics, alt hough
they are only fairly well predicted for a short range of �=h ratios, the smoothed
solutions exhibit the ability to capture the basic patterns of turbulent statisti cs and
in the worst cases they, at least, substantially improve the non-smoothed solution.
This results suggest that the symmetry-preserving regularization modelling possesses
the ability to predict correctly also turbulent statistics.

In conclusion, considering the inherent di�culty of turbulence modelling, we
consider that the these �rst results displayed here illustrate the great potential of
symmetry-preserving smoothing method as a simulation shortcut for a di�erentially
heated cavity. Moreover, since noad hoc phenomenological arguments that can not
be formally derived from the governing Navier-Stokes equations are used it suggest
that this method may be valid for any other con�guration. Nevertheless, simulations
for a wide variety of cases and meshes will be necessary to con�rm these preliminary
conclusions.

Symmetry-preserving discretization and parallel Poisson solve r
However, Direct Numerical Simulation of incompressible 
ows can not be viewed only
as a scienti�c \tool". Numerical methods and algorithms to make it feasible are itself
a challenging (and proli�c) �eld of research.

In the �rst chapter, a general symmetry-preserving discretization method is pre-
sented. The formulation presented intends to lead to a generalisation of previous
works of Verstappen and Veldman [1, 2] for general unstructured meshes. The oper-
ator formulation used here is based on the 'shift' transformation idea recently pro-
posed by J.E. Kicken et al. [3]. It allows matrix operators for collocated variables to
be easily transformed into matrix operators for staggered variableswhile preserving
symmetries. The basic idea behind remains the same: mimicking the crucial symme-
try properties of the underlying di�erential operators, i.e., the convective operator is
approximated by a skew-symmetric matrix and the di�usive operator by a symmetric,
positive-de�nite matrix. This ensures numerical stability on any grid and exact ly con-
serve mass and momentum. Moreover, the 'shift' transformation operators permit,
without grid limitations, to construct a staggered symmetry-preserving discretization
from a collocated one.

Once the method is presented and the properties required by the operators are well
de�ned, it is specialised for Cartesian staggered meshes. It is also shown that when us-
ing the proper 'shift' operator it leads to the same second-order symmetry-preserving
formulation proposed by Verstappen and Veldman [2]. Treatment for boundarycon-
ditions and extension of the method to higher-order approximations have also been
discussed.

Moreover, DNS demands a huge computing power and need parallel computers
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to be feasible. In this context, e�cient and scalable algorithms for the solution of
Poisson equation, which arises from the incompressibility constraint, are crutial to
make DNS feasible. This becomes even more relevant for loosely coupled parallel
computers

In this context, a robust and fairly scalable direct parallel solver for the three-
dimensional high-order Poisson equations arising in incompressible 
ow problems with
a periodic direction has been described in chapter 2. After a pre-processing stage,
it provides the solution of each right-hand-side using only one all-to-all communi-
cation episode per time-step, so it is specially intended for loosely-coupled parallel
computers, such as PC clusters with a low-cost network. It is based on a combina-
tion of a direct Schur Complement method and a Fourier decomposition. The Schur
Complement part is based on the method presented in [4,5] extended to higher order
problems. Enhanced methods to perform the FFT of real-valued problems and to
evaluate the inverse of the interface matrix, the integration of the algorithm in an
explicit parallel CFD solver, the procedure to treat the matrix singularity and the
stability of supercritical two-dimensional 
ows have been considered.

The good e�ciency and accuracy of the proposed method have been shown by
performing several numerical experiments on a PC cluster of 24 nodes with 1024
Mbytes of RAM each and a conventional 100 Mbits/s network. To benchmark the
DSFD algorithm a direct numerical simulation (DNS) of turbulent natural convecti on
problem used as a problem model. According to the measured computing times and
numerical accuracies, the algorithm proposed is a suitable method for the use on low
cost PC clusters for DNS/LES simulations. Speed-up results up to 24 processors have
proved that the algorithm scalability for large enough meshes is good.

5.2 Future research

5.2.1 Symmetry-preserving discretization on unstructured stagg ered meshes

The accuracy of the general symmetry-preserving discretization method presented
in chapter 1 remains an open question. It has been shown that for orthogonal Carte-
sian grids it is possible to construct high-order accurate symmetry-preserving dis-
cretizations by means of Richardson extrapolation technique. However, for unstruc-
tured grids the problem becomes more di�cult. Errors due to the non-orthogonality
of the cell centroids appears. It may be possible that on unstructured meshes the
accuracy of the operators should take preference over their global properties. There-
fore, investigating on the suitability of this method for unstructured meshes is an
interesting area for future research.
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Figure 5.1: Speed-up results for a test problem of 32� 170 � 320 nodes. The
con�gurations used are: (1) 32 DSD; (2) 5 DSD + 27 CG; (3) 1 DSD + 31 CG

5.2.2 A Scalable Krylov-Fourier-Schur decomposition to solve Poisson equation
on parallel systems: from small clusters to supercomputers

The parallel Poisson solver presented in chapter 2 has shown a fairly good perfor-
mance on loosely coupled parallel computers. A Fourier diagonalization in the periodic
direction decouples the 3D original system into a set of 2D independent problems and
a Direct Schur Decomposition (DSD) algorithm [4] is used then to solve each plane.
This method only needs one all-to-all communication, so it is specially intended for
loosely-coupled parallel computers. However, RAM memory requirements and the
size of communications grows fast with the number of CPUs and the mesh size (see
section 2.5.7). These speci�c bottlenecks limit the solver scalability to the range of
30 � 50 CPUs.

Hence, if the solver is to be used on supercomputers with hundreds (or even
thousands) of CPUs, some signi�cant improvements are needed. With this in mind,
we are currently working on a 
exible and scalable solver algorithm. On the range
of relatively small number of CPU, the FFT+DSD combination provides the optim al
performance. However, for cases with more CPUs (> 50) a possible way to achieve a
better scalability is a combination of FFT+DSD+Conjugate Gradient(CG) metho d.
In this case, and depending on the mesh size and number of CPUs1, the DSD algorithm

1Final choice would also depend on the RAM memory, the network performance, the required
accuracy, etc
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is applied to those planes that have worst convergence properties while the rest of
planes are solved using a CG algorithm. In the latter case, DSD is used as the
preconditioner inside the iterative solver. Therefore, the CG method couples the
whole domain while the DSD algorithm is used to coupled some parts (blocks) ofthe
domain. Preliminar speed-up results shown in �gure 5.1 have been carried out on
Marenostrum supercomputer2 with a mesh size of 32� 170� 320. This test shows
the adaptation of the solver for di�erent number of CPUs to provide de maximal
performance and scalability.

Although, signi�cant improvements have already been achieved, the scalability of
the solver is still limited because the �rst plane requires the use of DSD algorithm.
One of the more plausible solutions to this problem is a parallelization in the periodic
direction. This implies to perform FFT in parallel reducing the number of CPUs
used to solve the �rst plane. This will probably allow to substantially increase the
scalability up to the range of 500� 1000 CPUs.

5.2.3 DNS and turbulence modelling

In the past decades Direct Numerical Simulation has become an important area
of contemporary 
uid dynamics, because its interest for improving the understanding
of the physics of turbulence and because it is an essential tool for the development of
better turbulence models. The recent relevant improvements on turbulence modelling
based on symmetry-preserving regularization models for the convective (non-linear)
term [6,7] have been presented and tested in the chapter 4 of this thesis. They basically
alter the convective terms to reduce the production of small scales of motion by means
of vortex-stretching preserving all inviscid invariants exactly. Since now, they have
been successfully tested for relatively high Rayleigh (Ra = 1010) numbers [7]. At this
stage, high resolution DNS results at higherRa-numbers are of extreme importance
for further progress.

To do so, we are currently using the new version of the DNS code at Marenostrum
supercomputer to carry out a simulation of an air-�lled di�erentially heated cavi ty
at Ra = 1011, P r = 0 :71 and height aspect ratio 4 using a mesh of� 111M points
(see �gure 5.2). To the best of author's knowledge, this will be by far the largest
DNS simulation with two wall-normal directions ever performed. Moreover, due to
the complex behaviour exhibit, an accurate turbulence modelling of this con�guration
remains as a great challenge. This new DNS results shall give new insights into the
physics of turbulence and will provide indispensable data for future progresses on

2Marenostrum supercomputer, at Barcelona Supercomputer Cen ter, is a IBM BladeCenter JS21
cluster with 10240 CPU IBM PowerPC 970MP 2.3GHz Dual CPU nodes with 4Gb of RAM memory
per node. It has a high-performance Myrinet network. Auxili ary Ethernet 1Gbit/s network is used
for shared �le system. Currently Marenostrum is ranked as th e most powerful supercomputer in
Europe and the �fth in the world (http://www.top500.org/li st/2006/11/100).
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Figure 5.2: Instantaneous isotherms at Ra = 10 11 . Top: time sequence of a
general view of the cavity. Bottom: zoom around the region where the vert ical
boundary layer becomes totally disrupted and large eddies are ejectedto the cavity
core.
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turbulence modelling.
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Appendix A

Navier-Stokes equations:
skew-symmetry and
conservation

It is usual in mechanics to discuss conservation laws together with symmetries.
The �rst outstanding theoretical approach for this association goes back to 1918,
when the mathematician Emmy Noether published her famous paper [1]. Noether's
theorem is valid for conservative systems describable by a Lagrangian function and
states that for each symmetry there is a corresponding conservation law. Forinstance,
momentum conservation corresponds to the invariance of the Lagrangian under space-
translations. Although Navier-Stokes equations are not conservative1, it is useful
in our context to discuss conservation laws in terms of (skew-)symmetries ofthe
continuous di�erential operators.

A.1 Navier-Stokes equations

The Navier-Stokes equations describe the motion of a 
uid inRn (n = 2 or 3).
We restrict our attention to incompressible 
uids. The Navier-Stokes equations are
then given by

@u
@t

= � C (u ; u ) +
1

Re
� u � r p (A.1)

r � u = 0 (A.2)

where Re is the dimensionless Reynolds number and the non-linear convective term
is given by

C (u ; v) = ( u � r ) v (A.3)
1The Euler equations, obtained by setting � = 0, are conservative and have various Lagrangian

formulations.
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A.2 Kinetic energy transport equation

The transport equation for kinetic energy, e = 1=2 (u � u ), is obtained from the
scalar product of the velocity vector, u , and the momentum equation (A.1)

@e
@t

= � u � C (u ; u ) +
1

Re
u � � u � u � r p (A.4)

This expression can be simpli�ed with some algebra:

1. Using the identity (D.13) and taking a = u we get

u � r
�

1
2

u � u
�

= u � (u � r ) u + u � (( r � u ) � u ) (A.5)

and simplifying the previous expression we �nally obtain

u � C (u ; u ) = C (u ; e) (A.6)

2. Using the identity (D.6) and taking a = u and T = r u we get

u � � u = r � (( r u ) � u ) � (r u : r u ) (A.7)

and using the formulas (D.14) and (D.13) we obtain

u � � u = � e � (r u : r u ) (A.8)

3. Using the identity (D.5), r � u = 0 and taking ' = p and a = u we get

u � r p = r � (pu ) � p(r � u ) = r � (pu ) (A.9)

Reducing the kinetic energy transport equation to

@e
@t

= � C (u ; e) +
1

Re
� e �

1
Re

(r u : r u ) � r � (pu ) (A.10)

where the pressure term represents a 
ux of kinetic energy along a streamline, while
the rest of terms represent the convection, di�usion and destruction of kinetic energy
respectively.
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A.3 Vorticity transport equation

We can obtain the vorticity transport equation by taking the curl of the mom entum
equation (A.1)

@w
@t

+ r � C (u ; u ) =
1

Re
r � � u � r � r p (A.11)

where w = r � u is the vorticity. The latter expression can be simpli�ed with some
algebra:

1. Using the identity (D.9) and taking a = b = u we get

1
2

r (u � u ) = ( u � r ) u + u � (r � u ) (A.12)

applying the curl and using the formula (D.5) we obtain

r � C (u ; u ) = �r � (u � w) = r � (w � u ) (A.13)

2. Using the identity (D.12), r � u = 0 and taking a = w we get

r � (� u ) = � w (A.14)

3. Using the identity (D.5) the pressure contribution vanishes

r � r p = 0 (A.15)

Reducing the vorticity transport equation to

@w
@t

+ r � (w � u ) =
1

Re
� w (A.16)

Using the vector identities (D.2) and (D.11) with a = w and b = u and considering
an incompressible 
uid (r � u = 0), we obtain the vorticity transport equation,

@w
@t

+ C (u ; w) =
1

Re
� w + C (w; u ) (A.17)

where the �rst term represents the temporal evolution of the vorticity, the second
is the convective term, the third represents the viscous e�ects and the fourth is the
vortex-stretching term. Note that the vortex-stretching term C (w; u ) vanishes in 2D.



164 Appendix A. Navier-Stokes equations: skew-symmetry and conservation

A.3.1 Vortex-stretching mechanism

Using the identity (D.14) we can prove that vortex-stretching vector is related to

C (w; u ) = ( w � r ) u =
1
2

�
r u + ( r u ) � �

w (A.18)

the strain tensor S = 1
2

�
r u + ( r u ) � �

. This tensor is symmetric and

trace (S) = r � u = 0 (A.19)

Note that the trace of a symmetric matrix is the sum of its eigenvalues. Sincethe
trace is null (A.19) it implies that, at least, one eigenvalue of S is positive. Hence,
if vorticity, w , aligns with an eigenvector ofS corresponding to a positive eigenvalue
then the term C (w; u ) becomes positive and ampli�es (by stretching) the vorticity.

Vortex-stretching is a very important mechanism in 
uid dynamics: it usually
corresponds to the presence of vortical structures which are much more intense that
those produced by simple shear or rotating 
ows.

A.4 Global kinetic energy equation

The temporal evolution for the global kinetic energy on 
 can be obtained by
di�erentiating < u ; u > with respect to time and using Navier-Stokes equations in
vector form (A.1)

d
dt

< u ; u > = <
@u
@t

; u > + < u;
@u
@t

>

= � < C (u ; u ) ; u > � < u ; C (u ; u ) >

+
1

Re
(< r � r u ; u > + < u; r � r u > )

� < r p;u > � < u ; r p > (A.20)

where < :; : > operator represents the usual scalar product

< a; b > =
Z



a � b dV (A.21)

The skew-symmetry of the C (:; :) operator (see Eq. (A.43)) demonstrates that the
convective contribution cancels from the global kinetic energy equation. Using equal-
ity (A.48), we can also prove that the pressure does not contribute either (for an
incompressible 
ow). Hence, with the help of the equality (A.48) the energy equation
reduces to2

2This result could also be obtained integrating the kinetic e nergy transport equation (A.10).
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d
dt

< u ; u > = �
2

Re
< r u ; r u > (A.22)

Using the equalities (D.12) and (A.53) andr � u = 0, the rate of dissipation of energy
can be expressed in terms of the enstrophy

d
dt

< u ; u > = �
2

Re
< r u ; r u >

= �
2

Re
< r � u ; r � u > = �

2
Re

< w; w > (A.23)

A.5 Enstrophy equation

Using the identities (D.12) and (A.53), the evolution of the enstrophy can be
obtained by taking the inner product of Navier-Stokes equations with the vector �eld
� � u

<
@u
@t

; � � u > = � < C (u ; u ) ; � � u > +
1

Re
< � u ; � � u > � < r p; � � u >

d
dt

< w; w > = �
1

Re
< � u ; � u > � < C (u ; u ) ; � u > (A.24)

and pressure gradient contribution is proven to be zero using identities (A.48),(D.12)
and (D.2).

< r p; � � u > = � < p; r � (� u ) >

= < p; r � (r � (r � u )) > � < p; r � (r (r � u )) >

= 0 (A.25)

if r � u = 0.

A.5.1 Enstrophy equation in 2D

Let us consider the convective contribution< C (u ; u ) ; � u > for 2D 
ows

< C (u ; u ) ; � u > = � < C (u ; u ) ; r � (r � u ) >

= < r � (C (u ; u )) ; r � u > (A.26)

if r � u = 0. As we have previously seen in section A.3, the curl of the convective
term can be easily rewritten in two terms
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r � (C (u ; u )) = C (u ; w) � C (w; u ) (A.27)

where the �rst term at the right-hand side of (A.27) is the convective term of the
vorticity transport equation (A.17). The second one is the so-called vortex-stretching
term, the responsible to drive the energy to small scales of motion. In 2D, thevortex-
stretching term vanishes

C (w; u ) = 0 (A.28)

and the convective term of the vorticity transport equation is orthogonal t o the vor-
ticity itself

C (u ; w) � w = 0 (A.29)

Hence, the convective contribution vanishes for 2D 
ows,

<
@u
@t

; � � u > = �
1

Re
< � u ; � u > ; (in 2D) (A.30)

and the enstrophy is conserved in absence of viscous dissipation.

A.6 Helicity equation

Since the vorticity has a nonzero component only in the direction orthogonal to
the velocity �eld, the helicity < w; u > is identically zero in 2D. In 3D, the evolution
of helicity results from the inner products of the vorticity transport equation ( A.17)
with the velocity u

<
@w
@t

; u > = � < C (u ; w) ; u > +
1

Re
< � w; u > + < C (w; u ) ; u > (A.31)

and the Navier-Stokes equation (A.1) with the vorticity

<
@u
@t

; w > = � < C (u ; u ) ; w > +
1

Re
< � u ; w > � < r p;w > (A.32)

Adding these inner products (A.31) and (A.32) leads to the temporal evolution of
helicity

d
dt

< w; u > = < C (w; u ) ; u > � < C (u ; w) ; u > � < C (u ; u ) ; w > +

1
Re

(< � w; u > + < � u ; w > ) (A.33)
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the convective contribution vanishes as a consequence of the skew-symmetry (A.43) of
the convective operator. Hence, using the identities (A.57) and (D.12) the evolution
of helicity results into

d
dt

< w; u > =
1

Re
(< � w; u > + < � u ; w > )

= �
2

Re
< w; r � w > (A.34)

A.7 Summary

We introduce now some important notation

E = < u; u > (A.35)


 = < w; w > (A.36)

H = < u; w > (A.37)

Hw = < w; r � w > (A.38)

P = < r � w ; r � w > (A.39)

where E, 
 and H are the total kinetic energy, the enstrophy and the helicity. The
quantities Hw and P are called thevortical helicity and the palinstrophy, respectively
(see [2], for instance). Using this notation, the energy (A.23) and helicity (A.34)
balance equations can be written as

d
dt

E = �
2

Re

 (A.40)

d
dt

H = �
2

Re
Hw (A.41)

In two dimensions, there is an additional balance equation (A.30) for the enstrophy
given by

d
dt


 = �
2

Re
P ; (in 2D) (A.42)

A.8 Theorems

Theorem 1. The trilinear form < C (u ; v) ; w > is skew-symmetric with respect the
last two arguments if boundary terms are ignored andr � u = 0 .
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< C (u ; v) ; w > = � < C (u ; w ) ; v > (A.43)

Proof. Using the following identity

r � (f u ) = f r � u + r f � u (A.44)

where f and u are any di�erentiable scalar and vector �elds respectively. Taking
r � u = 0 and f = v � w and integrating over the domain

Z



r � ((v � w ) u ) d
 =

Z



r (v � w ) � ud


= < C (u ; v) ; w > + < C (u ; w ) ; v > (A.45)

Moreover, applying the Gauss Divergence Theorem,
Z



r � ((v � w ) u ) d
 =

Z

@

(v � w ) (u � n ) dS (A.46)

leads to the following identity

< C (u ; v) ; w > + < C (u ; w ) ; v > =
Z

@

(v � w ) (u � n ) dS (A.47)

which shows that the triliniar form < C (u ; v) ; w > is skew-symmetric with respect
to v and w if the boundary terms vanishes.

Theorem 2. The linear form < r p;u > satis�es the identity

< r p;u > = � < p; r � u > (A.48)

if the boundary terms are ignored.

Proof. Using the following identity

r � (f u ) = f r � u + r f � u (A.49)

where f and u are any di�erentiable scalar and vector �elds respectively. Taking
f = p and integrating over the domain

Z



r � (pu ) d
 = < p; r � u > + < r p;u > (A.50)

Applying the Gauss Divergence Theorem,
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Z



r � (pu ) d
 =

Z

@

p(u � n ) dS (A.51)

leads to the following expression

< p; r � u > + < r p;u > =
Z

@

p(u � n ) dS (A.52)

which proves the identity (A.48) if the boundary terms are vanished.

Theorem 3. The liniar form < u; r � v > satis�es the identity

< u ; r � v > = < r � u ; v > (A.53)

if the boundary terms are ignored.

Proof. Using the identity (D.10) and integrating over the domain
Z



r � (u � v) d
 = < u ; r � v > � < r � u ; v > (A.54)

and applying the Gauss Divergence Theorem,
Z



r � (u � v) d
 =

Z

@

(u � v) � n dS (A.55)

leads to the following identity

< u ; r � v > � < r � u ; v > =
Z

@

(u � v) � n dS (A.56)

which proves the identity (A.53) if the boundary terms vanished.

Theorem 4. The linear form < r � T; u > satis�es the identity

< r � T; u > = � < T; r u > (A.57)

if the boundary terms are ignored.

Proof. Using the following identity

r � (u � T) = u � (r � T) + ( r u ) : T (A.58)

where u and T are any di�erentiable vector and tensor �elds respectively. And inte-
grating over the domain 
 leads
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Z



r � (u � T) d
 = < u ; r � T > + < r u ; T > (A.59)

Applying the Gauss Divergence Theorem,
Z



r � (u � T) d
 =

Z

@

(u � T) � n dS (A.60)

leads to the following expression

< u; r � T > + < r u ; T > =
Z

@

(u � T) � n dS (A.61)

which proves the identity (A.57) if the boundary terms are vanished.
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Appendix B

Playing with discrete operators

B.1 De�nition of scalar and vector �elds

In section 1.2.4, we stated that the variables will be staggered. Hence, scalar �elds
are stored at the center of the control volumes and de�ned as column vectors

pc =

0

B
B
B
@

p1

p2
...

pn

1

C
C
C
A

2 Rn (B.1)

where n is the number of control volumes. And the discrete staggered vector �elds
are de�ned as

u s =

0

B
B
B
B
B
@

(us)1

(us)2

(us)3
...

(us)m

1

C
C
C
C
C
A

2 Rm (B.2)

where m is the number of faces on the computational domain. Centered vector �elds
are also de�ned as column vectors
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u c =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

(u1)1

(u1)2
...

(u1)n

(u2)1

(u2)2
...

(u2)n

(u3)1

(u3)2
...

(u3)n

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

2 R3n (B.3)

and related with the staggered �eld via the shift operators introduced and de�ned in
the section 1.2.5

u c = � u s (B.4)

B.2 Playing with discrete operators: de�nition of discrete diver-
gence and gradient operators

In section 1.2.2, we showed that in order that pressure term contribution to global
kinetic energy vanishes, the discrete divergence and gradient operators must be related
by Eq. 1.11. Hence, specifying one operator determines exactly the other. Since
on a staggered formulation the discretization of the continuity equation is obvious,
M 2 Rn � m is �rst de�ned and the gradient operator G 2 Rm � n is allowed to follow,

G = � 
 � 1
s M� 2 Rm � n (B.5)

where G is a cell-to-face operator. Consequently a cell-to-face gradient operator of a
centered vector �eld (B.3) is de�ned as follows

Gvf �

0

@
G 0 0
0 G 0
0 0 G

1

A 2 R3m � 3n (B.6)

and the corresponding discrete divergence operator
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Mvf � � (
 3sGvf ) �

=

0

@
� (
 sG) � 0 0

0 � (
 sG) � 0
0 0 � (
 sG) �

1

A

=

0

@
M 0 0
0 M 0
0 0 M

1

A 2 R3n � 3m (B.7)

where 
 3s is a diagonal matrix de�ned as


 3s �

0

@

 s 0 0
0 
 s 0
0 0 
 s

1

A 2 R3m � 3m (B.8)

B.3 Playing with discrete operators: de�nition of discrete curl op-
erator

Turbulence is a vortical phenomenon, and the critical energy transfer among dif-
ferent scales of motion is closely related with the vortex-stretching. In section A.3,
we have seen that the continuous governing equation of the vorticity (A.17) isob-
tained by taking the curl of the momentum equation. The curl operation eliminates
the gradient pressure contribution (D.3) and splits the rotational convection into two
terms: a convective term for vorticity and the vortex-stretching term.

Therefore, we aim to construct the discrete analog of curl operator preserving the
same properties. It is usually de�ned using the Stokes' Curl Theorem

Z



r � a � n dS =

I

@

a � dl (B.9)

at the mesh edges (see �gure B.1). Then, in two dimensions the discrete curl operator
is de�ned as follows

�
(Ru s)x 3

�
v

=
X

f 2 Fe (v)

Uf �n f (B.10)

where Fe(v) is the set of faces bordering the edgev. The discrete normal velocities,
Uf , are de�ned counterclockwise to the edge in question and the length�n f is given
by Eq.(1.63). Therefore, the discrete curl operator,R, is an e � m matrix, where e
and m are the number of edges and faces on the computational domain.
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Figure B.1: De�nition of the discrete rotational.

Finally, using the de�nition of the discrete gradient operator (1.59) we can compute
the curl of the gradient of a scalar �eld

�
(RGpc)x 3

�
v

=
X

f 2 Fe (v)

f (pc1)f � (pc2)f g

=
X

f 2 Fe (v)

(pc1)f �
X

f 2 Fe (v)

(pc2)f = 0 (B.11)

Hence, the discrete curl has been de�ned in such a way that the gradient of a
scalar lies in the null space

RG= 0 (B.12)

or equivalently using (B.5),

R
 � 1
s M� = 0 (B.13)
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Finally, transposing the previous identity yields

M
 � 1
s R� = 0 (B.14)

Note that Eq.(B.12) and (B.14) mimic their counterpart continuous identit ies
(D.3) and (D.2), respectively.

RG= 0  ! r � (r ' ) (B.15)

M
 � 1
s R� = 0  ! r � (r � a) (B.16)

B.3.1 The curl of the convective term

Regarding to the action of the discrete curl operator,R, one expects that it mimics
the continuous form (A.27) splitting into a convective term for vorticit y and the
vortex-stretching term

R
 � 1
s C(u s) u s = 	 � C(u s) 	 
 � 1

v Ru s � 	 � C
�
	 
 � 1

v Ru s
�

u s (B.17)

where 	 denote a e� m face-to-edge operator. The example below provides anecdotal
evidence of Eq.(B.17) for a 2D Cartesian uniform mesh.
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Figure B.2: Example of a two-dimensional Cartesian uniform mesh.
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Example of a two-dimensional Cartesian mesh
We consider a two-dimensional staggered Cartesian uniform mesh (see �gure B.2).
The second-order accurate convective terms are computed using Eq.(1.72),

[C(u s) u s]uP P
= 0 :25(UP P + UEP )uEP � 0:25(UP P + UW P )uW P +

0:25(VP P + VEP )uP N � 0:25(VP S + VES )uP S (B.18)

[C(u s) u s]uP S
= 0 :25(UP S + UES )uES � 0:25(UP S + UW S )uW S +

0:25(VP S + VES )uP P � 0:25(VP SS + VESS )uP SS (B.19)

[C(u s) u s]vP S
= 0 :25(UP S + UP P )vES � 0:25(UW S + UW P )vW S +

0:25(VP S + VP P )vP P � 0:25(VP S + VP SS )vP SS (B.20)

[C(u s) u s]vES
= 0 :25(UES + UEP )vEES � 0:25(UP S + UP P )vP S +

0:25(VES + VEP )vEP � 0:25(VES + VESS )vESS (B.21)
...

where the mass 
uxes are de�ned as

UP P = uP P � y; UEP = uEP � y; UEN = uEN � y; : : : (B.22)

VP P = vP P � x; VEP = vEP � x; VEN = vEN � x; : : : (B.23)

Now, we compute the curl of the convective term,R
 � 1
s C(u s) u s,

�
R
 � 1

s C(u s) u s
�

wP S
=

�
[C(u s) u s]uP P

� [C(u s) u s]uP S

�

� y
�

�
[C(u s) u s]vES

� [C(u s) u s]vP S

�

� x
(B.24)

�
R
 � 1

s C(u s) u s
�

wES
=

�
[C(u s) u s]uEP

� [C(u s) u s]uES

�

� y
�

�
[C(u s) u s]vEES

� [C(u s) u s]vES

�

� x
(B.25)

...

and the curl of the velocity �eld, 
 � 1
v Ru s,
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�

 � 1

v Ru s
�

wP P
=

(uP N � uP P )
� y

�
(vEP � vP P )

� x
(B.26)

�

 � 1

v Ru s
�

wP S
=

(uP P � uP S )
� y

�
(vES � vP S )

� x
(B.27)

�

 � 1

v Ru s
�

wW P
=

(uW N � uW P )
� y

�
(vP P � vW P )

� x
(B.28)

Finally, after same tedious and straightforward algebra we obtain

�

 � 1

v Ru s
� � �

R
 � 1
s C(u s) u s

�
=

eX

v=1

�

 � 1

v Ru s
�

v

�
R
 � 1

s C(u s) u s
�

v = 0 (B.29)

Note that the left-hand-side of Eq.(B.29) can be view as follows

�

 � 1

v Ru s
� � �

R
 � 1
s C(u s) u s

�
= u �

sR� 
 � 1
v Au s (B.30)

According to Eq.(B.29) the matrix R� 
 � 1
v A is skew-symmetric

R� 
 � 1
v A = � A� 
 � 1

v R (B.31)

The latter expression implies that matrix A has the following form

A = B
 � 1
v R (B.32)

whereB is an e� e skew-symmetric matrix. Therefore, for our simpli�ed problem the
curl of the convective term reduces to

R
 � 1
s C(u s) u s = B
 � 1

v u s (B.33)

Since we have limited our example to two dimensions the vortex-stretching term has
vanished. Hence, the latter expression is in concordance with the Eq.(B.17) provided
that

B = 	 � C(u s) 	 (B.34)

Of course, an example does not constitute a proof of Eq.(B.17). A formal proof
for 3D general unstructured meshes is di�cult and remains as an open question for
future research.
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B.3.2 Curl operator properties

Another relevant property of the discrete curl operator is

R� 
 � 1
v Ru s = GMu s �

 
X

i

� �
i Mvf Gvf � i

!

u s (B.35)

or equivalently according to (1.28) and (1.61),

R� 
 � 1
v Ru s = GMu s + ReDu s (B.36)

note that Eq.(B.35) mimics the continuous vector identity (D.12) and plays an impor-
tant role in the deduction of discrete enstrophy conservation equation in section1.2.7.
The example below only provides anecdotal evidence of Eq.(B.35) for a 2D Cartesian
uniform mesh.

Example of a two-dimensional Cartesian mesh
We consider again the two-dimensional staggered Cartesian uniform mesh (see �g-
ure B.2). First, we start computing the action of the R� 
 � 1

v R operator on a staggered
vector �eld, u s. According to Eq.(B.10) it is given by

�
R� 
 � 1

v Ru s
�

uP P
=

� �

 � 1

v Ru s
�

wP S
�

�

 � 1

v Ru s
�

wP P

�
� x (B.37)

where
�

 � 1

v Ru s
�

wP P
and

�

 � 1

v Ru s
�

wP S
are given by (B.26) and (B.27), respectively.

Secondly, according to operator de�nitions (1.58) and (1.59) the action ofGM on u s

is given by

[GMu s]uP P
=

[Mu s]EP � [Mu s]P P

� x
(B.38)

where the discrete divergences have the following form

[Mu s]EP = UEP � UP P + VEP � VES (B.39)

[Mu s]P P = UP P � UW P + VP P � VP S (B.40)

and the second-order di�usive term is

[ReDu s]uP P
=

(uP P � uW P )
� x

� y �
(uEP � uP P )

� x
� y +

(uP P � uP S )
� y

� x �
(uP N � uP P )

� y
� x (B.41)

Finally, after same straightforward algebra we obtain
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�
R� 
 � 1

v Ru s
�

uP P
= [ GMu s]uP P

+ [ ReDu s]uP P
(B.42)

Again, an example does not constitute a proof. A formal proof of Eq.(B.35)also
remains as an open question for future work.
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Appendix C

Time-integration method

C.1 Introduction

For the use in direct numerical simulations (DNS) and large-eddy simulations
(LES) of turbulent 
ows the computational costs of using an implicit time-integra tion
method are rather high compared to those of explicit methods. Thus, in the view of
lower costs, in this thesis we have considered explicit second-order time-integration
schemes of the form:


 s
u n + � +1 =2

s � u n + � � 1=2
s

� t
+ C

�
u n + �

s

�
u n + �

s + Du n + �
s � M� pn + �

c = 0 (C.1)

where the o�-step velocities are given by

u n + � +1 =2
s =

�
� +

1
2

�
u n +1

s �
�

� �
1
2

�
u n

s (C.2)

u n + �
s = (1 + � ) u n

s � � u n � 1
s (C.3)

The incompressibility constraint is treated implicitly. Substituting the linear in-
ter/extrapolations for the o�-step velocities into (C.1) yields a famil y of one-leg
methods (so-called because it uses just one evaluation of the 
ux per time-step) pa-
rameterised by � .

C.2 Eigenvalues of C and D operators

In the chapter 1, we showed that for a proper symmetry-preserving discretization,
the convective,C, and the di�usive, D, operators must possess the following properties

C = � C� for any u s, provided Mu s = 0 (C.4)

D = D� positive-de�nite matrix (C.5)
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Thus, their eigenvalues lie on the imaginary and the positive-real axis respectively,

� C
k = ibk 2 I ; 8k = 1 : : : m (C.6)

� D
k = ak 2 R+ ; 8k = 1 : : : m (C.7)

Note that the matrix � (C + D) is regular, because all eigenvalues lie in the stable half-
plane. This is important for the relationship between the global and local truncation
error.

The eigenvalues ofC and D can be bounded by means of the Gershgorin circle
theorem,

�
� � C

k � cii
�
� �

X

j 6= i

jcij j 8i; k = 1 : : : m (C.8)

�
� � D

k � dii
�
� �

X

j 6= i

jdij j 8i; k = 1 : : : m (C.9)

Skew-symmetry of C (cii = 0, cij = � cji ) and symmetry (dij = dji ) and positive-
de�niteness (� D

k > 0, dii > 0 and dii �
P

j 6= i jdij j) of matrix D allow to simplify latter
expressions. Moreover, we know thatdii =

P
j 6= i dij and

P
j 6= i cij = 0,

�
� � C

k

�
� � 2

X

j>i

jcij j 8i; k = 1 : : : m (C.10)

� D
k � 2dii 8i; k = 1 : : : m (C.11)

C.3 One-dimensional test problem

Our aim is now to determine � such that the corresponding method possesses the
largest region of stability. Since both pressure and the incompressibility constraint are
treated implicitly (see section 3.2.2, for instance), we can discard them when stability
is considered. Thus, we focus on the one-leg scheme for the simpli�ed, one-dimensional
test problem � t u = f (u). For this problem the one-leg method reads

�
� +

1
2

�
un +1 � 2�u n +

�
� �

1
2

�
un � 1 = � tf

�
(1 + � )un � �u n � 1�

(C.12)

For this simpli�ed problem we can numerically investigate how the region of stability
of f (:) depends on the value of� . Illustrative results are shown in �gure C.1 for �
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values from 0:05 to 2:0. Note that when � goes to zero the stability domain is pressed
against the imaginary axis. In the limit � = 0 (leapfrog scheme), the stability domain
lies in the interval [ � i; i ].

Re

Im

­1.5 ­1 ­0.5 0 0.5
­1

­0.75

­0.5

­0.25

0

0.25

0.5

0.75

Figure C.1: Stability domain of the one-leg method (C.12) for di�erent values
of � from 0:05 to 2:0. The stability domain is pressed against the imaginary axis
when � goes to zero

Thus, knowing the exact location of the eigenvalues (in the stable half-plane) of
our dynamical system we can choose the optimal� value whose stability region better
�ts. This allows to use the largest � t possible maintaining all the eigenvalues inside
the stability region.
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C.4 Applying the method to our problem

Our dynamical system is governed by the matrix � (C+ D). As the numerical
computation of its eigenvalues is not viable in our context we need to bound them.
From the expressions (C.6) and (C.7) we can easily deduce the following

max
�
R(� C+ D

k )
�

� max
�

� D
k

�
= a; 8k = 1 : : : m (C.13)

max
�
I (� C+ D

k )
�

� max
� �
� � C

k

�
� � = b; 8k = 1 : : : m (C.14)

and the eigenvalues ofC and D operators are bounded by expressions (C.10) and
(C.11). In conclusion, the latter expressions bound all the eigenvalues of the matrix
� (C + D) in the stable half-plane.

Figure C.2: Optimisation problem for � t

Therefore, we look for stability domains which includes eigenvalues

� = � t (� a + ib) (C.15)

that lie on the line x=y = � a=b(see �gure C.2). Under these conditions we need to
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solve a maximum optimisation problem for � t as a function of parameter � . The
method is depicted in �gure C.2.

This dynamic time-integration method have been used in all the DNS simulations
carried out in chapter 3. The timestep, � t, required has been more than two times
greater, that is twice cheaper, than the standard second-order Adams-Bashforth (� =
1=2) scheme. In practice, we choose the timestep such that the time-integration
becomes unstable when the selected timestep is enlarged by 10%.
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Appendix D

Useful Formulas of Vector
Analysis

r � r a = � a = r 2a (D.1)

r � (r � a) = 0 (D.2)

r � (r ' ) = 0 (D.3)

r �
�
(r a) � �

= r (r � a) (D.4)

r � (' a) = ( r ' ) � a + ' (r � a) (D.5)

r � (T � a) = ( r a) : T + a � (r � T) (D.6)

r � (a � T) = ( r a) : T + a � (r � T) if T = T � (D.7)

r � (' a) = ( r ' ) � a + ' (r � a) (D.8)

r (a � b) = ( a � r ) b + ( b � r ) a + a � (r � b) + b � (r � a) (D.9)

r � (a � b) = b � (r � a) � a � (r � b) (D.10)

r � (a � b) = a (r � b) � b (r � a) + ( b � r ) a � (a � r ) b (D.11)

r � (r � a) = r (r � a) � � a (D.12)

(a � r ) a =
1
2

r j aj2 + ( r � a) � a (D.13)

a � (r � b) = ( r b) � a � a � (r b) (D.14)

r � (r � (r a)) = r � (r (r � a)) (D.15)

where ' is an scalar,a and b are vectors andT is a tensor. The following four vector
equations are also often useful

a � (b � c) = b � (c � a) = c � (a � b) (D.16)

a � (b � c) = ( a � c) b � (a � b) c (D.17)

(a � b) � (c � d) = a � [b � (c � d)] = ( a � c) (b � d) � (a � d) (b � c) (D.18)

(a � b) � (c � a) = ( a � b � d) c � (a � b � c) d (D.19)
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Appendix E

Famous quotes about
turbulence

For centuries, the complex nature of 
uid 
ows has captivated our attention as
children, as adults and as scientists. The artist and scientist Leonardo da Vinci was
the �rst to attempt a scienti�c study of turbulence ( turbolenza) placing obstructions
in water and observing the results (see Fig. E.1). His famous poetic description of
turbulence is dated 1513...

Figure E.1: Leonardo da Vinci pictures of turbulent 
ows

\Observe the motion of the surface of the water, which resembles
that of hair, which has two motions, of which one is caused by the weight
of the hair, the other by the direction of the curls; thus the water has
eddying motions, one part of which is due to the principal current, the
other to random and reverse motion."

by Leonardo da Vinci.
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Since then, turbulence has captured the attraction and fascination of many other
notable scienti�cs...

\Turbulence is the most important unsolved problem of classical
physics."

by Richard Feynman.

\The necessary connection between the di�usion and the supply of
energy to the turbulent motion is a fundamental characteristic of turbu-
lent 
ow."

by Townsend.

\Turbulence is a three dimensional time dependent motion inwhich
vortex stretching causes velocity 
uctuations to spread toall wavelengths
between a minimum determined by viscous forces and a maximumdeter-
mined by the boundary conditions. It is the usual state of 
uidmotion
except at low Reynolds numbers."

by Bradshaw.

On his death bed, Werner Heisenberg is reported to have said,"When
I meet God, I am going to ask him two questions: Why relativity?And
why turbulence? I really believe he will have an answer for the �rst."

Let me �nish with probably the most famous verses about turbulence pictured as
a cascade of vortices

\Big whorls have little whorls,
which feed on their velocity,

And little whorls have lesser whorls,
and so on to viscosity."

by Lewis Fry Richardson.



Appendix F

JFF cluster at CTTC

The �rst \Beowulf cluster" at CTTC was con�gured in 1999. It was called JFF in
memorial to Joan Francesc Fern�andez, a computer science professor at the Universitat
Polit�ecnica de Catalunya. He brought the �rst computer to our faculty and awake
the interest for numerical simulation to many persons.

Figure F.1: Front view of the JFF cluster

The �rst JFF system in 1999 was a 16 nodes machine, with AMD K7 processors at
600 MHz and a 100 Mbits/s switch. At that moment, it was one of the �rsts B eowulf
systems in Spain. After many upgrades, the current con�guration, summarised in the
following table F.1, has di�erent types of computers.
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Computer type Number CPU's RAM Network Disk
(total) (total) (switched Ethernet) space

Nodes AMD K7-900 Mhz 48 48 24.576 Mb 100 Mbits/s 960 Gb
Nodes AMD K7 MP 1900+ 3 6 5.120 Mb 100 Mbits/s 100 Gb
Nodes AMD K7 XP 2600+ 40 40 40.690 Mb 100 Mbits/s 2.560 Gb
Nodes Pentium IV 2.8 Ghz 26 26 26.624 Mb 1 Gbit/s 2.080 Gb
Server ( K7 XP 2000+) 1 1 1.024 Mb 2 x 100 Mbits/s + 1 Gbit/s 100 Gb
Server ( K7 MP 1900+ ) 2 4 2.048 Mb 2 x 100 Mbits/s + 1 Gbit/s 1.452 Gb
Total cluster 120 125 100 Gb 7,25 Tb

Table F.1: Current con�guration of the cluster JFF (updated October 2006)
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