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Abstract

The computational cost of scale-resolvng simulations of incompressible flows, such
as Direct Numerical Simulation (DNS) and Large-Eddy Simulation (LES), is largely
dictated by the temporal integration of the incompressible Navier-Stokes equations.
Traditional timestepping strategies often rely on conservative stability criteria, such as
the standard Courant-Friedrichs-Lewy (CFL) condition, which typically underestimates
the maximum stable timestep by neglecting the complex interplay between convective
and diffusive scales. This thesis addresses the challenge of "marching faster in time" by
developing a framework that integrated stability-aware adaptive timesteppting with
hardware-optimized sparse linear algebra techniques.

The first part of this thesis focuses on the development and extension of self-adaptive
time integration methods based on the spectral analysis of the governing operators.
By implementing algorithms such as AlgEigCD on staggered grids, it is shown that the
maximum stable timestep can be accurately determined by tracking the evolution of
the operators’ eigenvalues, rather than relying on the conservative CFL condition. This
approach allows for significantly larger timesteps without compromising stability or
accuracy, leading to substantial reductions in computational time for incompressible
flow simulations, without sacrificing the fidelity of the results.

Furthermore, this thesis extends these concepts to the realm of reduced-order mod-
eling (ROM). Using Poincaré’s separation theorem for singular values, a theoretical
foundation is established to prove that the stability limits of the reduced convective
operators are bounded by those of the full-order system. The resulting RedEigCD al-
gorithm enables ROMs to sustain larger timesteps, effectively leveraging their lower
dimensionality to further reduce total wall-clock time.

Finally the research addresses the hardware-level bottleneck inherent in modern
CFD solvers, which are frequently limited by memory bandwidth during sparse alge-
braic operations. By exploiting the repeated matrix structure found in parallel-in-time
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ensemble averaging simulations, sparse matrix-vector products are replaced by sparse
matrix-matrix products. This transformation increases the arithmetic intensity of the
computations, enabling higher performance on modern hardware architectures. The
effectiveness of these combined mathematical and computational strategies is validated
through a series of academic and industrial test cases, demonstrating that significant
speedups can be achieved without compromising the accuracy or stability of the sim-
ulations. This work provides a practical pathway for accelerating CFD simulations
in real-world applications, while also contributing to the theoretical understanding of
stability in numerical methods for incompressible flows.



1
Introduction

“When I meet God, I am going to ask him two questions: Why relativity? And
Why turbulence? I really believe he will have an answer for the first.”
– Werner Heisenberg

One could assume the reader has stood in a bridge, looking at the river flowing
underneath, and wondered how the water moves, how fast it flows, and how it interacts
with the surrounding environment. Or maybe the reader is an avid cyclist, and has felt
the feeling of the wake of a bus overtaking them, and wished to understand the physics
behind it. Or perhaps the reader is a weather enthusiast, and has been fascinated by
the patterns of clouds and storms, and has wanted to predict their behavior, being one
example depicted in Figure 1.1. These are just a few examples of the many phenomena
that can be explained and predicted using the principles of fluid mechanics, which is
the study of how fluids (liquids and gases) behave and interact with their surroundings.

While most of these observations are beautiful and fascinating, observers generally
do not understand how insanely complex the underlying physics is, and how difficult it is
to predict the behavior of fluids in various scenarios. Such complex that if you prove the
existence of a smooth solution to the three-dimensional incompressible Navier-Stokes
equations, you will win a million dollars from the Clay Mathematics Institute, as it is
one of the seven Millennium Prize Problems. No one has been able (yet) to prove or
disprove the existence of such solutions, and, while it is widely believed that they do
exist, the proof has eluded mathematicians for decades. This highlights the complexity
of the governing equations of fluid mechanics, and the challenges that arise when trying
to understand and predict fluid behavior in various scenarios. Unfortunately, this thesis

1



2 Chapter 1. Introduction

Figure 1.1: Visualization of the von Kármán vortex street behind the Canary Islands, caused by
the interaction of the wind with the islands. Image taken from Copernicus Sentinel-3 imagery,
processed by ESA.

does not aim to solve the Navier-Stokes existence and smoothness problem, and therefore
will not be awarded a million dollars. Instead, this thesis focuses on developing advanced
time-integration methods for Computational Fluid Dynamics (CFD) simulations of
incompressible flows, which is a crucial step towards understanding and predicting fluid
behavior in various applications, such as aerospace, automotive, civil engineering, and
environmental science. By improving the efficiency and accuracy of time integration
methods for incompressible flows, this thesis aims to enable faster and more efficient
simulations, which can lead to better designs, improved performance, and more accurate
predictions of fluid behavior under different conditions.

CFD is a branch of fluid mechanics that uses numerical methods and algorithms
to solve and analyze problems involving fluid flows. It allows engineers and scientists
to simulate the behavior of fluids in various scenarios, such as airflow over an aircraft
wing, water flow in a pipe, or weather patterns in the atmosphere. CFD is widely used in
industries such as aerospace, automotive, civil engineering, and environmental science
to optimize designs, improve performance, and predict fluid behavior under different
conditions.

Regardless of the specific application, CFD typically involves solving the Navier-
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Stokes equations, which describe the motion of fluid substances. These equations are a
set of nonlinear partial differential equations that account for the conservation of mass
and momentum. These read

∂ρ

∂t
+∇· (ρu)= 0, (1.1)

∂(ρu)
∂t

+∇· (ρu⊗u)=−∇p+∇·τ+ f, (1.2)

where ρ is the fluid density, u is the velocity field, p is the pressure, τ represents the
viscous stress tensor, and f denotes body forces acting on the fluid. The first of these
two equations corresponds to the continuity equation, which ensures mass conservation,
while the second is the momentum equation, which describes the balance of forces
acting on the fluid. Solving these equations accurately and efficiently is crucial for
predicting fluid behavior in various engineering and scientific applications. In case of
requiring the conservation of energy, an additional equation is included to account for
the energy balance in the fluid. The complexity of these equations often necessitates the
use of advanced numerical techniques and resources to obtain solutions for real-world
problems.

The methods developed in this thesis focus on incompressible flows, which are
characterized by a constant density. In such cases, the continuity equation simplifies
to ∇·u = 0. Moreover, the momentum equation can also be simplified, as the density
term can be treated as a constant, and tensile and viscous forces can be more easily
computed. Therefore, the Navier-Stokes equations for incompressible flows are given by

∇·u= 0 (1.3)
∂u
∂t

+ (u ·∇)u=−1
ρ
∇p+∇· (ν∇u)+ f (1.4)

where ν= µ
ρ

is the kinematic viscosity of the fluid, and µ is the dynamic viscosity. These
equations form the basis for many CFD simulations of incompressible flows, and the
methods developed in this thesis aim to improve the efficiency and accuracy of solving
these equations in various applications.

The incompressible momentum equation is characterized by the presence of two
dominant terms: the convective term, characterized by its strong nonlinearity and
responsible of transporting quantities (momentum, in this case), and the viscous term,
which is responsible for the diffusion of such quantities (again, momentum). The relative
importance of these two terms is often quantified by the Reynolds number, which is
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defined as Re = UL
ν

, where U is a characteristic velocity, L is a characteristic length
scale, and ν is the kinematic viscosity. For high Reynolds numbers, the convective
term dominates, leading to turbulent flows with complex dynamics. For low Reynolds
numbers, the viscous term dominates, resulting in laminar flows with smooth and
predictable behavior.

Every CFD simulation involves several key steps, that can be summarized in: (i)
meshing, where the physical domain is discretized into smaller elements or control
volumes; (ii) space discretization, where the governing equations are approximated using
numerical methods such as Finite Difference Method (FDM), Finite Volume Method
(FVM), or Finite Element Method (FEM); (iii) solution, where the resulting algebraic
equations from the discretization are solved using iterative or direct solvers; (iv) time
integration, where the transient behavior of the fluid is captured by advancing the
solution in time using methods such as explicit, implicit, or semi-implicit schemes; and
(v) post-processing, where the results are analyzed and visualized to extract meaningful
insights about the fluid flow. While not all CFD simulations require all of these steps,
i.e., Reynolds Averaged Navier-Stokes (RANS) simulations typically do not require time
integration, as they focus on steady-state solutions, the methods developed in this thesis
are focused on improving the efficiency of the time integration step for incompressible
flows.

Opposite to other steps in the CFD workflow, such as space discretization, which
have seen significant advancements in recent years [1–4], time integration methods for
incompressible flows have remained relatively unchanged, even if some efforts have been
devoted in pushing their boundaries [5–7]. As a result, many CFD practitioners still rely
on traditional time-integration methods, such as explicit Runge-Kutta (RK) or implicit
Backward Differentiation Formula (BDF) which may not fully exploit the potential for
faster simulations. Therefore, there is a need for advanced time-integration methods
that can overcome these limitations and enable faster and more efficient simulations of
incompressible flows.

However, opposite to classical Ordinary Differential Equation (ODE) integration,
where there is an evolution equation for each degree of freedom, in the case of incom-
pressible flows, the presence of the pressure term, which acts as a Lagrange multiplier to
enforce the divergence-free constraint, leads to a Differential-Algebraic Equation (DAE)
of index-2 that must be solved simultaneously. This coupling introduces additional
challenges for time integration, as it requires the development of specialized methods
that can handle the pressure-velocity coupling and ensure stability while allowing for
larger time steps. As a result, many traditional time-integration methods may not be
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suitable for incompressible flows, and there is a need for advanced techniques that
can address these challenges and enable faster simulations. This has been handled in
the past by developing methods that decouple the pressure and velocity fields, such as
projection methods or fractional step methods [8–10], which generally lead to the time
integration of the momentum equation, while the pressure is computed separately to
enforce the incompressibility constraint.

Numerical simulations of turbulent flows, characterized by high Reynolds numbers,
are particularly challenging due to the wide range of scales that must be resolved, from
the largest energy-containing eddies to the smallest dissipative scales [11]. This requires
the use of very fine spatial and temporal resolutions, which can lead to prohibitively
long simulation times. These fine resolutions lead to a very large number of degrees of
freedom, which in turn leads to large linear systems that must be solved at each time
step. Therefore, the use of modern systems is required for performing these simulations.

While the peak performance of these systems is continuously increasing, the effi-
ciency of CFD simulations is generally limited not by the peak performance, but by
the amount of data that must be transferred between the different levels of memory
hierarchy [12], what leads to memory-bound computations. This is therefore the main
bottleneck for CFD simulations, and it is crucial to develop methods that can reduce
the amount of data transfer and improve the efficiency of memory usage. This can
be achieved by developing algorithms that can exploit the structure of the matrices
involved in the computations, such as block structures arising from ensemble averaging
turbulent flow simulations, which can lead to faster simulations while still maintaining
accuracy, without the need for additional hardware resources. Therefore, there is a need
for advanced time-integration methods that can not only allow for larger time steps,
but also reduce the computational cost and memory requirements of CFD simulations,
particularly for turbulent flows.

1.1 Objectives of the Thesis

Therefore, it feels natural to ask the following research questions: (i) Can we develop
advanced time-integration methods that can allow for larger time steps while maintain-
ing stability and accuracy for incompressible flows? (ii) Can we exploit the structure of
the matrices involved in the computations to improve the efficiency of memory usage
and reduce data transfer?

Regarding the first research question, classical stability analysis of time-integration
methods has been restricted to applying the Courant-Friedrichs-Lewy (CFL) condition
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[13]. While this condition is widely used in practice, especially in commercial software
such as ANSYS Fluent or OpenFOAM, it is generally a very conservative estimate of the
maximum timestep that can be used in a simulation, and it does not take into account
the specific properties of the governing equations or the numerical methods used for
space discretization. Therefore, there is a need for more accurate and less conservative
stability analysis that can provide better estimates of the maximum timestep that can
be used in a simulation, allowing for faster simulations while still maintaining stability
and accuracy. This has already been explored for simple multistep methods such as
Adams-Bashforth (AB) methods (or parameter-dependent variants of them) [14], but it
has not been explored for more methods such as RK, which is widely used in practice due
to its simplicity and ease of implementation, as well as its improved stability properties
compared to multistep methods.

Moreover, given the current trend towards data-driven methods in CFD, and the
observation in literature of the improved stability properties of reduced order models
compared to full order models [15], it is natural to ask if a linear stability analysis of
the reduced governing equation can be employed to extract larger timesteps for this
reduced order model. Therefore, the benefit of the reduced order model is twofold: it can
provide a faster simulation due to the reduced number of degrees of freedom, and it can
also allow for larger time steps due to its improved stability properties.

With regards to the second research question, the use of block structures arising
from ensemble averaging in turbulent flow simulations can lead to faster simulations
while still maintaining accuracy, without the need for additional hardware resources.
Therefore, there is a need for advanced time-integration methods that can not only allow
for larger time steps, but also reduce the computational cost and memory requirements
of CFD simulations, particularly for turbulent flows. This can be achieved by developing
algorithms that can exploit the structure of the matrices involved in the computations,
such as block structures arising from ensemble averaging in turbulent flow simulations,
which can lead to faster simulations while still maintaining accuracy, without the need
for additional hardware resources.

All in all, the main objectives of this thesis can be summarized as follows:

• Develop advanced time-integration methods that can allow for larger time steps
while maintaining stability and accuracy for incompressible flows, both for Full-
Order Models (FOMs) and Reduced-Order Models (ROMs).

• Develop algorithms that can exploit the structure of the matrices involved in the
computations to improve the efficiency of memory usage and reduce data transfer,
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particularly for turbulent flow simulations.

By aiming to achieve these objectives, this thesis seeks to contribute to the ad-
vancement of time-integration methods for incompressible flows, enabling faster and
more efficient simulations that can lead to better designs, improved performance, and
more accurate predictions of fluid behavior under different conditions, which can have
significant implications for various engineering and scientific applications.

1.2 Outline of the Thesis

The thesis is structured as follows: Chapter 2 provides a comprehensive review of
the state-of-the-art in time-integration methods for incompressible flows, including
both explicit and implicit schemes, as well as their stability properties and limitations.
Chapter 3 presents the development of advanced time-integration methods that can
allow for larger time steps while maintaining stability and accuracy for incompressible
flows, both for FOM and ROM. Chapter 4 focuses on the development of algorithms that
can exploit the structure of the matrices involved in the computations to improve the
efficiency of memory usage and reduce data transfer, particularly for turbulent flow
simulations. Finally, Chapter 5 summarizes the main findings of the thesis, discusses
their implications, and outlines potential directions for future research in this area.
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2
Time integration of the
Navier-Stokes equations

“Time is what keeps everything from happening at once.”
– John Wheeler

In this chapter, the time integration of the Incompressible Navier-Stokes (INS)
equations is described. First, the INS equations are semi-discretized in space making
use of the Method of Lines (MOL) approach, which results in a Differential-Algebraic
Equation (DAE) of index 2. Then, the resulting DAE is integrated in time.

2.1 Semi-discretization in space

Discretizing Eqs.(1.3)-(1.4) in space using the MOL approach, which involves discretiz-
ing the spatial derivatives while keeping the time derivative continuous, results in

Muh(t)= gh(t), (2.1)

Ω
duh(t)

dt
+C(uh(t))uh(t)=−ΩGph(t)+Duh(t)+Ωfh(t), (2.2)

where uh(t) and ph(t) are the discrete velocity and pressure fields, respectively, fh(t) is
the discrete source term, gh(t) accounts for time-dependant boundary conditions, M is
the discrete divergence operator, Ω is the matrix containing the cell volumes, C(uh(t))
is the discrete convection operator, G is the discrete gradient operator, and D is the

11
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discrete diffusion operator. The resulting system of equations is a DAE of index 2, which
can be solved using various time integration methods.

In the remainder of this chapter, no assumptions are made on the spatial discretiza-
tion unless explicitly stated, and the discussion is general and applicable to any spatial
discretization method, such as Finite Difference Method (FDM), Finite Volume Method
(FVM), or Finite Element Method (FEM). However, the author acknowledges that the
choice of spatial discretization can have a significant impact on the accuracy and sta-
bility of the numerical solution, and it is important to carefully consider the spatial
discretization when solving the INS equations.

To guarantee that the resulting system can be solved, the spatial discretization
needs to satisfy the inf-sup condition [1], which ensures that the discrete velocity and
pressure spaces are compatible and that the resulting system of equations is well-posed.
This condition is crucial for the stability and accuracy of the numerical solution, and
it must be carefully considered when choosing the spatial discretization method. This
condition is satisfied by using compatible discretizations, e.g. , staggered grids for FDM
and FVM methods [2], or Taylor-Hood elements for FEM [3]. Non-staggered grids for
FDM and FVM methods, or equal-order interpolation for FEM, do not satisfy the inf-sup
condition, which can lead to numerical instabilities and inaccurate solutions, such as
checkerboarding [4].

2.2 Pressure-velocity coupling

Eqs.(2.1) and (2.2) are coupled through the pressure field ph(t), which appears in the
momentum equation yet it has no time derivative. This coupling is often referred to as
the pressure-velocity coupling, and it is a key aspect of the INS equations that must be
carefully handled in order to obtain accurate and stable numerical solutions.

Eq.(2.2) can be rewritten as

duh(t)
dt

=F(uh(t))−Gph(t), (2.3)

where F(uh(t)) = −Ω−1C(uh(t))uh(t)+Ω−1Duh(t)+ fh(t) is the discrete operator that
combines the convection, diffusion, and source terms. Differentiating the continuity
equation with respect to time and substituting Eq.(2.3) into the resulting equation
yields

Lph = MF(uh(t))− ġh(t), (2.4)
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where L = MG is the discrete Laplacian operator. This equation is a Poisson equation
for the pressure field ph(t), which must be solved at each time step in order to ensure
that the velocity field remains divergence-free. Introducing this constraint into Eq.(2.3)
yields

duh(t)
dt

= PF(uh(t))+GL−1ġh(t), (2.5)

where P = I −GL−1M is the projection operator that projects the velocity field onto the
divergence-free subspace. This approach lowers the index of the DAE from 2 to 1, which
implies that there is no guarantee that all constraints are satisfied [5]. Therefore, using
the system of equations in the form of Eqs.(2.1) and (2.2) is often preferred in practice.
Therefore, the resulting system can be written as[

I 0
0 0

][
u̇h(t)
ṗh(t)

]
=

[
A(uh(t)) G

M 0

][
uh(t)
ph(t)

]
+

[
fh(t)
gh(t)

]
, (2.6)

where A(uh(t)) = −C(uh(t))+D. Given the DAE nature of the system, the pressure
acts as a Lagrange multiplier to ensure that the divergence-free constraint is satisfied,
as it does not have its own time evolution. This means that the pressure field must
be determined at each time step in order to ensure that the velocity field remains
divergence-free. Thus, standard Ordinary Differential Equation (ODE) solvers cannot
be directly applied without modification [6].

Discretizing Eq.(2.6) yields a system of algebraic equations for the velocity and
pressure fields at each time step. Following the notation from Perot [7], this can be
expressed as [

A (un+1
h ) G

M 0

][
un+1

h
pn+1

h

]
=

[
rn+1

h
gn+1

h

]
+

[
∆t−1I 0

0 0

][
un

h
pn

h

]
. (2.7)

Note that this system of equations is nonlinear, as the momentum operator A (un+1
h )

depends on the velocity field at the new time step. Therefore, Eq.(2.7) cannot be solved
using a matrix inversion, yet requires an iterative strategy. In this context, A (un+1

h ) is
the linearized operator at the current iteration, which makes the system a linear saddle-
point problem at each time step. The term rn+1

h encapsulates the history-dependent
terms, as this algebraic structure is generic enough to represent both multistep and
multistage schemes. While the history of previous steps is encapsulated in rn+1

h for
multistep methods, for multistage methods, Eq.(2.7) is solved at each stage, and rn+1

h
contains the contributions from the previous stages.
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Solving the system of equations in Eq.(2.7) is usually prohibitive, even if precondi-
tioning techniques such as block factorization [8, 9] or augmented Lagrangian meth-
ods [10, 11] are used. Instead, various methods have been developed to handle the
pressure-velocity coupling, such as projection methods [12–14] or pressure correction
methods [15,16]. Both families of methods typically involve solving a Poisson equation
for the pressure field at each time step, which can be computationally expensive but
is necessary to ensure the accuracy and stability of the numerical solution. These
methods can be derived from the system of equations in Eq.(2.7) by means of a block
LU factorization [7], which reads[

A G
M 0

]
=

[
A 0
M −MA −1G

][
I A −1G
0 I

]
. (2.8)

Depending on how the Schur complement MA −1G is approximated, different methods
can be derived. For instance, if the Schur complement is approximated by the discrete
Laplacian operator L = MG, then projection methods are obtained. On the other hand,
if the Schur complement is approximated by a more accurate operator, such as M ˜A −1G,
then pressure correction methods are obtained, where ˜A is an approximation of the
momentum operator A .

2.2.1 Pressure correction methods

Starting from the block LU factorization, Patankar and Spalding [15] first derived the
Semi-Implicit Method for Pressure-Linked Equations (SIMPLE), which key modeling
step is the approximation of the Schur complement by replacing A −1 by D−1, where
D = diag(A ) is the diagonal of the momentum operator. This leads to a Poisson-like
equation for the pressure correction, which coefficients are not fixed and instead depend
on the momentum operator.

In general, SIMPLE follow this structure:

1. Calculate a predictor velocity field A u∗
h = rh −Gpn

h.

2. Determine a pressure-correction step by solving S̃(δp)h = Mu∗
h, where S̃ = MD−1G

is the approximate Schur complement.

3. Update the velocity and pressure fields using un+1
h =u∗

h −D−1G(δp)h and pn+1
h =

pn
h +αp(δp)h, respectively, where αp is a relaxation factor for the pressure correc-

tion.
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This method has later on evolved into SIMPLE variants, such as SIMPLER [16] or
SIMPLEC [17], which differ in which triangular matrix of the block LU factorization is
used, or the terms that are included in the approximation of the Schur complement.

2.2.2 Projection methods

Projection (or fractional step) methods, on the other hand, are derived by approximating
the Schur complement by the discrete Laplacian operator L = MG. This leads to
a Poisson equation for the pressure field, which must be solved at each time step
in order to ensure that the velocity field remains divergence-free and satisfies the
incompressibility condition.

Applying Eq.(2.8) to the system of equations in Eq.(2.7) yields[
A 0
M −MA −1G

][
I A −1G
0 I

][
un+1

h
pn+1

h

]
=

[
rn+1

h
gn+1

h

]
+

[
∆t−1I 0

0 0

][
un

h
pn

h

]
, (2.9)

which can be split into two steps as follows[
A 0
M −MA −1G

][
u∗

h
pn+1

h

]
=

[
rn+1

h +∆t−1un
h

gn+1
h

]
, (2.10)[

I A −1G
0 I

][
un+1

h
pn+1

h

]
=

[
u∗

h
pn+1

h

]
, (2.11)

which split Eq.(2.7) into a predictor step (Eq.(2.10)) and a projection step (Eq.(2.11)).
The predictor step involves solving a linear system for the intermediate velocity field u∗

h,
which does not satisfy the incompressibility condition. The projection step then projects
this intermediate velocity field onto the divergence-free subspace, which ensures that
the resulting velocity field un+1

h satisfies the incompressibility condition.
While Eqs.(2.10)-(2.11) are exact, they are not practical to solve as they require

the solution of a linear system involving the momentum operator A at each time step.
Projection methods approximate A −1 by a simpler operator, such as ∆tI [12–14], which
leads to a Poisson equation for the pressure field. In this seminal approach, the set of
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equations reads

u∗
h =un

h +∆trn+1
h , (2.12)

Lp̄n+1
h = Mu∗

h −gn+1
h , (2.13)

un+1
h =u∗

h −Gp̄n+1
h , (2.14)

where p̄n+1
h =∆tpn+1

h . This approximation, however, introduces splitting errors, which
affect the accuracy of the numerical solution. Various strategies have been developed
to reduce these splitting errors, being the most well-known the incremental pressure
correction methods from Van Kan [18], which introduce the gradient of the pressure field
at the previous time step into the predictor step, which reduces the splitting errors and
improves the accuracy of the numerical solution. This approach leads to the following
set of equations

u∗
h =un

h +∆trn+1
h −Gp̄n

h, (2.15)

Lφn+1
h = Mu∗

h −gn+1
h , (2.16)

un+1
h =u∗

h −Gφn+1
h , (2.17)

where φn+1
h = p̄n+1

h − p̄n
h. This method is second-order accurate in time, and it is widely

used in practice due to its simplicity and efficiency. However, it still suffers from
splitting errors. To tackle this limitation, Chang et al. [19] eliminated splitting errors
by enforcing the incompressibility constraint to machine precision. This, named exact
fractional step method, reformualates the discrete momentum equation so that, by
construction, the velocity field is exactly divergence-free. This is done by reducing the
governing equations to a single linear system for the streamfunction, which is solved at
each time step. This system becomes algebraically equivalent to the original system of
equations in Eq.(2.7), and therefore it does not generate the numerical boundary layer
inherent to classical projection methods.

This numerical boundary layer is originally generated by incorrectly enforcing a
homogeneous Neumann boundary condition for the pressure field at the boundaries.
As in the physical problem the pressure field at the boundaries has to counteract the
flux of vorticity at the wall, the solution needs to transition from the incorrect boundary
value to the correct inner value, thus leading to a sharp numerical boundary layer,
which thickess scales with

p
ν∆t. This was solved by Timmermans et al. [20] in classical

projection methods, where the pressure update equation accounts for a non-divergence-
free velocity at the boundaries, and therefore the pressure field at the boundaries is
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updated in a way that accounts for the flux of vorticity at the wall, thus eliminating the
numerical boundary layer and improving the accuracy of the numerical solution near
the boundaries. This was shown to be the only way to eliminate the numerical boundary
layer [21] in this non-exact framework.

2.3 Time integration strategies for the momentum equation

After handling the pressure-velocity coupling, the momentum equation needs to be
integrated in time. As it is characterized by two very different terms in nature, the non-
linear convection and the linear, stiff diffusion, various strategies have been developed to
integrate the momentum equation in time. These strategies can be broadly classified into
three categories: fully implicit methods, explicit methods, and Implicit-Explicit (IMEX)
methods. All these strategies fall into two families: multistep methods, which use
information from previous time steps to advance the solution, and multistage methods,
which use intermediate stages within a single time step to advance the solution.

Starting from Eq.(2.12), projection methods require integrating in time the momen-
tum equation to determine the value of u∗

h. While until this point, the procedure has
been left general, in this section, we tackle the time integration of the momentum
equation, which is a key aspect of projection methods. The choice of time integration
method can have a significant impact on the accuracy and stability of the numerical
solution, and it is important to carefully consider the time integration method when
solving the INS equations.

2.3.1 Linear Multistep Methods

Linear Multistep Methods (LMMs) are a family of ODE integration methods that use
information from previous steps to advance to solution. By using stored values of the
solution at previous time steps, LMMs can achieve higher-order accuracy without the
need for intermediate stages, which can be computationally expensive. Applied to a
generic ODE of the form ẏ= f(y, t), where y ∈Rd , a LMM can be expressed as

k∑
j=0

α jyn− j+1 =∆t
k∑

j=0
β jf(yn− j+1, tn− j+1), (2.18)

where yn− j is the solution at tn− j, and α j and β j are the coefficients of the method,
which are determined following the order conditions for the desired order of accuracy.



18 Chapter 2. Time integration of the Navier-Stokes equations

In the case of β0 = 0, the method is explicit, while if β0 ̸= 0, the method is implicit.
Generally, methods are normalized such that α0 = 1, yet some schemes do not follow
this convention [22,23].

Applied to the momentum equation, these schemes are used to determine u∗
h. In

general,

u∗
h =−

k∑
j=1

α ju
n− j+1
h +∆t

k∑
j=0

β jF(un− j+1
h ), (2.19)

where F(un− j+1
h ) is the discrete operator that combines the convection, diffusion, and

source terms at tn− j+1. The choice of LMM can have a significant impact on the accuracy
and stability of the numerical solution, and it is important to carefully consider the
choice of LMM when solving the INS equations.

While LMMs are widely used in practice given their simplicity and efficiency, they
suffer from several limitations. Unlike one-step methods, LMMs are not self-starting,
which means that they require a starting procedure to generate the initial values for
the first few steps. This can be done using a one-step method, such as a Runge-Kutta
method, or by using a lower-order LMM for the first few steps.

Implicit LMMs Considering the most common flavours of implicit LMMs for the nu-
merical integration of the momentum equation, Crank-Nicolson and Backward Differ-
entiation Formula (BDF) methods are widely used in practice, especially BDF2, which
forms the backbone of modern projection and pressure-correction schemes [18,21,24].
While these are the most relevant, other implicit LMMs have been developed, such
as the Two Implicit Advanced Step-point (TIAS), which is tailored to high-order stiff
problems [25], while preserving excellent properties such as A-stability. Other implicit
LMMs such a BDF2 are also A-stable, yet for orders higher than 2, BDF methods are
not A-stable, which can lead to stability issues when applied to stiff problems such
as the INS equations. On the other hand, TIAS methods are designed to be A-stable
for all orders, which makes them a promising alternative for high-order implicit time
integration of the momentum equation.

Explicit LMMs Concerning their explicit counterparts, the use of Adams-Bashforth
(AB) methods is widespread in practice and played a central role developing projection
methods [26,27], and remain widely used for the treatment of the nonlinear advection,
even if they are unstable for pure advection cases. Other methods such as the leapfrog
circumvent this issue, yet they are unstable for pure diffusion cases, which makes them
less attractive for the numerical integration of the momentum equation. These second-
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order explicit LMMs can be rewritten as a parameter-dependent family of methods,
which includes the leapfrog and the AB2 as particular cases, and which can be tuned to
improve the stability properties of the method [23]. However, these methods still suffer
from stability issues when applied to stiff problems such as the INS equations, which
limits their applicability in practice.

2.3.2 Multistage methods

Opposite to LMMs that rely on information from previous steps, multistage methods,
such as Runge-Kutta (Runge-Kutta (RK)) methods, advance the solution from step n
to n+1 by introducing s intermediate stages within the current interval. Applied to a
generic ODE of the form ẏ= f(y, t), where y ∈Rd , a RK method can be expressed as

yi = yn +∆t
s∑

j=1
ai jf(y j, tn + c j∆t), i = 1, . . . , s, (2.20)

yn+1 = yn +∆t
s∑

i=1
bif(yi, tn + ci∆t), (2.21)

where yi is the solution at the intermediate stage i, and ai j, bi, and ci are the coefficients
of the method, which are determined following the order conditions for the desired
order of accuracy. Generally, these coefficients are arranged in the so-called Butcher
tableau [28], which provides a convenient way to represent the coefficients of the method.
In general, a Butcher tableau reads

c A
bT , (2.22)

where A = [ai j] is the matrix of coefficients for the intermediate stages, c= [c1, . . . , cs]T

is the vector of stage time fractions defined as ci = ∑
j ai j, and b = [b1, . . . ,bs]T is the

vector of coefficients for the final update. While computationally more expensive than
LMMs, RK methods possess the advantage of being self-starting, and allowing larger
stability regions compared to LMMs, which can be beneficial for stiff problems such
as the incompressible Navier-Stokes equations. For these reasons, they have been
extensively used in CFD [29–31].
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Applied to the momentum equation,

uh,i =un
h +∆t

s∑
j=1

ai j(F(uh, j)−Gp j), i = 1, . . . , s, (2.23)

un+1
h =un

h +∆t
s∑

i=1
bi(F(uh,i)−Gpi), (2.24)

where uh,i is the intermediate velocity field at stage i, and pi is the pressure field at
stage i. Note that the pressure-velocity coupling is still present, therefore requiring to
handle this coupling at each stage.

For projection methods, Sanderse [32,33] presented a general methodology to use
explicit and implicit RK for the INS. To preserve the order of accuracy, the pressure-
velocity coupling needs to be handled at each stage, which can be done by solving a
Poisson equation for the pressure field at each stage. This can be computationally
expensive, yet it is necessary to ensure the accuracy and stability of the numerical
solution. Therefore, using a s-stage RK method requires s projections and hence, at
least, s solutions of a Poisson equation, making RK methods computationally more
expensive than LMMs for the numerical integration of the momentum equation.

Moreover, RK methods can allow larger time steps compared to LMMs, which can
offset their higher computational cost in some cases. Figure 2.1 provides a schematic
representation of the projection method applied to a RK method, where the predictor
and projection steps are represented by red and blue arrows, respectively. The thick
black line represents the manifold defined by the continuity equation, where the velocity
field is divergence-free.

Techniques such as the fast projection method [34–37] have been developed to avoid
these projections except for the last stage, while preserving higher-than-second-order
accuracy, compared to the original works from Le and Moin [30]. However, this comes
with reduction in the stability regions, thus generating a trade-off between improved
stability or faster algorithms.

Explicit Runge-Kutta methods With regards to explicit RK methods, Sanderse and
Koren [32] analyzed their temporal accuracy, leading to the conclusion that the order of
accuracy at least up to fourth-order is preserved for the velocity field without additional
constraints, while the pressure field is a first order approximation, ph(t)=ψ(t)+O (∆t).
The pressure field can match the order of accuracy by satisfying additional order
conditions, together with an additional Poisson equation solve.

Beyond classical RK formulations, specific classes of explicit RK have been developed
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Figure 2.1: Schematic representation of the projection method applied to a RK method. The
pressure-like field ψ is stated like this to denote the Lagrange multiplier nature of this variable,
to distinguish it from the actual pressure field. The red arrows represent the predictor step, while
the blue dashed arrows represent the projection step, where the intermediate velocity field is
projected onto the divergence-free subspace by solving a Poisson equation for the pressure-like
field ψ. The thick black line represents the manifold defined by the continuity equation, where
the velocity field is divergence-free.

with the goal of tackling different aspects of the numerical integration of the momentum
equation. For instance, to prevent spurious oscillations due to sharp gradients, Strong
Stability Preserving (SSP) RK methods have been developed by preserving the convex
functional properties of the spatial discretization, which ensure that the time discretiza-
tion does not introduce new extrema in the solution [38]. Other formulations tackled
the computational overhead of storing multiple intermediate solutions by developing
low-storage RK methods [39].

While explicit RK methods are widely used for the numerical integration of the
momentum equation, they suffer from stability issues, especially when applied to stiff
problems such as the INS equations. Therefore, to preserve stability, explicit RK
methods require small time steps, which can make them computationally expensive for
long-time simulations.

Implicit Runge-Kutta methods On the other hand, implicit RK methods are a robust al-
ternative for stiff problems where the restrictions of explicit methods can be prohibitive.
Given their excellent stability properties, implicit methods such as Gauss-Legendre,
Radau or Lobatto families, eliminate the Courant-Friedrichs-Lewy (CFL) restriction,
thus allowing time steps not dictated by stability, but by physical time scales. However,
they come at the cost of solving a large coupled nonlinear system at each time step,
which is computationally expensive.

This can be alleviated using Diagonally Implicit Runge-Kutta (DIRK) methods, a
subclass of implicit RK methods where ai j = 0 for j > i, which allows to solve a smaller
nonlinear system at each stage, thus reducing the computational cost. In the same line,
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Explicit Singly DIRK (ESDIRK) methods give the additional advantage of having a
constant diagonal term, aii = γ, ∀i, which allows to reuse the same Jacobian matrix at
each stage, thus further reducing the computational cost.

Despite this stability benefits, high-order implicit RK methods frequently suffer
from order reduction when applied to stiff problems such as the INS equations, which
can significantly affect the accuracy of the numerical solution [40]. This is primarily due
to time-dependent boundary conditions and the DAE nature of the constraints, which
restricts the global convergence rato the the method’s internal stage order rather than
the classical order of accuracy [33,41,42]. Some schemes such as the Radau IIA family
are stiffly accurate, which means that the solution at the last stage coincides with the
solution at the new time step, which can help to mitigate order reduction [43]. In this
context, Kazemi-Kamyab et al. [44] extended the analysis of order reduction to collocated
frameworks, and showed that the order degradation is not inevitable by distinguishing
between incremental and total pressure. This ensured a consistent pressure-velocity
coupling, and therefore the high-order temporal accuracy of the method was preserved.

Implicit-Explicit Runge-Kutta methods Given the different nature of the convective
and diffusive terms in the momentum equation, Implicit-Explicit (IMEX) RK methods
have been developed to treat these terms differently. On the one hand, the stiff diffusive
term is treated implcitly, which allows to alleviate the stability restrictions, while on
the other hand, the non-linear convective term is treated explicitly, which avoids the
computational cost of solving a nonlinear system at each time step. This makes IMEX
RK methods a promising alternative for the numerical integration of the momentum
equation, as they can provide a good balance between stability and computational cost
[45]. Moreover, in the context of INS equations, specific high-order IMEX formuatlions
have been developed to preserve the order of accuracy of the method, while handling
the pressure-velocity coupling at each stage [46].

Generalizing the IMEX methods, Additive Runge-Kutta (ARK) methods provide a
rigorous framework to partition the different terms in the momentum equation, and
treat them with different RK methods, which can be implicit or explicit. This allows to
tailor the time integration method to the specific characteristics of each term, which
can further improve the stability and accuracy of the numerical solution [47]. This
flexibility becomes particularly relevant in multiphysics problems, where different terms
may require different treatment, or where distinct solvers are employed for different
operators. Furthermore, in the context of INS equations, ARK methods have been
extended to construct stiffly accurate, energy-conserving schemes that preserve kinetic
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energy, a property that standard monolithic methods cannot guarantee [33].

2.3.3 Stability considerations

Integrating the momentum equation in time requires careful consideration of the
stability properties of the chosen time integration method. To set the starting point, any
time integration method can be described by its stability function, which characterizes
the growth of errors in the numerical solution. Advancing in time an ODE can be
expressed as yn+1 = R(z)yn, where R(z) is the stability function of the method, and z is
a complex variable that depends on the time step and the eigenvalues of the Jacobian
matrix of the system. For multistage methods, R(z) is a rational function, while for
LMMs, R(z) is a matrix-valued function. The stability properties of the method can be
analyzed by studying the region of the complex plane where |R(z)| ≤ 1, which is known
as the stability region. For stiff problems such as the INS equations, it is important to
choose a time integration method with a large stability region that includes the negative
real axis, which allows for larger time steps without sacrificing stability. Figure 2.2
shows the stability regions of different explicit RK methods, where the drawn lines
represent the boundaries of the stability regions. As can be seen, explicit RK methods
have limited stability regions, which can restrict the time step size for stiff problems.
On the other hand, implicit methods such as BDF or Gauss-Legendre have much larger
stability regions that include the entire left half of the complex plane, which allows for
larger time steps without sacrificing stability [5].

As an oversimplification of the stability analysis, the time step size for explicit
methods has been clasically determined by means of the CFL condition, which restricts
the Courant number, C = ||u||∆t/∆x (for uniform unidimensional grids) to be of order
unity [48]. However, this condition is not sufficient to ensure stability, as it does not
account for the diffusive term in the momentum equation, which states that ∆t ∝∆x2/ν
to guarantee stability. These stability constraints, however, have been proved to be
inaccurate [23], and more rigorous stability analyses have been developed to determine
the stability limits of different time integration methods, which can be used to determine
the maximum time step size for a given method and problem. These techniques depend
on estimating the eigenbounds of the Jacobian matrix of the system, which can be done
using techniques such as the Gershgorin circle theorem [23].

To circumvent the stability restrictions of explicit methods, implicit schemes aim
for A-stability, which ensures that the numerical perturbations decay for all time step
sizes given the nodes of the method are in the left half of the complex plane and
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Figure 2.2: Stability regions of different time integration methods.

therefore guarantees stability for linear stiff problems regardless of the time step size.
However, given the nonlinear nature of the INS, A-stability does not suffice to guarantee
stability, and therefore additional properties such as L-stability, which ensures that
these perturbations are rapidly damped. This property is critical for suppressing
spurious numerical oscillations where the solution lacks sufficient regularity, such as
in the presence of sharp gradients or discontinuities, which are common in turbulent
flows [6,49].

As A-stability and L-stability are derived from linear test problems, they do not
necessarily guarantee stability for nonlinear problems such as the INS equations. This
is addressed by the concept of B-stability [50], which extends the stability criteria to
nonlinear problems by ensuring that the numerical solution does not grow unbound-
edly for any initial condition, which results in the numerical difference between two
numerical solutions to decay over time, a property called contractivity [51].

All these stability criteria assume constant physical properties. However, in many
practical applications, i.e., Large-Eddy Simulation (LES), the effective viscosity is
neither constant nor uniform, as it depends on the local flow conditions. This can
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lead to significant variations in the stability properties of the time integration method
across the computational domain. This is addressed with the concept of C-stability [52],
which ensures robustness for varying stiffness problems. This, applied to RK methods,
requires that bi ≥ 0, ∀i, and the symplectic matrix Mi j = biai j +b ja ji −bib j is positive
semidefinite, which ensures that the numerical solution remains stable even in the
presence of non-constant-nor-uniform stiffness.

Table 2.1 summarizes the different stability concepts for time integration meth-
ods, along with their mathematical definitions and typical methods that satisfy these
properties.

Table 2.1: Summary of stability concepts for time integration methods.

Concept Mathematical definition Typical methods

A-stability |R(z)| ≤ 1 for Re(z)≤ 0 BDF, Gauss-Legendre
L-stability limz→−∞ R(z)= 0 BDF2, SDIRK
B-stability ||wn+1

1 −wn+1
2 || ≤ ||wn

1 −wn
2 || Radau IIA, Lobatto IIIC

C-stability bi ≥ 0 and xT Mx≥ 0 ∀x ∈Rs Radau IIA, Lobatto IIIC

2.3.4 Adaptive timestepping strategies for the momentum equation

When setting up a numerical simulation, there is the need of selecting an appropriate
time step size, which will have a significant impact on the accuracy and stability of the
numerical solution. If the time step size is too large, the numerical solution may become
unstable or inaccurate, while if it is too small, the simulation may take an unnecessarily
long time to complete.

To address this issue, adaptive timestepping strategies have been developed, which
adjust the time step size dynamically based on the local flow conditions and the desired
level of accuracy. These strategies can be broadly classified into two categories: error-
based methods, which adjust the time step size based on an estimate of the local
truncation error, and stability-based methods, which adjust the time step size based on
physical criteria such as the CFL condition or the local flow velocity.

While benefitial due to their ability to dynamically adjust the time step size based on
the local flow conditions, adaptive timestepping strategies can introduce order reduction
issues in LMMs, as the order conditions that lead to the coefficients of the method are
derived under the assumption of a constant time step size [28]. Therefore, when the
time step size is varied, the order conditions may no longer be satisfied, which can lead
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to a reduction in the order of accuracy of the method. Moreover, geometric properties
such as symplecticity or energy conservation can be lost when the time step size is
varied, which can lead to a significant degradation of the accuracy of the numerical
solution, especially for long-time simulations [53].

Error-based methods Relevant strategies for error-based adaptive timestepping are
based on dynamically adjusting the time step by estimating the local truncation error T
and keeping it within a user-defined tolerance ϵ. Thus, the time step size evolution is
performed by a standard I-controller, which adjusts the time step size according to the
following formula

∆tn+1 =∆tn
( ϵ

T

) 1
p+1 , (2.25)

where p is the order of accuracy of the time integration method. The most common
mechanism for estimating T involves embedded RK pairs, such as the Fehlberg [54] or
Dormand-Price [55] methods, which provide two approximations of the solution at each
time step, one of order p and another of order p+1, which can be used to estimate the
local truncation error. This approach is widely used in practice due to its simplicity and
efficiency, and it can be easily implemented in existing time integration schemes.

However, translating this error estimate to a new step size is challenging, as it
requires careful control to avoid instabilities. Standard I-controllers can introduce
rapid oscillations in the time step size, which can lead to instabilities. To mitigate this,
additional signal processing techniques were used to achieve a smoother evolution of
∆t [56,57].

Specifically tailored for LES, Capuano [58] developed a minimum-dissipation adap-
tive timestepping strategy, specifically designed for LES, which adjusts the time step
size based on the local dissipation rate of the flow, which is a key quantity in LES that
characterizes the energy transfer between resolved and subgrid scales. This approach
allows to dynamically adjust the time step size based on the local flow conditions, and
therefore the temporal discretization error does not affect the energy cascade, which is
a key aspect for the accuracy of LES simulations.

Stability-based methods Courant et al. [48] provided the starting point for stability-
based adaptive timestepping by introducing the CFL condition, which approximates the
eigenvalues of the convective and diffusive operators from the 1D convection-diffusion
equation. While this approximation is rather inaccurate for the numerical solution
of incompressible flows, it provides a first-order approximation to ensure stability
in fully explicit simulations, as well as setting the starting point for more accurate
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methodologies.
Building upon this theory, more rigorous stability analyses have been developed

to determine the spectral radius of the Jacobian matrix of the system, which can be
used to determine the maximum time step size for a given method and problem. These
techniques depend on estimating the eigenbounds of the Jacobian matrix of the system,
which can be done using techniques such as the Gershgorin circle theorem [23].

However, these techniques require explicitly building the Jacobian matrix, which
can be computationally expensive for large systems. To address this issue, alternative
approaches built upon the structure of collocated operators without explicitly building
the Jacobian matrix have been developed, which provide a more efficient way to estimate
the stability limits of different time integration methods [59]. In this setup, most of the
computations are performed in a setup phase, while the online calculations are reduced
to a sparse matrix-vector product for each operator.

These two methods have been originally developed for a second-order parameter-
dependent LMM, which is widely used in practice for the numerical integration of
the momentum equation. However, they can be extended to other time integration
methods, such as RK methods, by analyzing the stability properties of the method and
determining the maximum time step size that satisfies the stability criteria.
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3
Self-adaptive integration of
incompressible flows

“It is not the strongest of the species that survives, nor the most intelligent; it
is the one most adaptable to change.”
– Charles Darwin

Integrating explicitly the incompressible Navier-Stokes equations in time is a chal-
lenging task, as the stability constraints given by the convective and diffusive terms are
generally very restrictive. This problem is especially true for scale-resolving simulations,
which require very fine spatial discretization that, according to the Courant-Friedrichs-
Lewy (CFL) condition [1], leads to very small timesteps due to the stiffness of the
diffusive term.

While this problem cannot be avoided without moving to implicit (or implicit-explicit)
integration, these problems can be alleviated by maximizing the timestep by performing
a stability analysis of the system at every timestep [2]. This approach, called self-
adaptive time-integration, has been shown to significantly improve the efficiency of
explicit integration for incompressible flows, as it allows to use the largest stable
timestep at every iteration. While this approach has been successfully applied to
multistep integration, it has not been fully explored for multistage integration and
staggered grids. Therefore, in this chapter, an extension of self-adaptive time-integration
methods to multistage integration and staggered grids is presented, which allows
to efficiently compute the eigenbounds of the convective and diffusive operators for
these cases. Finally, the self-adaptive integration method is extended to Reduced-

35
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Order Models (ROMs), which are commonly used for control, design, optimization, or
uncertainty quantification tasks.

3.1 Self-adaptive time-integration methods

As introduced in Section 2.3.4, stability-aware self-adaptive integration methods are
based on the spectral analysis of the convective and diffusive operators, which allows to
determine the largest stable timestep at every iteration. The key idea is to compute the
eigenbounds of the convective and diffusive operators, which are given by the spectral
radius of these operators. However, computing the spectral radius of these operators
can be computationally expensive, especially for large-scale simulations. Therefore,
deriving efficient methods to compute the spectral radius of these operators is required.

The seminal work for self-adaptive integration for incompressible flows was de-
veloped by Courant et al. [1], which introduced the CFL condition, which provides a
stability constraint for explicit integration methods. By performing a simplified spectral
analysis of the one-dimensional convective and diffusive operators, they derived the
well-known CFL condition,

∆t ≤min
(
CC

∆x
|u| ,CD

∆x2

ν

)
, (3.1)

where CD ,CC ≤ 1 have to be prescribed a priori, as well as a characteristic length
of the control volume ∆x. While very extensively used in most commercial solvers,
this condition is based on a simplified analysis and does not take into account the full
spectral properties of the operators, which can lead to overly restrictive timesteps.

To overcome these limitations, Trias and Lehmkuhl [2] proposed a self-adaptive
time-integration method, EigenCD, based on the spectral analysis of the convective
and diffusive operators, which allows to compute the largest stable timestep at every
iteration. EigenCD is based on the Gershgorin circle theorem, which provides an efficient
way to compute the eigenbounds of the convective and diffusive operators. This method,
which relies in the explicit construction of the convective and diffusive operators, has
been shown to significantly improve the efficiency of explicit integration for incompress-
ible flows, as it allows to use the largest stable timestep at every iteration. Moreover,
EigenCD does not rely on any specific structure of the operators, which makes it applica-
ble to a wide range of discretizations as well as to both collocated and staggered grids.
As the explicit construction of the operators can be computationally expensive, Trias et
al. [3] proposed an efficient method for computing the eigenbounds of the convective and
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diffusive operators based on the structure of the discrete collocated operators, which
allows to compute the eigenbounds without explicitly constructing the operators. This
method, called AlgEigCD, has been shown to significantly reduce the computational cost
of computing the eigenbounds, while still providing accurate estimates of the largest
stable timestep. However, given its nature, AlgEigCD can only be used for collocated
discretizations, as it relies on the structure of the convective and diffusive operators in
these grids. Therefore, in this chapter, an extension of AlgEigCD to staggered grids is
presented, which allows to efficiently compute the eigenbounds of the convective and
diffusive operators for staggered grids. This extension is based on a careful analysis of
the structure of the operators for staggered grids, and it leverages the properties of the
discrete operators to obtain an efficient algorithm for computing the eigenbounds.

3.1.1 Linear stability analysis of the incompressible Navier-Stokes equations

To integrate Eqs.(2.1)-(2.2) explicitly in time, the stability of the system needs to be
analyzed. Independently of the family of time integration schemes considered, the
methodology can be contracted to

un+1
h ≈ R(∆tF̃)un

h, (3.2)

where F̃ =Ω−1(D−C(u)) is the operator arising from linearizing F(uh(t)) as F̃(uh(t))uh(t)
via Picard linearization, and R(z) is the stability function of the given linearized scheme.
Note that there is an approximation symbol instead of an equal symbol as the n+1 value
requires projecting the solution back into the incompressible space, which relies on the
solution of the Poisson equation. However, the projection step in a projection method is
implicit and does not affect the stability region in a zero-divergence framework.

Following linear stability analsysis theory for differential equations [4], the linear
method is stable if

||R(∆tF̃)||2 ≤ 1. (3.3)

As explained in [4], this requirement can be simplified to

|R(∆tλF )| ≤ 1, (3.4)

where λF is the largest (in magnitude) eigenvalue of F̃. Therefore, the maximum stable
timestep is such that for zmax = ∆t||λF ||2, it fulfills the equation ||R(zmax)||2 = 1. By
doing so, the eigenvalue ∆tλF is located at the boundary of the stability region, as
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depicted in Figure 3.1. Hence, the self-adaptive timestep can be computed as

∆t = zmax

||λF ||2
, (3.5)

where zmax is obtained by solving the equation ||R(z)||2 −1= 0 using a bisection method
along the axis defined by the origin of coordinates (z = 0+0i) and λF every timestep.
Therefore, the goal of any adaptive timestepping method is to calculate the eigenbounds
of F̃ so that the maximum stable timestep is computed using Eq. (3.5).

ℜ(z)

ℑ(z)

I

I I

I I I

zmax =λF∆t

λF

Figure 3.1: Schematic illustration of Bendixson’s rectangle (gray) for the eigenvalues of F̃. I:
ℜ(λF ), I I: ℑ(λF ), I I I: −ℑ(λF ). The blue curve represents the boundary of the stability region for
a third-order Runge-Kutta scheme.

The methodology for computing the eigenbounds of F̃ assumes the discretization
is symmetry-preserving [5,6]. The reader is referred to [3, Appendix B] for a detailed
discussion on the generalization to non-symmetry-preserving discretizations, which
relies on splitting the convective term into a skew-symmetric part and a symmetric
part, and then applying the same methodology to both parts separately. This makes the
method applicable to flux limiting and upwinding schemes, which are very well spread
in the whole Computational Fluid Dynamics (CFD) community. However, the focus
of this chapter is on symmetry-preserving discretizations, as they are widely used in
scale-resolving simulations, and they have very good stability properties, which makes
them a good candidate for self-adaptive time-integration methods.
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Symmetry-preserving discretizations are a family of schemes that preserve the
symmetry properties of the continuous operators at the discrete level [5]. This is
usually achieved by ensuring that the diffusive operator is discretized as a symmetric
matrix and corresponds to the composition of the gradient and divergence operators,
resulting in a negative semi-definite matrix, the convective operator corresponds to a
skew-symmetric matrix, and the discrete gradient and divergence operators are dual
to each other, i.e., −ΩMT = G. In physical terms, these properties ensure that the
only dissipation of kinetic energy comes from the diffusive term, while the convective
term only redistributes the kinetic energy without creating or destroying it. On the
other hand, the div-grad compatbility ensures that the pressure-gradient work and the
velocity divergence cancel each other, preventing any additional energy source or sink.

Given the diffusive operator is a symmetric negative semi-definite matrix, its eigen-
values are real and non-positive, and therefore will lie on the negative real axis. On the
other hand, given the convective operator is a skew-symmetric matrix, its eigenvalues
are purely imaginary, and therefore will lie on the imaginary axis. Therefore, the
eigenvalues of F̃ will lie in the left half of the complex plane, as their real part will be
non-positive. Given the subadditivity of the spectral radius, i.e., ρ(A+B)≤ ρ(A)+ρ(B),
the eigenbound of F̃ lies, according to Bendixson’s inequality [7], in the rectangle de-
fined by the eigenbounds of the convective and diffusive operators, similarly to the one
depicted in Figure 3.1, which is denominated Bendixson’s rectangle.

The stability region is determined by the stability function of the time integration
scheme (Figure 2.2). For multistep methods, their stability functions correspond to
matrices. For instance, a second-order Linear Multistep Method (LMM) (κ1L2) [2,5]
defined as (κ+1/2)yn+1−2κyn+ (κ−1/2)yn−1 =∆t[(1+κ) f (yn)−κ f (yn−1)] has a stability
function given by (

un+1
h
un

h

)
=

(
2κ+z(1+κ)
κ+1/2 −κ−1/2+κz

κ+1/2
1 0

)(
un

h
un−1

h

)
, (3.6)

where z = ∆tλF . Therefore, evaluating |R(z)| corresponds to solving an eigenvalue
problem for the matrix defined by the stability function. This can be easily generalized
to the κ-dependent family of multistep methods, which include the second-order Adams-
Bashforth (AB) (κ= 0.5) and the leapfrog (κ= 0) methods as particular cases. This has
been depicted in Figure 3.2, where the stability regions for some multistep methods from
the κ1L2 family are depicted, together with the stability regions for some Runge-Kutta
(RK) methods up to s = 4 for comparison purposes. As can be seen in Figure 3.2, the
stability regions for the multistep methods are generally smaller than those for the
RK methods, which means that they will require smaller timesteps to ensure stability.
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However, the computational cost-per-step for multistep methods is generally lower
than that for RK methods, which can make them more efficient for certain problems.
Therefore, the choice of the time integration scheme should be based on a careful
analysis of the stability properties of the system and the computational cost of the
scheme.
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Figure 3.2: Stability regions for some multistep methods from the κ1L2 family. Stability regions
for RK up to s = 4 are depicted with dashed lines for comparison purposes.

On the other hand, the stability function of a general RK method is given by a
rational function. Following the notation from the Butcher’s tableau (Eq.(2.22)), the
stability function for an explicit RK method can be written as

R(z)= 1+ zbT (I − zA)−1es, (3.7)

where es is a vector of ones of length s, where s is the number of stages of the method.
Therefore, evaluating |R(z)| corresponds to solving a linear system of equations for the
matrix defined by the stability function. However, for explicit RK methods, the matrix
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I−zA is lower triangular with ones in the diagonal, which means that the linear system
can be solved efficiently using forward substitution, which yields a polynomial function.

Moreover, for explicit RK methods such that the number of stages is equal to the
order of the method, up to s = 4, the stability function can be written as a polynomial of
degree s as follows

R(z)= 1+
s∑

j=1

z j

j!
. (3.8)

Therefore, evaluating |R(z)| corresponds to evaluating a polynomial of degree s, which
makes the evaluation of the stability function for explicit RK methods very efficient.

3.1.2 Existing methods for computing the eigenbounds of the convective and
diffusive operators

According to the literature, the most commonly used method for computing the eigen-
bounds of the convective and diffusive operators is the Gershgorin circle theorem, which
reads as follows.

Theorem 1 (Gershgorin circle theorem, [8]). Let A ∈ Rn×n be a square matrix. Then,
every eigenvalue λ of A lies within at least one of the Gershgorin disks defined by

D i = {z ∈C : |z−aii| ≤ Ri}, (3.9)

where aii is the i-th diagonal element of A, and Ri =∑
j ̸=i |ai j| is the sum of the absolute

values of the non-diagonal elements in the i-th row. Therefore, the spectral radius of A
can be estimated as

ρ(A)≤ max
1≤i≤n

(|aii|+Ri). (3.10)

This method is based on the fact that the eigenvalues of a matrix are located within
the union of the Gershgorin disks, which are defined by the diagonal elements of the
matrix and the sum of the absolute values of the non-diagonal elements in each row.
Therefore, by computing the diagonal elements and the sum of the absolute values of the
non-diagonal elements for each row, an estimate of the spectral radius can be obtained.
This method is very efficient, as it only requires computing the diagonal elements and
the sum of the absolute values of the non-diagonal elements for each row, which can be
done in linear time with respect to the size of the matrix. This is depicted schematically
in Figure 3.3, where the eigenvalues of the matrix A are located within the union of the
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Gershgorin disks. The Bendixson rectangle is also depicted, which gives some insight
on the method’s accuracy.

A =
 −1 0.5 0.5

0.5 −2 0
−0.2 0.5 −3

 ℜ(z)
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ℑ(ρ(A))

ℜ(ρ(A))

Figure 3.3: Schematic illustration of the Gershgorin circle theorem. The eigenvalues of the matrix
A are located within the union of the Gershgorin disks. λ1, λ2, and λ3 are the eigenvalues of A,
while a11, a22, and a33 are the diagonal elements of A. The red, blue, and gray circles represent
the Gershgorin disks corresponding to the first, second, and third rows of A, respectively.

EigenCD [2] built on top of the Gershgorin circle theorem to compute the eigenbounds
of the convective and diffusive operators, which allows to compute the largest stable
timestep at every iteration. This method relies on the explicit construction of the
convective and diffusive operators, to which Theorem 1 is applied to compute the
eigenbounds. This core idea makes it applicable to a wide range of discretizations as
well as to both collocated and staggered grids, as it does not rely on any structure of the
operators. However, the explicit construction of the convective and diffusive operators
can be computationally expensive, especially for large-scale simulations, as it requires
explicitly constructing the matrices corresponding to these operators, which can be very
large and sparse.

To circumvent this issue, Trias et al. [3] proposed an efficient method for computing
the eigenbounds of the convective and diffusive operators based on the properties of
the discrete operators, which allows to compute the eigenbounds without explicitly
constructing the operators. This method, called AlgEigCD, relied on the offline construc-
tion of a matrix which purely depends on geometrical information rather than on the
flow field. Afterwards, in an online stage, this pre-computed matrix together with the
flow field information allows applying Theorem 1 to compute the eigenbounds of the
convective and diffusive operators without explicitly constructing these operators. This
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method has been shown to significantly reduce the computational cost of computing
the eigenbounds, while still providing accurate estimates of the largest stable timestep.
However, AlgEigCD is only applicable to collocated grids, as it relies on the structure of
the convective and diffusive operators for collocated grids. Therefore, in this chapter, an
extension of AlgEigCD to staggered grids is presented, which allows to efficiently com-
pute the eigenbounds of the convective and diffusive operators for staggered grids. This
extension is based on a careful analysis of the structure of the operators for staggered
grids, and it leverages the properties of the discrete operators to obtain an efficient
algorithm for computing the eigenbounds.

3.1.3 Extending AlgEigCD to staggered grids

The derivation of AlgEigCD in [3] relies on the structure of the convective and diffusive
operators for a collocated grid. However, for a staggered grid, the structure of these
operators is different, which prevents the direct application of this method. Therefore,
in this section, an extension of AlgEigCD to staggered grids is presented, which allows
to efficiently compute the eigenbounds of the convective and diffusive operators for
staggered grids. This extension is based on a careful analysis of the structure of the
operators for staggered grids, and it leverages the properties of the discrete operators
to obtain an efficient algorithm for computing the eigenbounds, which preserves the
core idea of the original AlgEigCD method, i.e., the offline construction of a matrix
which purely depends on geometrical information rather than on the flow field, and an
online stage where this pre-computed matrix together with the flow field information
allows applying Theorem 1 to compute the eigenbounds of the convective and diffusive
operators without explicitly constructing these operators.

Before delving into the details of the extension of AlgEigCD into staggered grids, it is
important to settle the base theorem used for AlgEigCD to simplify the estimates of the
eigenbounds of operators to simple algebraic operations. To preserve the idea from [3],
the same property is used

Theorem 2 (Theorem 1 in [3]). Let A ∈ Rn×m and B ∈ Rm×n be rectangular matrices
and m ≥ n. Then, the square matrices AB ∈ Rn×n and ATBT ∈ Rm×m have the same
eigenvalues except for the zero-valued ones.

In terms of the diffusive operator, a second-order symmetry-preserving operator can
be built by concatenating two first-order operators [5,9], which leads to

D = KΛS, (3.11)
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where K ∈ RNv×NF is a differencing matrix from staggered faces (NF ) to staggered
cells (Nv), Λ ∈RNF×NF corresponds to a diagonal matrix containing the diffusivities at
the staggered faces, and S ∈ RNF×Nv is a differencing matrix from staggered cells to
staggered faces. Thus, from [3] it follows that a family of α-dependent matrices can
be built using Theorem 2 such that their eigenbound is the same as the one from the
diffusive term (Eq. (3.11)). Hence, applying Theorem 2 with A = KΛα and B =Λ1−αS,

ΛαKT STΛ1−α. (3.12)

Therefore, the Gershgorin circle theorem can be applied straightaway to Eq. (3.12) as it
will have the same eigenbound as the diffusive term, which leads to

ρ(D)≤max{diag(Λα)◦ |KT ST |diag(Λ1−α)}, (3.13)

where ◦ denotes the Hadamard product.
The benefit of using this method instead of the Gershgorin circle theorem straight-

away to D is that |KT ST | can be build in a pre-process (offline) stage. Thus, every
timestep, assuming Λ varies as in a LES framework, only a sparse matrix-vector
product (SpMV) and possibly (if α ̸= 0) an elementwise vector-vector product (axty) should
be performed, opposite to needing to rebuild the matrix every step, as for EigenCD [2].

With regards to the convective term, its construction in a staggered framework is
defined generally as

C(u)u= K((Πu+yI )◦ (Au+yA)), (3.14)

where Π ∈RNF×Nv interpolates the fluxes to the staggered faces, and A ∈RNF×Nv inter-
polates the velocities to the staggered facs. Moreover, yI and yA apply the boundary
conditions to the interpolated fields to account for them. As yA does not have an asso-
ciated volume, it can be dropped for the stability analysis. However, the interpolated
boundary conditions vector yI is associated with faces and thus it cannot be dropped.
Therefore, the convective operator can be rewritten as

C(u)= KF A, (3.15)

where F = diag(Πu+yI ) ∈ RNF×NF is a diagonal matrix containing the fluxes at the
staggered faces. Trias et al. [3] showed that using Theorem 2 straight onto this definition
does not provide any benefits, as more entries are considered in the estimate. Instead,
they proposed a set of transformations to obtain a more efficient estimate. This method
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relies on the following theorems.

Theorem 3 (Perron-Frobenius (PF) theorem, [10, 11]). Given an irreducible matrix
A ∈Rn×n such that [A]i j ≥ 0, ∀i, j, it has a unique real and positive largest (in magnitude)
eigenvalue r ∈R+ and corresponding eigenvector with only positive entries, i.e.,

Av= rv⇒|λ| < r and vi > 0, ∀i ∈ {1, . . . ,n}, (3.16)

where λ denotes any eigenvalue of A except r, and r is the Perron-Frobenius eigenvalue.

Theorem 4 (Wielandt’s theorem, [12]). Given a matrix A satisfying Theorem 3, and a
matrix B ∈Rn×n such that |[B]i j| ≤ [A]i j, ∀i, j. Then, any λB satisfies |λB| ≤ r, where r is
the PF eigenvalue of A.

Theorem 5 (Nikiforov’s second Lemma, [13]). Let A ∈Rn×n be an irreducible, i.e. it is
not similar via a permutation of a block upper triangular matrix, and a non-negative
symmetric matrix R ∈Rn×n such that [R]ii =∑n

j=1 [A]i j and [R]i j = 0 if i ̸= j. Then,

ρ

(
R+ 1

q−1
A

)
≥ q

q−1
ρ(A), (3.17)

where the equality holds iff [R]ii = [R] j j for any combination of i and j.

Hence, Theorem 4 may be used to relate the eigenbound of the convective operator
and such from

AC ≡ |K ||F||A|, (3.18)

which corresponds to a symmetric positive matrix. Thus, by construction of AC , its
off-diagonal terms correspond to 2|C| as follows, AC,of f = AC −diag(diag(AC)) = 2|C|,
while the rowsums of AC,of f are equal to the diagonal terms of AC given the skew-
symmetry of C. Thus, AC,of f satisfies Theorem 3, which implies that it has a unique
largest eigenvalue. Hence, applying Theorem 4, this can relate the eigenvalues of |C|
and those from C. Thus, Theorem 5 can be applied to AC,of f and diag(diag(AC)) such
that, with q = 2, the left-hand side becomes ρ(AC). This leads to

ρ(AC)
Thm 5≥ 2ρ

(
AC,of f

)
= 4ρ(|C|) Thm 4≥ 4ρ(C), (3.19)

as in [3], yet with the matrices having a different definition given their staggered nature.
Now, applying Eq.(3.19) to the convective term, together with Theorem 2 and Gershgorin
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circle theorem, this leads to

ρ(C)≤ 1
4

max{diag(|F|α)◦ ||K |T |A|T |diag(|F|1−α)}. (3.20)

However, as presented in [3], the relevant operators are scaled by Ω−1. Therefore,
the eigenbounds of both convective and diffusive operators read

ρ(Ω−1D)≤max{diag(Λα)◦ |KTΩ−1ST |diag(Λ1−α)}, (3.21)

ρ(Ω−1C)≤1
2

max{diag(|F|α)◦ ||K |TΩ−1|A|T |diag(|F|1−α)}. (3.22)

The value of α can be optimized to minimize the eigenbounds, which can be done
efficiently by performing a line search in an interval defined by the user. In order to
provide a general estimate, a test with a two-dimensional shear-layer roll-up in a square
domain of side 2π has been performed [14], where the eigenbounds of the convective and
diffusive operators have been computed for different values of α and for different grid
sizes. The results are depicted in Figure 3.4, where it can be seen that the optimal value
of α is around 0, which corresponds to the original definition of AlgEigCD for collocated
grids.
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Figure 3.4: Eigenbounds of the convective (left) and diffusive (right) operators for different
values of α. The optimal value of α is around 0, which corresponds to the original definition of
AlgEigCD for collocated grids.
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Therefore, Eqs.(3.21)-(3.22) can be rewritten as

ρ(Ω−1D)≤max{|KTΩ−1ST |diag(Λ)}, (3.23)

ρ(Ω−1C)≤1
2

max{||K |TΩ−1|A|T |diag(|F|)}. (3.24)

3.2 Self-adaptive integration for ROMs

Scale-resolving simulations, i.e., Direct Numerical Simulation (DNS) and Large-Eddy
Simulation (LES), are generally prohibitively expensive for many practical applications,
especially for tasks that require many simulations such as control, design, optimization,
or uncertainty quantification [15]. ROMs try to alleviate the costs by projecting the
high-dimensional system onto a low-dimensional subspace, which is spanned by a few
basis functions [16–18]. The methodology for constructing the basis depends on the
characteristics of the problem. For instance, for a parameter-based problem, the basis is
built based on a greedy Reduced Basis algorithm [19,20]. For a time-dependent problem,
the basis is built based on the Proper Orthogonal Decomposition (POD) of a matrix of
snapshots of the solution [21–23].

While stability-aware adaptive step control has been thoroughly studied for the
high-dimensional system (the Full-Order Model (FOM)), it has not been fully explored
for ROMs. While several contributions have addressed stabilization techniques for
ROMs based on spectral considerations [24], the use of adaptive timestepping for ROMs
has been limited to extending the classical CFL condition, yet no spectral analysis
has been performed to determine the stability limits of the ROMs. In this section, a
novel approach for self-adaptive integration of ROMs based on a spectral analysis of the
ROM’s Jacobian matrix is presented. It is shown that this approach can significantly
improve the stability, while preserving their accuracy and also reducing computational
costs.

Even though lots of work has been done on the construction of ROMs applied to
CFD: closure models [25,26], structure-preserving operators [27,28], hyper-reduction
techniques [29, 30], or stabilization [31–33]; little effort has been put to finetune the
timestep to maximize the performance of the ROM. Sanderse [15] indicated the use
of the Gershgorin circle theorem as a possible way to determine the stability limits
of ROMs, yet no tests were performed to validate this approach. In this section, the
vision from this paper is realized in an intrusive context, i.e., the ROM is constructed by
projecting the governing equations onto a low-dimensional subspace, by implementing a
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stability-based adaptive timestepping. This aligns with efforts in other fields, such as
structural mechanics, where extensive analysis of the stability conditions for projection-
based ROMs has been performed [34].

Therefore, in this section, the goal is to bridge the gap between self-adaptive timestep-
ping techniques tailored for scale-resolving CFD simulations [2, 3] and ROMs, as ac-
cording to Bach et al. [34], it should be possible to generally obtain larger timesteps
compared to the FOM. This is supported by recent developments across various ROM
paradigms, which have demonstrated the ability to maintain stability and qualitative
physics at temporal resolutions coarser than the FOM [35–38]. Thus, the potential
benefit of this approach is twofold: (i) it can significantly reduce the computational
cost of ROMs by allowing for larger timesteps, and (ii) it can improve the stability
and accuracy of ROMs by ensuring that the timestep is chosen based on the spectral
properties of the ROM’s Jacobian matrix. This extension, however, should not break the
leitmotif of reduced-order modeling [39], which is to avoid online FOM-size operations,
which break the efficiency of the ROM.

3.2.1 Energy-conserving POD-Galerkin ROMs

The ROM considered in this section follows the ODE-based projection approach [40],
where the PDE is first discretized in space, and afterwards is projected to the subpsace
obtained with POD [15]. This approach, called "discretize first, then project", is depicted
in Figure 3.5 with thick lines. The alternative approach, "project first, then discretize",
is depicted with fine lines. Depicted in dashed lines is the approach taken to calculate
the snapshots, which are used to build the POD basis.

Full-model PDE Reduced model PDE
Projection

Full-model ODE Reduced model ODE

Spatial discretization Spatial discretization

Projection

Full-model DDE Reduced model DDE

Temporal discretization Temporal discretization

Projection

Snapshots

Figure 3.5: This section’s approach for energy-conserving POD-Galerkin ROMs. Adapted
from [15]. The thick lines indicate the steps that are performed with this approach, while the fine
lines indicate the steps that are not performed.
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Let the velocity vector be defined as u ∈ RNv . Its POD-Galerkin approximation is
obtained by the Ansatz

uc(t)≈ur(t)=Φa(t), (3.25)

where Φ ∈ RNv×M is the projection matrix, and a ∈ RM is the coefficient vector, where
M is the number of modes of the ROM. The projection matrix is obtained from the
so-called snapshot matrix X , which contains K snapshots of the velocity field, i.e.,
X = [uc(t1),uc(t2), . . . ,uc(tK )] ∈RNv×K , which are obtained from a numerical solution of
Eqs.(2.1)-(2.2) (also known as the FOM).

Construction of the POD basis The POD basis arises from the solution of the eigenvalue
problem [41]

RΦ j =λ jΦ j, (3.26)

where R is a correlation marix between the velocity field and Φ j is the j-th column of
the POD basis. Namely, by definition,

R = 1
T

∫ T

0
u(t)u(t)T dt, (3.27)

where T is the total time of sampling. As ∆t is non-constant when performing self-
adaptive timestepping in the FOM, the integral form of Eq.(3.27) does not reduce to the
classical R = X X T correlation matrix. Instead, the integral yields a weighted correlation
matrix, where the weights are given by the time steps used to sample the snapshots.
Introducing ∆ ∈RK×K as a diagonal matrix containing ∆tk/T in its k-th diagonal entry,
the correlation matrix can be written as

R = X∆X T = X̃ X̃ T , (3.28)

where X̃ = X∆1/2 is the weighted snapshot matrix. Therefore, the POD basis can be
obtained from the Singular Value Decomposition (SVD) of X̃ , which is computationally
more efficient than solving the eigenvalue problem for R.

To consider the weighted orthornomality condition assumed by Sanderse [15], the
weighted and unweighted problems are related by Φ = Ω−1/2Φ̂, where Φ̂ is the un-
weighted POD basis obtained from the SVD of X̃ . Therefore the snapshot matrix is also
related in such a way that X̂ =Ω1/2 X̃ =Ω1/2X∆1/2. Hence Φ̂ is a product of the SVD of
X̂ , i.e.,

X̂ = Φ̂ΣΨ∗. (3.29)
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Hence, the columns of Φ̂, denoted by Φ̂ j correspond to the eigenvectors of X̂ X̂ T . Thus,
the procedure to obtain Φ is as follows: (i) obtain snapshots of the velocity field to build
X and as a consequence X̂ , (ii) perform the SVD of X̂ to obtain Φ̂ and as a consequence
Φ, (iii) truncate Φ to the given number of modes M. For more details on the construction
of the POD basis, see [15].

Projection of the FOM Given Φ and the Ansatz, both mass and momentum equa-
tions from Eqs.(2.1)-(2.2) are projected onto the subspace spanned by Φ. Concerning
mass conservation, this is preserved automatically if the snapshots are divergence-free
(MX j = 0), regardless of a [15]. For the momentum equation, the projection will consider
homogeneous boundary conditions. Otherwise, the reader is referred to Rosenberger
and Sanderse [27] for a method that considers inhomogeneous boundary conditions. The
projection of the momentum equation yields

da
dt

=−ΦTC(Φac)Φa+ΦT DΦa+ΦTf, (3.30)

where the weighted orthonormality condition ΦTΩΦ= I has been used. Here, a stands
for the convected velocity in the reduced space while ac stands for the convecting
velocity in the reduced space. This linearization of the convective term, in explicit
integration, follows a Picard linearization, where the convecting velocity is fixed to the
latest available solution. This difference between the convecting and convected velocity
is, therefore, a consequence of this linearization, and ensures the framework remains
generalizable to non-autonomous transport equations, where the convecting velocity is
not necessarily the solution of the system, yet a prescribed function of space and time.
The pressure term has been dropped as it is exactly zero due to the divergence-free
condition of the snapshots, as shown by

ΦTGp=−ΦTΩMTp= (MΩΦ)Tp= 0. (3.31)

The procedure to build the reduced convective term, ΦTC(Φac)Φa depends on op-
erations at the FOM level in an online phase, which break the efficiency of the ROM.
This is circumvented following the works of Stabile and Rozza [39], which rewrote the
convective term as

ΦTC(Φac)Φa≡ [ΦTC(Φ1)Φ︸ ︷︷ ︸
Cr,1

Cr,2 . . . Cr,M](ac ⊗a)= Cr(ac ⊗a)=
(

M∑
i=1

ac,iCr,i

)
a. (3.32)
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With this approach, all FOM-size operations are performed offline to construct Cr,i,
which keeps the complexity of online operations at ROM level. This allows to rewrite
Eq.(3.30) as

da
dt

=−Cr(ac ⊗a)+Dra+Fr,0, (3.33)

where Dr =ΦT DΦ and Fr,0 is a constant term that arises from the projection of source
terms. This algorithm results in a computational complexity of O (M3). While not being
the most efficient approach, usually the required number of modes M is low enough
so that performing operations of this complexity is acceptable. In addition, the use of
hyperreduction techniques in case of higher values of M should be considered to reduce
the complexity to O (M2) for the convective term.

Following the procedure from Rosenberger and Sanderse [27], which include non-
homogeneous boundary conditions, the ROM can be rewritten as

da
dt

=−Cr(ac ⊗a)−Chom,bc(a⊗abc)+Dra+Fr,0, (3.34)

where Chom,bc is the matrix containing the reduced contribution of the boundary condi-
tions to the convective term, and abc are the coefficients of the boundary condition at
time t [27]. Therefore, the linear contribution from the convective term in a is given by

Cl(t)=
∂Chom,bc(a⊗abc)

∂a
= Chom,bc(I⊗abc(t))=

[Chom,bc,1 Chom,bc,2 . . . Chom,bc,M]abc(t)=
Mbc∑
i=1

abc,i(t)Chom,bc,i. (3.35)

3.2.2 Generalizing the stability-based adaptive timestepping to ROMs

As for stability-based adaptive timestepping for FOMs, the main idea is to compute
the eigenbounds of the system’s linearized operators. Since the convection operator
depends on the current velocity, its eigenbounds need to be computed at each timestep.
The diffusion operator, however, is constant in time for DNS, so its eigenbounds can be
computed once at the beginning of the simulation.

To preserve the efficiency gain achieved by the adaptive timestepping, the computa-
tional costs of this eigenbound computation should be negligible compared to the cost of
performing a single timestep. Therefore, the computational cost should not exceed the
algebraic complexity of the ROM, which is O (M3) for the convective term. In a hyper-
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reduction framework, this reduces to O (M2), which is the cost of performing a single
timestep. Therefore, the eigenbound computation should not exceed a computational
complexity of O (M2) in its online phase.

The exact computation of the eigenvalues of a matrix in RM×M has a computational
cost of O (M3), which is not acceptable for our purposes [42–44]. As an alternative,
Gershgorin’s cricle theorem can be applied to the reduced operators as for EigenCD [2],
which has a computational cost of O (M2) for dense matrices, as it only requires the
computation of the sum of the absolute values of the entries of the matrix. This
estimate can be quite inaccurate and hence result in timesteps significantly smaller
than the largest stable timestep based on the exact eigenbounds. Another alternative is
AlgEigCD, which leverages the structure of the convective and diffusive operators. The
concept behind AlgEigCD is approximating the eigenbounds of the operators by finding a
factorization H = AB such that the eigenbound of ATBT can be approximated efficiently.
The reduced operators, however, have the form H = ΦT HF , where HF is the FOM
operator. Following AlgEigCD, the eigenbound of this matrix H can be approximated
by the eigenbound of H∗ = (ΦT AF )T (BFΦ)T , where AFBF is a factorization of HF . In
contrast to H, H∗ is a matrix of FOM dimension, which has an eigenbound estimation
more expensive than that of H. Thus, such a transfer does not result in an efficient
method, as it breaks the leitmotif of reduced-order modeling, which is to avoid online
FOM-size operations. Therefore, a new approach that exploits the structure of the
reduced operators is presented in this section, which allows to obtain an efficient
estimation of the eigenbounds of the reduced operators without performing any FOM-
size operation.

Concerning the diffusive operator, the application of the exact calculation of the
eigenvalues is straightforward, as the diffusive operator at the ROM level is built as
ΦT DΦ, and it is a real symmetric matrix. Thus, its eigenvalues are real, and the
eigenbound ρ(Dr) can be exactly computed in an offline stage, as a computational
complexity of O (M3) is acceptable in the offline phase. On the other hand, the convective
term is going to be split into the linear and the quadratic contribution. With respect to
the latter, as defined in Eq.(3.33), the quadratic contribution to the convective term is
given by Cr(ac ⊗a). Its Jacobian matrix obtained via Picard linearization is given by

JC = ∂Cr(ac ⊗a)
∂a

=
M∑

i=1
ac,iCr,i, (3.36)

which yields a skew-symmetric Jacobian iff Cr,i is skew-symmetric for all i. Note that ac
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changes at each timestep, but Cr,i does not as it only depends on Φi, which is constant
in time. Therefore, the eigenbound of the Jacobian of the quadratic contribution to the
convective term can be approximated by exploiting that eigenbounds are subadditive,
which yields

ρ(JC)≤
M∑

i=1
|ac,i|ρ(Cr,i), (3.37)

where ρ(Cr,i) can be exactly computed offline. This approach is efficient as it only
requires the computation of the sum of the absolute values of the entries of Cr,i, which
has a computational cost of O (M), as it corresponds to a dot product. This complexity is
negligible compared to the O (M3) cost of performing a single timestep, which is the cost
of the ROM.

On the other hand, the linear contribution is in general neither symmetric nor
skew-symmetric, as it depends on the boundary conditions. Therefore, the eigenvalues
of the Jacobian of the linear contribution, Cl(t), can be complex and time-dependent. As
the contribution does not have a predefined structure, it is split into its symmetric and
skew-symmetric part, which are defined as

CS
hom,bc,i =

1
2

(Chom,bc,i +CT
hom,bc,i), (3.38)

CΩ
hom,bc,i =

1
2

(Chom,bc,i −CT
hom,bc,i), (3.39)

and will contribute to the real and imaginary part of the global eigenbound, respectively.
Following the same approach as for the quadratic contribution, the eigenbound of the
Jacobian of the linear contribution can be approximated by

ρ(CS
l (t))≤

Mbc∑
i=1

|abc,i(t)|ρ(CS
hom,bc,i), (3.40)

ρ(CΩ
l (t))≤

Mbc∑
i=1

|abc,i(t)|ρ(CΩ
hom,bc,i), (3.41)

where ρ(CS
hom,bc,i) and ρ(CΩ

hom,bc,i) are exactly computed offline.
Hence, this new approach to estimate the eigenbounds used to determine the largest
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stable timestep for the ROM is given by

ℜ(λF )≤ ℜ̃(λF ) := ρ(Dr)+
Mbc∑
i=1

|abc,i(t)|ρ(CS
hom,bc,i), (3.42)

ℑ(λF )≤ ℑ̃(λF ) :=
M∑

i=1
|ac,i|ρ(Cr,i)+

Mbc∑
i=1

|abc,i(t)|ρ(CΩ
hom,bc,i). (3.43)

With all these ingredients, the stability-aware adaptive timestepping method for
ROMs, RedEigCD, can be summarized in Algorithm 1, where T is the total time of the
simulation.

Algorithm 1 Stability-aware self-adaptive timestep method for ROMs (RedEigCD)
Offline stage:

1: Compute Φ from snapshots.
2: Compute Dr as ΦT DΦ.
3: Compute Cr,i as in Eq.(3.33) for i = 1, . . . , M.
4: Compute Cl,i as in Eq.(3.35) for i = 1, . . . , Mbc.
5: ⋆ Compute ρ(Dr) and ρ(Cr,i) for i = 1, . . . , M.
6: ⋆ Compute ρ(CS

l,i) and ρ(CΩ
l,i) for i = 1, . . . , Mbc.

Online stage:
1: Set t = 0, a= a0, ∆t =∆t0.
2: while t < T do
3: ⋆ Compute ℜ̃(λF ) and ℑ̃(λF ) as in Eq.(3.43).
4: ⋆ Compute zmax with the bisection method.
5: ⋆ Compute ∆t as in Eq.(3.5).
6: Advance Eq.(3.34) in time with the chosen time integration scheme.
7: t = t+∆t

⋆ Steps required for an adaptive time integration with RedEigCD.

The operational differences between the proposed framework and classical stability-
aware adaptive timestepping methods for FOMs are displayed in Table 3.1. The main
difference is that the eigenbound estimation for the ROM is performed at a much lower
computational cost compared to the FOM, which allows to perform stability-aware
adaptive timestepping for ROMs without breaking their efficiency. In addition, the use
of the exact eigenvalues for the diffusive term at the ROM level allows to obtain a more
accurate estimation of the eigenbounds, which can result in larger stable timesteps
compared to using Gershgorin’s circle theorem.
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Table 3.1: Description and comparison of computational complexity (offline vs. online) for EigenCD,
AlgEigCD, and the proposed RedEigCD method.

Method Description Online Offline

EigenCD [2] Applies Gershgorin to the explicit
Dr,Cr(a) operators. Inaccurate for dense
matrices in a reduced framework.

O (M2) 0

AlgEigCD [3] Relies on the structure of Dr,Cr(a) to
reduce the eigenvalue computation to a
matrix-vector product of FOM size.

O (NF ) O (NF )

RedEigCD (proposed) Uses the tensorial decomposition to sim-
plify the eigenvalue calculation for Cr(a).
Uses the exact eigenvalues for Dr.

O (M) O (M3)

3.2.3 Analytical stability analysis of ROMs

In practice, it has been observed that ROMs are stable for larger timesteps than the
FOM. As noted by Baiges et al. [45], timestep stability limits for ROMs can exceed
Courant numbers of 1, opposite to the FOM. Intuitively, cutting off some of the highest
spatial frequencies, which are represented by the smallest singular values, would
imply removing some of the most rapid modes. These are the modes that determine
the system’s stiffness, and thus are the most restrictive modes in terms of stability.
By eliminating these modes, the stability constraint is more relaxed, and thus larger
timesteps can be taken.

Bach et al. [34] analyzed the stability of projection-based ROMs compared to FOMs
for linear elasticity problems which are linear problems with real symmetric matrices
(like diffusion), where the timestep at the ROM level is demonstrated to be at least as
large as the timestep at the FOM level, yet usually larger. To provide a mathematical
explanation for this phenomenon, the Poincaré separation theorem was used, which
reads as follows:

Lemma 1 (Poincaré separation theorem [46, 47]). Let V ∈ Rm×k, where k ≪ m, be
a matrix with orthonormal column vectors, i.e., V TV = Ik. Let A ∈ Rm×m be a real
symmetric matrix. Then, the eigenvalues of V T AV separate the eigenvalues of A such
that

λi ≤µi ≤λm−k+i, i ≤ k, (3.44)
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where λi denotes the eigenvalues of A, and µi denotes the eigenvalues of V T AV , ordered
in non-decreasing order.

λ1 λ2 λ3 . . . λk−1 λk λk+1 . . . λm−1 λm

µk ∈ [λk,λm]

µk−1 ∈ [λk−1,λm−1]

Figure 3.6: Graphical representation of the range of reduced eigenvalues µi with respect to the
full eigenvalues λi according to the Poincaré separation theorem.

At the limit, i = k, the value µk denotes the eigenbound of V T AV . According to
Lemma 1, µk is bounded by λm, which is the eigenbound of A. For the sake of clarity,
this has been represented graphically in Figure 3.6. This theorem can be applied
straightforwardly to the diffusive operator and shows that ρ(Dr)≤ ρ(D), as the diffusive
operator corresponds to a real symmetric matrix, and Φ is an Ω-orthonormal matrix.
Therefore, Lemma 1 holds as its result is not altered if the basis fulfills V TΩV = Ik

instead of V TV = Ik [34].
In contrast, the convective operator corresponds to a non-symmetric matrix, and

thus Lemma 1 does not hold. Therefore, the stability of ROMs for larger timesteps
than FOMs cannot be explained by the Poincaré separation theorem. Therefore, the
work of Bach et al. [34] is extended to the case of ROMs with non-symmetric operators.
To do so, the work of Rao [48] is employed, which extends the Poincaré separation
theorem to singular values instead of eigenvalues, and thus holds even for the case of
non-symmetric matrices.

Lemma 2 (Poincaré separation theorem for singular values [48]). Let A ∈ Rm×n. Let
B ∈Rm×k and C ∈Rn×r be orthonormal matrices, i.e. BTB = Ik and CTC = Ir. The i-th
singular value of A is denoted by σi in increasing order, as for the Poincaré separation
theorem. Moreover, σ̃i denotes the i-th singular value of BT AC. Then, the following
inequality holds:

σi ≤ σ̃i ≤σm̃−i+1, for 1≤ i ≤min(r,k), (3.45)

where m̃ =min(m,n).

Let, then, A be a square matrix and B = C. In the current case, A = C(u), and B =Φ.
Hence, this theorem can be applied to the convective term by making use of the fact
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that the singular values of a real skew-symmetric matrix correspond to the absolute
values of the eigenvalues, which suffices to estimate the eigenbound of the operator, as
defined by Lemma 3.

Lemma 3. Let A ∈ Cn×n be a normal matrix (i.e. A∗A = AA∗). Let λ1, . . . ,λn be the
eigenvalues of A, listed with algebraic multiplicity. Let σ1, . . . ,σn be the singular values
of A (the nonnegative square roots of the eigenvalues of A∗A), also listed with multiplicity.
Then, the singular values are the absolute values of the eigenvalues:

{σ1, . . . ,σn}= {|λ1|, . . . , |λn|}. (3.46)

Proof. As A is a normal matrix, it can be diagonalized with a unitary matrix U , which
is a set of orthonormal eigenvectors such that U∗U = I, and a diagonal matrix Λ, which
has the eigenvalues of A as entries, i.e. Λ= diag(λ1, . . . ,λn) [49, pp. 101–103]. Therefore,

A =UΛU∗. (3.47)

Then, A∗A can be written as

A∗A = (UΛU∗)∗(UΛU∗)=UΛ∗U∗UΛU∗ =UΛ∗ΛU∗, (3.48)

where Λ∗Λ= diag(λ∗
1λ1, . . . ,λ∗

nλn)= diag(|λ1|2, . . . , |λn|2). Therefore,

A∗A =Udiag(|λ1|2, . . . , |λn|2)U∗. (3.49)

Then, the i−th column of U, ui, is going to be an eigenvector of A∗A with eigenvalue
|λi|2, since A∗Aui =ui|λi|2. By definition, the singular values of A are the eigenvalues
of A∗A. Therefore, it shows that Eq.(3.46) holds and, with a proper reordering,

σi = |λi|, ∀i. (3.50)

Hence, the inequality can be rewritten for r = k, m = n with i = k to estimate the
eigenbound of the convective term, which reads as follows,

σk ≤ σ̃k ≤σm−k+1 ≤σm, (3.51)

as graphically represented in Figure 3.7.
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σ1 σ2 . . . σk−1 σk . . . σm−k σm−k+1 . . . σm

σ̃k ∈ [σk,σm−k+1]

σ̃k−1 ∈ [σk−1,σm−k]

Figure 3.7: Graphical representation of the range of reduced singular values for i = k and
i = k−1, in red, according to the Poincaré separation theorem for singular values.

Compared to Lemma 1, Eq.(3.51) does include the inequality σm−k+1 ≤ σm, as
Lemma 2 bounds the singular values of the reduced matrix with σk and σm−k+1 as
shown in Fig.3.6, yet by the assumed order of the singular values σm−k+1 ≤ σm. As
stated by Lemma 3, for a normal matrix such as the convective operator, given its
skew-symmetry, results in terms of singular values can be translated to eigenvalues.
Thus, the eigenvalues of C(u) are greater than those of Cr(a). Therefore, ρ(Cr)≤ ρ(C).

As Eq.(3.43) indicates, the magnitude of the relevant eigenvalue in the ROM is
determined by the contributions of both diffusive and convective term. Thus, the
following theorem can be stated.

Theorem 6. Let ∆tROM be the largest stable timestep for the ROM given a state a, and
∆tFOM the largest stable timestep for a state u that is in the span of Φ, e.g. u=Φa, both
using the same explicit time integration scheme. Then, ∆tROM ≥∆tFOM.

Proof. Let λF,FOM = ρ(D)+ iρ(C(u)) be the eigenvalue of the FOM, and λF,ROM be
calculated as in Eq.(3.43). As shown above, ρ(Dr)≤ ρ(D) (Lemma 1). Moreover, given
u =Φa is the FOM equivalent of a, ρ(Cr) ≤ ρ(C) (Lemma 2). Therefore, ||λF,FOM|| ≥
||λF,ROM||, where || · || denotes the complex modulus. Let ∆t be calculated as in Eq.(3.5).
As the stability region of the explicit time integration scheme is fixed, and ∆t is inversely
proportional to ||λF ||, then ∆tROM ≥∆tFOM.

Remark 1 (Applicability to time-integration). Strictly speaking, Theorem 6 guarantees
∆tROM ≥∆tFOM only when the convective field is identical for both FOM and ROM (i.e.
u =Φa). In a practical time-integration scenario, the ROM trajectory ur =Φa(t) will
deviate from the FOM solution u(t). Consequently, a rigorous inequality cannot be
guaranteed for t > 0.

However, Theorem 6 serves as a strong theoretical proxy for the stability behavior of
the ROM. Since the projection Φ inherently removes the high-frequency modes associated
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with the largest eigenvalues of C(u), the inequality ρ(Cr) < ρ(C) is expected to hold
robustly in practice. The theorem thus provides the structural justification for the
increased stability limits observed in numerical experiments, even in the presence of
trajectory divergence.

3.2.4 Numerical experiments

The proposed RedEigCD method is applied to two different fluid flow test cases. First of
all, the robustness of the method in a case with periodic boundary conditions, namely
the shear-layer roll-up, is presented. Moreover, the evolution of the maximum stable ∆t
for different numbers of modes is presented, and compared with the maximum stable
∆t using AlgEigCD. In the second case, the influence of non-homogeneous boundary
conditions on the preservation of stability is considered for the unsteady wake behind
an actuator disk [15]. Both test cases have been run using the classical explicit fourth-
order RK scheme applied to a two-dimensional incompressible flow solver [14,50]. Both
methods have been run for M = [16,32,64,128,200] modes. Table 3.2 summarizes the
main characteristics of the test cases.

Table 3.2: Summary of the methods considered in this work.

Case Method Description / Purpose
A FOM+AlgEigCD Full-order model with staggered AlgEigCD (3.1.3); used as

reference.

B ROM+RedEigCD ROM with proposed self-adaptive timestep method.

C ROM+constant ROM with constant ∆t; used to compare accuracy of
ROM+RedEigCD.

D Best ROM Best approximation ROM (Eq. (3.53)) with constant ∆t;
used to verify ∆tROM >∆tFOM throughout simulation.

Shear-layer roll-up In this case, the roll-up of a shear layer has been simulated in
a square domain of side length 2π with full-periodic boundary conditions. The initial
condition is given by

u0(x, y)= 1+
 tanh

(
y−π/2
δ

)
, y≤π,

tanh
(

3π/2−y
δ

)
, y>π,

v0(x, y)= ϵsin(x), (3.52)
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where δ=π/15 is the initial thickness of the shear layer, and ϵ= 1/20 is the amplitude of
the perturbation. The Reynolds number is set to Re = 1000. The FOM discretization
used for this case employs 100×100 finite volumes, with variable timestep computed
using AlgEigCD (Section 3.1.3). The snapshots are collected for t = 0 to t = 20 from Case

A (Table 3.2). Figure 3.8 shows the decay of the singular values for this case.
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M
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Figure 3.8: Decay of the singular values for the shear-layer roll-up case for Re= 1000 up to
M = 200.

Moreover, note that even for the largest number of modes considered, M = 200, where
the singular values have decayed up to O (10−9), the number of degrees of freedom has
notably reduced compared to those of the FOM, which is 3×104, considering both velocity
components and the pressure. The simulation has been run for Case B (ROM+RedEigCD)
with the number of modes previously stataed and the evolution of ∆t is compared with
Case A.

Figure 3.9 (left) shows that the adaptive timestepping method is effecive in providing
a larger timestep for the FOM than for the ROM, as expected from Theorem 6, as even
for the largest number of modes considered, the timestep for the ROM and the timestep
for the FOM are of similar value, leading to a ratio of around 1 for the whole simulation.
Depending on the current flow physics and the number of modes, this timestep can be
up to 9 times larger than for the FOM, which significantly accelerates the simulation by
notably reducing the number of required timesteps. Moreover, the ratio of timesteps
converges to 1 for increasing the ROM dimension, as expected from Theorem 6, as the
eigenvalues of the ROM operators interlace with those of the FOM. Physically, this
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Figure 3.9: Timestep ratio between Case B and Case A up to t = 20 (left) and evolution of the
imaginary eigenbound estimate (right) for the roll-up of a shear-layer at Re= 1000 for different
numbers of modes.

is driven by the inclusion of higher-index POD modes, which capture steeper spatial
gradients. Therefore, the ROM’s stability constraints monotonically approach the FOM
limit.

Concerning the time-evolution of ρ(C) (Figure 3.9 right), the expected behaviour
as theoretically derived in Section 3.2.3 is observed, as the eigenbound of the reduced
convective term steadily increases with the number of modes. For M = 200, however, in
some points the imaginary eigenbound for the ROM is larger than that of the FOM. The
reason for this mismatch with theory reported for M = 200 is as follows. While Section
3.2.3 considers that the given matrix at FOM level and its reduced counterpart are
evaluated at the equivalent state vector u. However, in a ROM simulation at a given
t, the reduced velocity ur(t) =Φa(t) is not identical to its FOM counterpart u(t), and
therefore both velocity fields lead to non-identical convective operators. Given these
differences, Lemma 2 acts as an approximation, and thus the eigenbound of the ROM
can be larger than that of the FOM at some points.

Therefore, to test if the ∆t at ROM level using the equivalent state vector is always
larger than the one for the FOM actually holds, the best approximation ROM [15] is
computed, which is defined as the ROM obtained by projecting the FOM snapshots onto
the subspace spanned by the first M POD modes, i.e.,

abest =ΦTΩu(t), (3.53)
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which should fulfill Theorem 6 throughout the whole simulation as both C(u) and
Cr(abest) are evaluated at the equivalent state vector. Hence, the reduced convective
and diffusive operators for every snapshot have been constructed and the eigenbounds
using the RedEigCD method have been computed. As shown in Figure 3.10, the result
from Theorem 6 is verified, as the timestep for the best approximation ROM is always
larger than the one for the FOM, even for M = 200. Moreover, the timestep ratio for
the best approximation ROM converges to 1 for increasing the number of modes, as
expected from Theorem 6, as the eigenvalues of the ROM operators interlace with those
of the FOM. Physically, this is driven by the inclusion of higher-index POD modes,
which capture steeper spatial gradients. Therefore, the ROM’s stability constraints
monotonically approach the FOM limit.
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Figure 3.10: Evolution of the timestep ratio for the best approximation ROM (Eq.(3.53)) for the
roll-up of a shear-layer at Re= 1000 for different numbers of modes.

Figure 3.11 shows that the errors for Case B and Case D have the same magnitude
regardless of the number of modes (M = 16, left; M = 200, right). Thus, the use of the
proposed stability-aware adaptive timestepper does not alter the accuracy of the ROM
compared to using a constant timestep, as the error is dominated by the projection error,
which is the same for both cases. In this case, ∆t for Case C is set to 0.01, as in the test
case from [15]. To isolate the temporal accuracy of the stability-controlled ROM from
the spatial truncation error, the reduced error relative to the projected FOM abest is
computed, which is defined as

ε(atest(t))= ||atest(t)−abest(t)||2
||abest(t)||2

, (3.54)
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where atest is the state vector of the ROM with either RedEigCD or constant ∆t. As
shown in Figure 3.11, the error for both cases is of the same order of magnitude, which
confirms that the use of the proposed stability-aware adaptive timestep method does
not alter the accuracy of the ROM compared to using a constant timestep, as the error is
dominated by the projection error, which is the same for both cases. Moreover, it can be
observed that for M = 16 (left), the error is larger than for M = 200 (right), as expected
from the decay of the singular values shown in Figure 3.8, as more modes are included
in the ROM and thus more spatial frequencies are captured, which leads to a smaller
projection error.
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Figure 3.11: Evolution of the relative error with respect to the best approximation for Case B

and Case C for M = 16 (left) and M = 200 (right) for the roll-up of a shear-layer at Re= 1000.

Flow through an actuator disk In this case, the air flow around a wind turbine is
modelled as in [27]. The geometrical domain is [0,10]× [−2,2], with a time-dependent
prescribed inlet velocity at the left boundary, which is given by

u(0, y, t)= cos(α(t)), v(0, y, t)= sin(α(t)), α(t)= π

6
sin

(
t
2

)
. (3.55)

The other boundaries correspond to an outflow condition [14, Section 6.4.2]- The
wind turbine has been modelled using an actuator disk of diameter 1, placed at (2,0),
which corresponds to a momentum sink modelled as a constant force f = 0.25 acting in
the negative x-direction. The initial conditions for this case are

u0(x, y)= 1, v0(x, y)= 0. (3.56)
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The Reynolds number is 100. The FOM discretization used for this case employs
200×80 finite volumes, with variable timestep computed using AlgEigCD (Case A). The
numerical tests performed correspond to those of Table 3.2. Snapshots have been
collected for t = 0 to t = 8π from Case A. Figure 3.12 shows the decay of the singular
values for this case, which follow the same trend as in the previous case, with a notable
decay up to M = 200.
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Figure 3.12: Decay of the singular values for the flow through an actuator disk case for Re= 100
up to M = 200.

The new stability-aware adaptive timestepper is effective in increasing the timestep
while maintaining stable solutions for non-homogeneous boundary conditions as shown
in Figure 3.13 (left), where the timestep ratio between Case B and Case A is shown. For
this case, depending on the flow conditions and number of modes, the timestep for the
ROM can be up to 40 times larger than for the FOM, thus leading to significantly faster
simulations. Moreover, as expected from Section 3.2.3, the timestep ratio converges to 1
for increasing the ROM dimension, as the eigenvalues of the ROM operators interlace
with those of the FOM. As it can be observed in Figure 3.13 (right), the eigenbound of the
whole F =−Cr(ac)+Cl +Dr steadily increases with the number of modes, as expected
from Section 3.2.3. Opposite to the shear-layer case, for M = 200 the eigenbound of the
ROM is always smaller than that of the FOM, which is consistent with the theoretical
results from Section 3.2.3. Note that in this case, the presence of non-homogeneous
boundary conditions contributes for both real and imaginary eigenbounds, this being
the reason why the whole eigenbound is depicted in Figure 3.13 (right) instead of only
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the imaginary part as in the shear-layer case.
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Figure 3.13: Timestep ratio between Case B and Case A up to t = 8π (left) and evolution of the
eigenbound estimate (right) for the numerical simulation of a wind field of Re= 100.

The magnitude of the ROM error, computed with Eq.(3.54), is not affected by the
variable ∆t compared to the Case C, where ∆t is set to 4π/200 according to the results
from [15], as shown in Figure 3.14 for M = 16 (left) and M = 200 (right).

3.2.5 Accuracy of the eigenbound estimates

A crucial aspect of RedEigCD is the accuracy of the eigenbound estimates, as they directly
influence the stability and thus the maximum timestep allowed. This has been studied
for both the test cases from Section 3.2.4 by comparing the eigenbound estimates ob-
tained from RedEigCD with those obtained from a direct computation of the eigenvalues
of the reduced operators, which is feasible for the ROM dimensions considered in this
work. The results have also been compared with the eigenbound estimates obtained by
applying Gershgorin’s cricle theorem directly to aiCr,i, which would replicate EigenCD

at the ROM level, and thus would be the most straightforward way to compute the
eigenbound estimates for the ROM. As shown in Figure 3.15, the eigenbound estimates
obtained from RedEigCD are in good agreement with those obtained from direct eigen-
value computation, while the estimates obtained from Gershgorin’s circle theorem are
notably more conservative, especially for an increasing number of modes, which is
consistent with the expected deterioriation of the estimates from Gershgorin’s circle
theorem for increasing matrix dimensions in dense matrices. The accuracy of the eigen-
bound estimates from RedEigCD is crucial to ensure that the adaptive timestep method
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Figure 3.14: Evolution of the relative error with respect to the best approximation for Case B

and Case C for M = 16 (left) and M = 200 (right) for the numerical simulation of a wind field of
Re= 100.

is effective in providing a larger timestep for the ROM than for the FOM, as shown in
Figures 3.9 and 3.13.

To compute an overall error between the eigenbound estimates from RedEigCD and
those from direct eigenvalue computation, the relative error is computed as

εest =
||λaiCr,i −λest||∞

||λaiCr,i ||∞
, (3.57)

where λaiCr,i are the eigenvalues of aiCr,i obtained from direct eigenvalue computation,
and λest are the eigenbound estimates obtained from RedEigCD or Gershgorin’s circle
theorem. The results show that the relative error for RedEigCD is around a 15% larger for
the shear-layer case and a 35% larger for the actuator case, while for the Gershgorin’s
circle theorem, these errors are around a 353% and a 288%, respectively. Therefore,
estimating the eigenbounds for both cases using RedEigCD leads to a notably smaller
error compared to using Gershgorin’s circle theorem, which is crucial to ensure the
effectiveness of the adaptive timestep method in providing a larger timestep for the
ROM than for the FOM, on top of the fact that RedEigCD’s computational complexity is
limited to O (M) instead of Gershgorin’s O (M2).
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Figure 3.15: Comparison of the eigenbound estimates obtained from RedEigCD, Gershgorin’s
circle theorem, and direct eigenvalue computation for the roll-up of a shear-layer at Re= 1000
(left) and the flow through an actuator disk at Re= 100 (right) for different numbers of modes.

3.2.6 Computational performance of RedEigCD

Assessing the performance of RedEigCD in terms of wall-clock time requires a careful
analysis of the online computational efficiency as well as the offline cost of the method.
While a complexity analysis is presented in Table 3.1, it is crucial to validate these
theoretical estimates with empirical measurements. To do so, the wall-clock time for
both the offline and online stages of RedEigCD is measured and compared against the
baseline methods (EigenCD and AlgEigCD) for a range of ROM dimensions M.

The online computational efficiency of the RedEigCD algorithm is evaluated by com-
paring the total online wall-clock time of the ROM against the FOM. A total speed-up
factor, S has been defined as the product of the reduction in cost per timestep and the
increase in the average timestep size, which is expressed as

S = TFOM

TROM

∆tROM

∆tFOM , (3.58)

where TFOM and TROM are the average wall-clock time per timestep for the FOM and
ROM, respectively. Figure 3.16 shows the speed-up factor S for both test cases as
a function of the number of modes. The results indicate that the proposed RedEigCD

method can achieve significant speed-ups compared to the FOM, especially for lower
ROM dimensions where the increase in timestep size is more pronounced. For these
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lower dimensions, the computational complexity of O (M3) is acceptable and leads to
wall-clock times that are independent of the number of modes. For the larger numbers,
however, hyper-reduction would be preferable as the high complexity of the ROM starts
penalizing. For the shear-layer case, overall speed-ups of up to 800 times are observed for
M = 16, while for the actuator case, this figure exceeds 3000 times for M = 16. However,
even for M = 200, a notable speed-up is still observed, which highlights the effectiveness
of the proposed method in accelerating ROM simulations while maintaining stability.
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Figure 3.16: Speed-up factor S for the roll-up of a shear-layer at Re= 1000 (left) and the flow
through an actuator disk at Re= 100 (right) for different numbers of modes, where S is defined as
the product of the reduction in cost per timestep (WCT) and the increase in the average timestep
size (∆t).

On the other hand, regarding the offline costs, a cost metric C is defined as the
equivalent number of ROM timesteps required to perform the offline computations of
RedEigCD, which is expressed as

C = Toffline

TROM
, (3.59)

where Toffline is the total wall-clock time for the offline computations of RedEigCD, and
TROM is the average wall-clock time per timestep for the ROM. For the most expensive
case (M = 200), the offline cost of RedEigCD is equivalent to approximately 20 ROM
iterations. While for extremely short iterations this overhead may be significant,
for production runs involving thousands of timesteps, the cost of the offline stage of
RedEigCD is negligible compared to the overall simulation time, especially considering
the significant speed-ups achieved during the online stage.
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3.3 Conclusions

In this chapter, self-adaptive timestepping methods for incompressible flows have been
presented. These methods are based on a linear stability analysis of the momentum
equation, which is built upon the estimation of the eigenbounds of the diffusive and
convective term. The proposed methods in the literature, EigenCD and AlgEigCD, have
been reviewed, with the latter being extended to the case of staggered grids.

Stability-aware adaptive timestepping methods are crucial for accelerating the
solution of incompressible flow problems. While classical CFL conditions provide a
useful guideline for selecting the timestep, they are usually overconservative, and lack
the ability to cross the information from both convective and diffusive terms. The
methods presented in this chapter provide a more accurate estimation of the stability
limits, and the information from both operators is combined to compute the maximum
stable timestep, which usually exceeds the one obtained from classical CFL conditions.

Moreover, a new method, RedEigCD, has been proposed to estimate the eigenbounds
of the reduced operators in ROMs. The stability properties of ROMs have been analyzed
by making use of the Poincaré separation theorem for singular values, which has
been used to show that the eigenvalues of the reduced convective operator are smaller
than those of the FOM, thus leading to larger stable timesteps for the ROM compared
to the FOM. The proposed RedEigCD method has been applied to two different test
cases, where it has been shown that it is effective in providing larger timesteps for
the ROM than for the FOM while maintaining stable solutions. Moreover, it has been
shown that the use of RedEigCD does not alter the accuracy of the ROM compared to
using a constant timestep. Finally, the computational performance of RedEigCD has
been assessed, showing significant speed-ups compared to the FOM while maintaining
stability.

On top of this, an analytical foundation on the stability properties of ROMs has
been provided, which sets a mathematical background to understand why ROMs can be
more stable than FOMs, and thus why they can allow for larger timesteps. This is a
crucial aspect to understand the behavior of ROMs, and to design new methods that
can further enhance their stability properties. This analysis, however, is not restricted
to projection-based ROMs applied to incompressible flows, but can be extended to any
sort of projection-based ROM. The results from this chapter therefore provide a strong
theoretical and practical basis for the use of stability-aware adaptive timestepping
methods in ROMs for incompressible flows, which can significantly accelerate the
simulations while maintaining stability and accuracy.
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However, the proposed RedEigCD method is developed based on ROMs with compu-
tational complexity that scales with the cube of the number of modes, which can be
prohibitive for large ROM dimensions. Therefore, future work will focus on extending
the proposed method to a hyper-reduced version, which would allow to estimate the
eigenbounds of the reduced operators with a computational complexity that is indepen-
dent of the number of modes. This is observed with a decay of the overall speed-ups
obtained for M > 64 in both test cases. Moreover, future work will also focus on ex-
tending the proposed method to other types of ROMs, such as those based on machine
learning techniques and operator inference (OpInf), which are becoming increasingly
popular in the field of CFD.
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4
Exploiting repeated matrix block
structure to accelerate the numerical
solution of the incompressible
Navier-Stokes equations

“Science may be regarded as a maximum yielding of thoughts with a mini-
mum of expense.”
– Ernst Mach

In this chapter, a novel approach to accelerate the numerical solution of the incom-
pressible Navier-Stokes equations is presented. This approach is based on the idea
of increasing the arithmetic intensity of the computations by exploiting the repeated
matrix block structure that appears when ensemble averaging multiple simulations,
similarly to that one appearing in domains with symmetries or repeated geometrical
patterns. This way, the data of the sparse matrix can be reused across the different
simulations, increasing the arithmetic intensity of the computations and leading to
significant speed-ups compared to performing the simulations sequentially.

4.1 Introduction

Numerical solutions of the incompressible Navier-Stokes equations are characterized by
a few algebraic operations, or their stencil-based counterparts, that are independent of
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the spatial discretization used (Finite Volume Method (FVM), Finite Element Method
(FEM), Discontinuous Galerkin (DG), Finite Difference Method (FDM), etc.): the dot
product (dot), the sparse matrix-vector product (SpMV), the linear combination of vectors
(axpy), and the elementwise product of vectors (axty). These operations form the building
blocks of the methods used to advance the solution in time.

While its computational cost is implementation-dependent, SpMV usually becomes
one of the bottlenecks of these simulations, given the big amount of data movement
it requires. Despite the computational power suffices, the memory bandwidth of the
hardware is not enough to feed the computational units, and the performance of the
simulation is limited by the data movement. This is known as being memory-bound.

How efficiently the data is used is defined by the roofline model [1], which states that
the performance of a kernel is limited by the minimum between the peak performance
of the hardware and the product of the arithmetic intensity (I) of the kernel and the
memory bandwidth. The arithmetic intensity is defined as the number of floating-point
operations performed per byte of data moved. For all algebraic operations, this value is
usually low, making it memory-bound. Therefore, addressing this memory-boundedness
is crucial to reach the full potential of modern systems. According to the roofline model,
increasing the arithmetic intensity of the computations is one of the ways to achieve
this. Figure 4.1 depicts a simplified version of the roofline model, where the memory-
bound and compute-bound regions are shown. The goal of this chapter is to push the
arithmetic intensity of the computations to the right, closer to the compute-bound region,
as indicated with the SpMVs being replaced by sparse matrix-matrix products (SpMMs).

Given the definition of I, it is straightforward to consider two ways to increase it:
either by increasing the number of floating-point operations performed, or by reducing
the amount of data moved. The former is limited by the operation performed; e.g., in a
axpy operation, the number of floating-point operations is fixed by the size of the vectors.
This is why the latter is the most common approach to increase the arithmetic intensity
of a kernel.

With the goal of breaking the strong scaling limits of different implementations,
the literature has considered multiple strategies to increase the arithmetic intensity
of the computations. In particular, of the SpMV. Greathouse and Daga [2] improved the
performance of the SpMV by optimizing the loads of the sparse matrix, which led to speed-
ups compared to the original algorithms. In the same line of increasing the arithmetic
intensity, Krasnopolsky [3] extended on the work from Makarashvili et al. [4], which
proposed exploiting the ergodicity of the flow to perform ensemble-averaged simulations
in different devices. Krasnopolsky’s approach consists of performing multiple simula-
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Figure 4.1: Simplified version of a roofline model in which the memory-bound (blue) and the
compute-bound (red) regions are depicted. The goal of this chapter is represented in pushing
the arithmetic intensity of the computations to the right, closer to the compute-bound region, by
replacing all SpMV operations by SpMM.

tions of the same flow, with perturbed initial conditions, in the same device. This way,
the data of the sparse matrix can be reused across the different simulations, increasing
the arithmetic intensity of the computations. The results showed that this approach can
lead to significant speed-ups compared to performing the simulations sequentially. This
is performed by rearranging the m flow states into a dense matrix with m columns, and
performing the computations on this dense matrix, leading to a SpMM instead of a SpMV.
The use of this SpMM is the key to increase the arithmetic intensity of the computations,
as it allows to reuse the data of the sparse matrix across the different simulations. This
approach is particularly effective for large-scale simulations, where the cost of data
movement is the most significant.

While Krasnopolsky [3] showed the potential of this approach, this generalization
was just applied to the numerical solution of the Poisson equation, which is a substep
of the overall simulation. Later works by Alsalti-Baldellou et al. [5, 6] extended this
approach to the overall simulation in the context of simulations with domains with
symmetries or repeated patterns by making use of the block structure of the matrices
when properly ordered. These studies led to significant speed-ups compared to the
original implementations due to the increase in the arithmetic intensity, as well as a
reduction in the memory footprint due to the reduction of the matrices’ size, both for
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CPU and GPU-accelerated implementations. However, the potential of this approach for
general simulations, without the benefits of the reduced memory footprint that appears
when exploiting geometrical patterns, has not been explored yet. This is what is going
to be explored in this chapter.

4.2 Increasing the arithmetic intensity of SpMVs

According to the roofline model [1], the performance (π) extracted from a kernel is not
limited by the peak performance of the hardware. Instead, it is defined as

π=min
(
πpeak, Iβ

)
, (4.1)

where πpeak is the peak performance of the hardware, and β is the memory bandwidth.
For sparse algebra operations, such as the SpMV, the arithmetic intensity is usually
low, making them memory-bound, i.e., the performance being limited by Iβ. Therefore,
increasing the arithmetic intensity of these operations is crucial to reach the full
potential of modern systems.

Let us consider a sparse matrix which structure reads A = (Is ⊗ Ã) ∈Rsn×sm, where
Is is the identity matrix of size s, Ã ∈Rn×m is a sparse matrix. Essentially, A is a block
diagonal matrix with s blocks of Ã. Thus, given s vectors x̃ ∈Rm, which can be arranged
as a dense matrix x= (x̃1, x̃2, . . . , x̃s), it is straightfoward to see that the product Ax can
be computed as a SpMM as

Ax= Ã(x̃1, x̃2, . . . , x̃s). (4.2)

While the identity from Eq. (4.2) represents the same exact number of floating-point
operations as performing a single SpMV for A, the arithmetic intensity of the SpMM is
higher than that of the SpMV due to the reuse of the data of the sparse matrix Ã across
the different vectors x̃i. According to the roofline model (see Figure 4.1), this increase in
the arithmetic intensity increases the performance of the kernel, as it moves it closer to
the compute-bound region, without any additional computational cost.

The speed-up from transforming SpMV into SpMM is theoretically bounded by the ratio
of performance of the two kernels,

Pm,SpMM =
πm,SpMM

πSpMV
, (4.3)

which, assuming the bandwidth is identical for both kernels, can be expressed as the
ratio of the arithmetic intensities. According to [5], for a sparse matrix in CSR format,
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the arithmetic intensity of the SpMM, with a sparse matrix of nc columns, nr rows, nnz(A)
non-zeros, and a dense matrix with m rhs, can be expressed as

ISpMM(m)= (2nnz(A)+1)m
8nnz(A)+4nnz(A)+4(nr +1)+8m(nr +nc +1)

, (4.4)

while the arithmetic intensity of the SpMV can be expressed as ISpMV = ISpMM(1). Thus, the
upper-bound of the speed-up from transforming SpMV into SpMM can be expressed as

Pub
m,SpMM =

ISpMM(m)
ISpMV

= m[3(nnz(A)+nr +1)+2nc]
3nnz(A)+ (1+2m)(nr +1)+2mnc

. (4.5)

On the other hand, the lower-bound of the speed-up is computed assuming zero temporal
locality when accessing the input vector coefficients, which is set by replacing 8ncm
with 8nnz(A)m in the denominator of Eq. (4.4), leading to

P lb
m,SpMM =

m[5nnz(A)+3(nr +1)]
(3+2m)nnz(A)+ (1+2m)(nr +1)

. (4.6)

Figure 4.2 depicts an example with 7 and 13 non-zeros per row in which it can be
observed that denser matrices, which are generally related to higher-order discretization
schemes, provide improved potential speed-ups in the SpMM as the amount of data
transferred with the matrix is bigger. Therefore, the increase in the arithmetic intensity
is more significant, leading to a higher potential speed-up. In general, the speed-up from
transforming SpMV into SpMM increases with the number of rhs (m) and the density of the
matrix (nnz/row), as both factors contribute to increasing the arithmetic intensity of the
computations. The lower-bound, however, presents marginal differences with different
number of non-zeros per row, as it assumes zero temporal locality when accessing the
input vector coefficients, which is not affected by the density of the matrix.

While this repeated matrix block structure naturally appears in simulations with
domains with symmetries or repeated patterns with a proper mesh ordering [5,6], it
can be artificially introduced in general simulations by performing multiple simulations
of the same flow, without the benefits of the reduced memory footprint that appears
when exploiting these geometrical patterns [5]. This can be forced in multiple ways.
On the one hand, a multiple parameter simulation, in which a set of parameters of
the simulation are varied across the different simulations, can be performed. This is
useful for sensitivity analysis or uncertainty quantification studies that do not require
changing the mesh or the domain of the simulation. On the other hand, if a turbulent
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Figure 4.2: Upper-bound (continuous) and lower-bound (dashed) of the speed-up from transform-
ing SpMV into SpMM as a function of the number of rhs (m) for a sparse matrix with nc = nr = 106

for 7 nnz/row (blue) and 13 nnz/row (black) for up to 64 rhs.

flow presents a statistically steady-state, the ergodicity of the flow can be exploited to
perform ensemble-averaged simulations, where multiple flow states are simultaneously
simulated with slightly perturbed initial conditions. Both ways allow to artificially
introduce the repeated matrix block structure in the computations, leading to an increase
in the arithmetic intensity of the computations and, therefore, to a potential speed-up
compared to performing the simulations sequentially.

4.2.1 Extension to the Poisson equation

While the use of SpMV is present in multiple steps of the numerical solution of the
incompressible flows (e.g., the advection term, the diffusion term, etc.), the most compu-
tationally expensive step is usually the solution of the Poisson equation for the pressure.
This is due to the fact that it requires solving a linear system of equations, which is
usually done by iterative methods that require multiple SpMV operations. Therefore, the
numerical solution of the Poisson equation is going to be the most benefitted from the
increase in the arithmetic intensity of the computations. This is why an estimate of
the speed-up for this operation is crucial to understand the potential benefits of this
approach.
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Namely, by definition, the speed-up in the Poisson equation solution given m rhs is

Pm,Poisson = mTPoisson,1

TPoisson,m
, (4.7)

where TPoisson,1 is the time to solve the Poisson equation for a single rhs, and TPoisson,m

is the time to solve the Poisson equation for m rhs. This wall-clock time may be split into
two different contributions. First of all, the contribution that benefits of the increased
arithmetic intensity, which corresponds to the time spent in the SpMV/SpMM operations
(TSpMV

Poisson and TSpMM
Poisson,m, respectively). Second, the contribution that does not benefit

of the increased arithmetic intensity, which corresponds to the time spent in the rest
of the operations of the Poisson equation solution (Tother,1 and Tother,m, respectively).
These other terms are assumed to grow linearly with m, as they are not affected by the
increase in the arithmetic intensity. Thus, Tother,m = mTother,1. Let χ be the fraction of
the wall-clock time for the 1-rhs case devoted to SpMV. Thus, the wall-clock time for the
1-rhs case is expressed as

TPoisson,1 = TSpMV
Poisson,1 + Tother,1︸ ︷︷ ︸

(1−χ)TPoisson,1

= 1
χ

TSpMV
Poisson,1. (4.8)

On the other hand, the wall-clock time for the m-rhs case is expressed as

TPoisson,m = TSpMM
Poisson,m + Tother,m︸ ︷︷ ︸

m(1−χ)TPoisson,1

= TSpMM
Poisson,m + m(1−χ)

χ
TSpMV

Poisson,1. (4.9)

Introducing Eqs.(4.8)-(4.9) into Eq.(4.7), the speed-up in the Poisson equation solu-
tion can be expressed as

Pm,Poisson = Pm,SpMM

χ+ (1−χ)Pm,SpMM
. (4.10)

Figure 4.3 depicts the upper-bound and lower-bound of the speed-up in the numerical
solution of the Poisson equation as a function of the number of rhs (m) for a sparse
matrix with nc = nr = 106 and 7 non-zeros per row, which represents the classical second-
order Laplacian operator, for χ= 0.8 and χ= 0.5 for up to 64 rhs. It can be observed that
the speed-up in the Poisson equation solution is significantly lower than the speed-up in
the SpMM compared to the SpMV, as it is limited by the contribution of the other operations
that do not benefit of the increase in the arithmetic intensity. However, it can also be
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observed that, for χ = 0.8, which represents a case where 80% of the wall-clock time
is devoted to the SpMV operations, a speed-up of around 3 can be achieved for 64 rhs,
while for χ= 0.5, which represents a case where 50% of the wall-clock time is devoted
to the SpMV operations, a speed-up of around 1.8 can be achieved for 64 rhs, which
corresponds to less than the lower-bound for χ= 0.8. This highlights the importance
of the contribution of the SpMV operations in the overall performance of the Poisson
equation solution, as well as the potential benefits of increasing the arithmetic intensity
of these operations by transforming them into SpMM.
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Figure 4.3: Upper-bound (continuous) and lower-bound (dashed) of the speed-up induced in the
numerical solution of the Poisson equation by transforming SpMV into SpMM as a function of the
number of rhs (m) for a sparse matrix with nc = nr = 106 and 7 non-zeros per row for χ = 0.8
(blue) and χ= 0.5 (black) for up to 64 rhs.

These results also highlight the fact that the use of SpMV-heavy preconditioners
such as multigrid methods, which are commonly used in the numerical solution of the
Poisson equation, can significantly increase the potential benefits of this approach, as
they increase the contribution of the SpMV operations in the overall performance of the
Poisson equation solution. Therefore, the use of SpMV-heavy preconditioners is crucial to
achieve significant speed-ups by transforming SpMV into SpMM.
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4.2.2 Parallel-in-time ensemble-averaged simulations

Numerical simulations of turbulent flows, if the boundary conditions are not time-
dependent, usually present a characteristic structure: a transition phase followed by
a statistically steady-state phase. During the transition phase, the flow evolves from
the initial conditions to a statistically steady-state, which is usually characterized by a
significant change in the flow properties. On the other hand, during the statistically
steady-state phase, statistics are collected to characterize the flow properties. These
statistics are usually collected by performing time-averaging of the flow properties,
which requires a long simulation time to achieve convergence. This is why the transition
phase is usually not considered in the analysis of the flow properties, as it does not
contribute to the statistics collected during the statistically steady-state phase.

However, the statistically steady-state phase is ergodic, i.e., the time-averaged
statistics are equal to the ensemble-averaged statistics. This means that, instead of
performing a single long simulation to collect the statistics, multiple shorter simulations
with slightly perturbed initial conditions can be performed simultaneously, and the
statistics can be collected by performing ensemble-averaging across these simulations
provided the different flow states are statistically independent. This approach is known
as parallel-in-time ensemble-averaged simulations, and it allows to significantly reduce
the time required to collect the statistics of the flow properties, as it allows to perform
multiple simulations simultaneously.

Let the transition time be defined as TT , and the averaging time be defined as
TA . Thus, the time required to perform a single simulation to collect the statistics is
T = TT +TA . On the other hand, if m simulations are performed simultaneously, the
time required to collect the statistics is T ′ = TT +TA /m, as the averaging time is reduced
by a factor of m due to the ensemble-averaging, ensuring that TA /m is larger than
a single time unit [3]. Moreover, according to Makarashvili et al. [4], for the ergodic
ensemble to yield the same statistics as the time-averaged one, the different ensembles
should be statistically independent, which can be achieved by perturbing the initial
conditions of the simulations. Given these conditions, for a relevant statistic α, the
time-averaged statistic 〈α〉T and the ensemble-averaged statistic 〈α〉E are defined as

〈α〉T = 1
TA

∫ TT+TA

TT

α(t)dt, (4.11)

〈α〉E = 1
m

m∑
i=1

〈αi〉T = 1
m

m∑
i=1

1
TA /m

∫ TT+TA /m

TT

αi(t)dt, (4.12)
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where αi is the statistic α for the i-th simulation. Thus, if the different simulations
are statistically independent, the ensemble-averaged statistic is equal to the time-
averaged one, i.e., 〈α〉E = 〈α〉T . This means that, by performing multiple simulations
simultaneously with slightly perturbed initial conditions, the same statistics can be
collected in a shorter time compared to performing a single long simulation.

This situation leads to identical divergence, gradient and Laplacian operators across
the different simulations, which will lead to the repeated matrix block structure de-
scribed in the previous section, allowing to perform the computations on a dense matrix
with m columns, leading to a SpMM instead of a SpMV, and therefore increasing the
arithmetic intensity of the computations.

Applying Eqs.(2.1)-(2.2) in a collocated framework without time-dependent boundary
conditions, following the notation from [7], yields

Mus = 0c, (4.13)

Ω
duc

dt
+C(us)uc =−ΩGcpc +Duc +Ωfc, (4.14)

where uc,pc are the velocity and pressure fields defined at the cell center, respectively;
Gc is the discrete cell-to-cell gradient operator, us = Γc→suc is the velocity defined
at the cell faces, where Γc→s is the cell-to-face interpolation operator, and C(us) =
Mdiag(us)Γc→s [8]. The rest of the operators are defined as in Eqs.(2.1)-(2.2), and the
time-dependent terms have been dropped for simplicity.

In the framework with m simultaneous flow states, Eqs.(4.13)-(4.14) can be ex-
pressed as

M̃Us = 0̃c, (4.15)

Ω̃
dUc

dt
+ M̃ŨsΓ̃Uc =−Ω̃G̃cPc + D̃Uc + Ω̃Fc, (4.16)

where Uc = (uc,1,uc,2, . . . ,uc,m) and Pc = (pc,1,pc,2, . . . ,pc,m) are the velocity and pressure
fields defined at the cell center for the m flow states, respectively; M̃ = Im⊗M, Ω̃= Im⊗Ω,
D̃ = Im ⊗D, G̃c = Im ⊗Gc, and 0̃c = (0c,0c, . . . ,0c); and Γ̃ is a block diagonal matrix with
m blocks of Γc→s. Moreover, Ũs is the block diagonal matrix containing the velocity
defined at the cell faces for the m flow states, which is computed by applying the cell-to-
face interpolation operator to the velocity defined at the cell centers for each flow state.
These definitions end up in a block structure of the matrices, which allows to perform
the computations on a dense matrix with m columns, leading to a SpMM instead of a SpMV,
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and therefore increasing the arithmetic intensity of the computations.
The speed-up obtained in an iteration by using the improved SpMM compared to using

m SpMV is defined as

Pm,iter =
mTiter,1

Titer,m
, (4.17)

where Titer,1 is the wall-clock time per iteration for a single flow state, and Titer,m is
its counterpart for m flow states. Hence, if the same split and assumptions as those
for the Poisson equation speed-up are performed, the wall-clock time per iteration for
the m flow states case is Titer,m = TSpMM

iter,m +mTL
iter,1, where the superscript L denotes

the contributions that are assumed to grow linearly with m and do not benefit of the
increase in the arithmetic intensity. If Θ = TSpMV

iter,1/Titer,1 is defined as the weight of
the SpMV operations in the wall-clock time per iteration for the 1-flow state case, the
speed-up per iteration can be expressed as

Pm,iter =
1

1−Θ+ΘP−1
m,SpMM

. (4.18)

Obtention of uncorrelated flow states The methodology relies on the fact that the
different flow states are uncorrelated. According to the works of Nikitin [9], the growth
of disturbances in turbulent flows is generally a wall effect, and it is defined as

ε2(t)= 1
V

∫
V
|∆u|2dV , (4.19)

where V is the domain volume and ∆u is the vector of disturbances, which is defined
as the difference between the velocity field of a flow state and the velocity field of a
reference flow state. This growth is exponential in time until approximately t+ = 103,
being t+ the elapsed time normalized with the viscous time scale tτ = lτ/uτ, where lτ and
uτ are the viscous length and velocity scales, respectively. After this time, disturbances
remain constant at approximately ε≈ 10−1. This exponential growth correponds to the
classical behaviour of chaotic systems ruled by the Lyapunov exponent [10]. According
to Badii et al. [11], the correlation among different flow states will decay exponentially
with the generalized Lyapunov exponent for 1D cases, which indicates that eventually
the flow states will become uncorrelated. Later on, Mendes et al. [12] extended these
results to 2D cases.

Even if perturbations lead to uncorrelated flow states, the average solution is
expected to behave similarly given the existence of a weak global attractor [13, 14].
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If the solutions in the weak global attractor are strongly continuous with respect to
the initial conditions, the different flow states will converge to the same solution [13].
Therefore, even if initial conditions are perturbed and solutions become uncorrelated, all
will lead to the same average solution, which is the one that is expected to be obtained
by performing a single long simulation, given the ergodicity of the flow.

4.2.3 Methods to accelerate the transition phase

As defined in Eq.(4.12), every flow state will be integrated for TT +TA /m time units,
which means that the transition phase will be performed m times. In order to quantify
how relevant this transition phase is, Krasnopolsky [3] defined the times ratio as

β= TT

TA
, (4.20)

which represents the ratio between the transition time and the averaging time. For a
given β, the speed-up from performing parallel-in-time ensemble-averaged simulations
compared to performing a single long simulation can be expressed as

Pm = 1+β
m+β

5m
5m−3θ(m−1)

, (4.21)

where θ is the weight of the Poisson equation in the whole iteration. The speed-up
calculation assumes the wall-clock time per iteration is constant throughout the whole
simulation.

Krasnopolsky [15] proposed a strategy to reduce the time required to perform the
transition phase. In this strategy, a single flow state was first run until the flow is
developed, which is cheaper to compute than actually running m simultaneous flow
states. Later on, this flow state was used as the initial condition for m simultaneous flow
states, to which a perturbation was applied to ensure that they become uncorrelated [9].
This strategy allows to significantly reduce the time required to perform the transition
phase, as it is performed in a cheaper way than actually running m simultaneous flow
states. However, this strategy does not allow to reduce the time required to perform the
transition phase, as it actually requires to perform the transition phase for a single flow
state in the objective mesh, which is not negligible for cases with low β. Therefore, a
strategy that allows to reduce the time required to perform the transition phase is crucial
to achieve significant speed-ups for cases with low β. This could be circumvented by
performing the transition phase in a cheaper way than actually running m simultaneous
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flow states in the objective mesh, which is the strategy proposed in this thesis.
Assume the simulation is started with a cheaper procedure than the actual simula-

tion, e.g., with a coarser mesh. After the flow has developed and the simulations are
expected to be independent in the coarse mesh (TD time units), the mesh is refined
to the objective mesh, and the flow is devloped unil the actual transition time (TT

time units), after which the statistics are collected for TA /m time units, similarly to
Kransopolsky [3]. Figure 4.4 depicts this strategy, which allows to significantly reduce
the time required to perform the transition phase, as it is performed in a coarser mesh,
which is cheaper to compute. This strategy is particularly effective for cases with low β,
as it allows to significantly reduce the time required to perform the transition phase,
which is a significant part of the total simulation time for these cases.

TD TT TT +TA /m TT +TA

I II III

Figure 4.4: Proposed ensemble averaging strategy in which the case is run until TD in a coarser
mesh, after which the mesh is refined and the case is run until TT to develop the flow in the
objective mesh, after which the statistics are collected for TA /m time units. The following phases
are defined: I: mapping, I I: developing, I I I: averaging.

Assume that the average timestep as well as the average wall-clock time per iteration
are the same for both phases I I and I I I (Figure 4.4), and are defined ∆t

F
m and T

F
iter,m,

respectively, where F stands for the fine mesh. Similarly, ∆t
C
m and T

C
iter,m are defined as

the average timestep and the average wall-clock time per iteration for the coarse mesh,
respectively. Hence, for an arbitrary case with m flow states, let Tm be the wall-clock
time required to perform the whole simulation, which reads

Tm = NDTD +NDT TDT + NA

m
TA = T

C
iter,m

∆t
C
m

TD + T
F
iter,m

∆t
F
m

(TDT +TA /m), (4.22)

where TDT = TT −TD is the time required to perform the transition phase in the fine
mesh, and NP is the number of iterations required for any given phase P = {D,DT, A}.
Now, let TD = γTDT , and f X

m = T
X
iter,m/∆t

X
m be defined as the cost per time unit for the

mesh X = {F,C}. Thus, the wall-clock time required to perform the whole simulation
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can be expressed as

Tm = TT

1+γ
[

f C
mγ+ f F

m

(
1+ 1+γ

m
β

)]
. (4.23)

By definition, the speed-up from performing the whole simulation with the proposed
strategy compared to performing a single long simulation is defined as T1/Tm, which is
expressed as

Pm = 1+δ1γ+ (1+γ)β
m(δmγ+1)+ (1+γ)β

mf F
1

f F
m

, (4.24)

where f C
m = δm f F

m has been defined as the cost per time unit for the coarse mesh, which
is expressed as a fraction of the cost per time unit for the fine mesh. If γ= 0, Eq. (4.24)
reduces to the single mesh speed-up from Krasnopolsky [3].

Defining the effective times ratio as β̃= 1+γ
1+δ1γ

β, and the rhs scale-up as Φ= 1+δmγ
1+δ1γ

,

and assuming ∆t
F
m =∆t

F
1 , Eq. (4.24) can be expressed as

Pm = 1+ β̃
Φm+ β̃PF

m,iter, (4.25)

which is similar to the single mesh speed-up from Krasnopolsky [3], but with an effective
times ratio and a rhs scale-up that take into account the use of the coarse mesh for
the transition phase. This expression highlights the fact that, by using a cheaper
procedure for the transition phase, the effective times ratio is increased, which leads
to an increase in the speed-up from performing parallel-in-time ensemble-averaged
simulations compared to performing a single long simulation. Eq.(4.25) is characterized
by three parameters: PF

m,iter, Φ, and δm. Note that δ−1
m indicates how faster the coarse

mesh is in advancing in time compared to the fine mesh, considering both the bigger
timestep that preserves the stability of the integration and the faster iterations due to a
reduced problem size. Hence, this factor will be strongly related to the refinement factor
of the mesh. It can be asumed that δ−1

m ≈ r4
f for a 3D case, where r f is the refinement

factor of the mesh, as the cost per time unit is expected to grow with the number of cells
in the mesh, which grows with r3

f , and with the inverse of the timestep, which grows
with r f .

Let Π= δ−1
1 be defined as the speed-up of the transition phase in the coarse mesh

compared to the fine mesh. Therefore, the effective times ratio can be rewritten as
β̃ = Π(1+γ)

γ+Π β. Figure 4.5 depicts the ratio between the effective times ratio and the
original times ratio as a function of the transition phase speed-up for the coarse mesh
(Π) for different values of γ.
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Figure 4.5: Ratio between β̃ and β as a function of the transition phase speed-up for the coarse
mesh (Π) for different values of γ.

It can be observed that, for any given γ, the effective times ratio is increased
compared to the original times ratio β for any Π > 1, which means that the use of a
cheaper procedure for the transition phase leads to an increase in the speed-up from
performing parallel-in-time ensemble-averaged simulations compared to performing
a single long simulation. Moreover, the increase in the effective times ratio is more
significant for lower values of γ, which means that the use of a cheaper procedure for the
transition phase is particularly effective for cases with low β, as it allows to significantly
reduce the time required to perform the transition phase, which is a significant part
of the total simulation time for these cases. On the other hand, the selection of γ
generates a trade-off for the user, as a smaller value will ensure bigger convergence to a
statistically steady-state before the start of the averaging phase, but it will also lead to
a smaller increase in the effective times ratio, and therefore to a smaller speed-up from
performing parallel-in-time ensemble-averaged simulations compared to performing a
single long simulation.

Introducing the definition of the iteration speed-up for the fine mesh PF
m,iter into Eq.
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(4.25) yields

Pm = 1+ β̃
Φm+ β̃

1
1−Θ+Θ(PF

m,SpMM)−1
, (4.26)

which relevant parameters are defined in Table 4.1.

Table 4.1: Summary of the relevant parameters for the speed-ups and the parallel-in-time
ensemble-averaged simulations.

Speed-ups and times Parallel-in-time parameters

Parameter Definition Parameter Definition

Poisson speed-up, Pm,Poisson Eq. (4.7) Times ratio, β TA /TT

Iteration speed-up, Pm,iter Eq. (4.18) Transition ratio, γ TD /TDT

Simulation speed-up, Pm Eq. (4.25) Simulation pace, fm Tm/∆tm

Coarse transition time, TD Fig. 4.4 Pace ratio, δm f C
m/ f F

m

Fine transition time, TDT Fig. 4.4 Transition speed-up, Π δ−1
1

Transition time, TT Fig. 4.4 Effective times ratio, β̃ Π(1+γ)
γ+Π β

Averaging time, TA Fig. 4.4 RHS scale-up, Φ 1+δmγ
1+δ1γ

A priori estimations on the overall speed-up of the methods, it is assumed that Φ= 1
for all m. This hypothesis indicates that the effect of the mesh refinement does not
depend on m (δ1 = δm, ∀m). This assumption is validated experimentally in Section 4.3.
With these results and using Eq.(4.26), the speed-up from performing parallel-in-time
ensemble-averaged simulations compared to performing a single long simulation can be
bounded so that the performance obtained by the implementation should lay between
those bounds.

To exemplify the effects in terms of speed-up, it will be assumed that Θ= 0.65, i.e.,
65% of the wall-clock time per iteration for the 1-flow state case is devoted to performing
SpMV operations, which is a reasonable assumption for an incompressible flow solver
given the dependence on Krylov-subspace methods for the solution of the Poisson
equation, which are SpMV-heavy. Assuming r f = 2, which is a common refinement factor
for mesh refinement, δ−1

m ≈ 16 is obtained, which means that the coarse mesh is 16 times
faster in advancing in time compared to the fine mesh. Moreover, γ = 5 is assumed,
which means that the transition phase in the coarse mesh is 5 times longer than the
transition phase in the fine mesh. Considering a discretization with 7 non-zeros per
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row, the upper-bound of the speed-up is presented in Table 4.2 for different values of β
and m. Note that these correspond to the worst-case scenario in terms of discretization,
as a denser matrix will provide better results. However, it can be observed that, even
for this worst-case scenario, significant speed-ups can be achieved for low values of
β (β = 1 and β = 2 have speed-ups of 14% and 26%, respectively), while for higher
values of β, the speed-ups are even better, even though it is expected given the fact that
the transition phase is a smaller part of the total simulation time for higher values
of β. Moreover, the best speed-up for each value of β is achieved for different values
of m, which highlights the importance of selecting the optimal number of flow states
to perform the parallel-in-time ensemble-averaged simulations, as it can significantly
affect the overall speed-up achieved by this approach.

Table 4.2: Estimated upper-bound of the speed-up from performing parallel-in-time ensemble-
averaged simulations compared to performing a single long simulation for different values of β
and m, considering Θ= 0.65, δ−1

m = 16, and γ= 5, for a matrix with 7 non-zeros per row. The best
speed-up for each value of β is highlighted in bold.

m

16 0.52 0.78 1.18 1.46 1.66 1.78
8 0.81 1.07 1.40 1.58 1.69 1.75
4 1.06 1.26 1.44 1.53 1.58 1.60
2 1.14 1.22 1.29 1.31 1.33 1.34
1 1.00 1.00 1.00 1.00 1.00 1.00

1 2 5 10 20 40
β

A more favorable condition has been tested by considering a denser matrix with 27
non-zeros per row, which represents a discretization which includes not only the first
neighbors normal to the faces but also the first neighbors in the diagonal, which is a
common discretization for the Laplacian operator. The results are presented in Table
4.3, which shows that the speed-ups are significantly larger compared to the case with 7
non-zeros per row, as the increase in the arithmetic intensity is more significant for a
denser matrix. Leveraging this denser matrix leads to speed-ups exceeding 100% for the
most favorable case (β= 40 and m = 16), which highlights the potential of this approach
to significantly reduce the time required to perform parallel-in-time ensemble-averaged
simulations compared to performing a single long simulation, especially for cases with
high β and for denser matrices.
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Table 4.3: Estimated upper-bound of the speed-up from performing parallel-in-time ensemble-
averaged simulations compared to performing a single long simulation for different values of β
and m, considering Θ= 0.65, δ−1

m = 16, and γ= 5, for a matrix with 27 non-zeros per row. The best
speed-up for each value of β is highlighted in bold.

m

16 0.63 0.93 1.42 1.75 1.99 2.14
8 0.94 1.25 1.64 1.85 1.98 2.05
4 1.19 1.41 1.62 1.72 1.77 1.80
2 1.22 1.30 1.37 1.40 1.42 1.42
1 1.00 1.00 1.00 1.00 1.00 1.00

1 2 5 10 20 40
β

4.2.4 Multiple parameter simulations

Parametric studies such as the numerical computation of CL −α curve on an airfoil,
or the effect of different thermal conductivities in a wall, usually require a number of
simulations to be run independently, i.e., the user launches multiple simulations with a
given angle of attack α, or with different thermal conductivities λ, respectively; in order
to compute the relevant parameters and generate the curves.

In general, let a flow simulation in which an arbitrary parameter ξ is varied to
perform a parametric study, ξ= {ξ1,ξ2, . . . ,ξm}, where ξi is the value of the parameter ξ
for the i-th simulation. If the different simulations share the same mesh and the same
operators, which is usually the case for these parametric studies, the computations can
be performed on a dense matrix with m columns, leading to a SpMM instead of a SpMV,
and therefore increasing the arithmetic intensity of the computations.

This approach is similar to the one described for the parallel-in-time ensemble-
averaged simulations, but instead of performing multiple simulations with different
initial conditions, multiple simulations with different parameters are performed simul-
taneously. This approach allows to significantly reduce the time required to perform
parametric studies compared to performing multiple independent simulations, as it
allows to leverage the increase in arithmetic intensity provided by the SpMM.

4.3 Numerical experiments

In order to validate the theoretical results presented in the previous sections, the in-
compressible Navier-Stokes equations are discretized in space following a finite-volume
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symmetry-preserving discretization [7, 16], so that the properties of the continuous
operators are preserved in the discrete operators, to ensure that no additional numer-
ical errors are introduced by the discretization. The semi-discretized equations are
integrated in time using Heun’s third-order Runge-Kutta methods and applied to the
incompressible Navier-Stokes as in Sanderse and Koren [17]. Timestep selection will be
calculated adaptively based on the AlgEigCD framework developed by Trias et al. [8], as
described in Chapter 3.

The method has been implemented in the in-house code Termofluids Algebraic (tfa),
in which the calculations are carried out using the 2 framework [18], which allows the
portability of the code to multiple architectures as well as integrating it with external
libraries such as HYPRE [19] or CHRONOS [20], while still having its own solvers
and kernels. The runs for these numerical experiments have been performed in the
MareNostrum 5 General Purpose Partition (MN5-GPP) supercomputer at the Barcelona
Supercomputing Center (BSC). In this case, the numerical solution of the Poisson
equation is performed using an adaptive Algebraic Multigrid (aAMG) preconditioned-
conjugate gradient method [21] provided by CHRONOS. The configuration used was
tailored for Computational Fluid Dynamics (CFD) problems and consisted of a PMIS
coarsening [22], an extended+I interpolation [23], and one pre- and post-smoothing
steps using a lightweight factored sparse approximate inverse with five nonzeros per
row.

The techniques previously presented have been applied to a turbulent planar chan-
nel flow, and a Rayleigh-Bénard natural convection case as two examples of academic
flows that are relevant given the reproducibility of the results in previous publications
and benchmarks, thus leading to a verification of the method, where a parallel-in-time
approach is applied. Finally, the method has been applied as well to an industrially
relevant case such as an airfoil with both flaps and slats depleted, in a multiple parame-
ter framework, in order to prove the applicability of the method not only to academic
cases but also to industrially relevant cases, and to show the potential of the method
to significantly reduce the time required to perform parametric studies compared to
performing multiple independent simulations.

4.3.1 Channel flow

First, the methodology has been tested in a turbulent planar channel flow with Reτ = 180.
The method has been tested with a 1603 grid with a hyperbolic tangent refinement
in the y−direction with γ = 1.5, which ensures a theoretical y+ at the wall of 0.65.
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Moreover, the test has been run using both of the proposed frameworks in this paper,
with and without mesh refinement. In the case in which the refinement was applied, the
refinement factor used was r f = 2, leading to a 803 mesh before the mapping is applied.

The simulation was run for 352 half-channel-height time-units, δ/uτ, with a 32-
time-unit transition period, determined from probe data observations in the core of the
flow, showing steady-state behaviour had been reached. In the case using the mesh
refinement, the coarse mesh has been run for 30 time units before interpolating to the
fine mesh. Note that these 32 time units exceed notably the expected time according to
the results from Nikitin [9], which sets the time to have independent fields to t+ = 103,
which corresponds to 5.6 time units given the ratio between the viscous time scale and
the half-channel-height time scale. Therefore, the different flow states are expected to
be uncorrelated. The statistics have been collected for 320 time units, which means that
β= 10. A CFL (calculated with respect to the maximum stable timestep according to
AlgEigCD) of 0.95 ha been used, which ensures that the timestep is as big as possible
while ensuring stability of the integration.

The simulation has been run in 64 cores of a node of MN5-GPP in order to set a
reasonable load of 64k cells per CPU core, so that the cores are loaded enough to perform
efficiently. The parallelization strategy used has been the combination of MPI+OpenMP.

Figure 4.6 depicts the mean velocity profile in wall units and the RMS streamwise
velocity for the turbulent planar channel flow case for 1, 2, 4, and 8 flow states. It can
be observed that the results are consistent across the different number of flow states,
which indicates that the different flow states are uncorrelated and that the statistics
collected are consistent with each other.

The tested conditions in terms of TD , TT , and TA lead to β= 10 and γ= 15, which
will be used to verify Eq. (4.26). Table 4.4 summarizes the average time-steps, wall-clock
times per iteration, and δm for both the coarse and fine meshes and all the simulated
flow states. It can be observed that the average time-step is similar for both meshes,
which also validates the assumption of ∆t

F
m = ∆t

F
1 used in the speed-up estimation.

Moreover, the cost per time unit for the coarse mesh is significantly lower than the
cost per time unit for the fine mesh, which leads to a δm of approximately 6×10−2,
which means that the coarse mesh is approximately 16 times faster in advancing in time
compared to the fine mesh, as expected from the approximation δ−1

m = r4
f . This significant

difference in the cost per time unit between the coarse and fine meshes highlights the
potential of using a cheaper procedure for the transition phase to significantly reduce
the time required to perform parallel-in-time ensemble-averaged simulations compared
to performing a single long simulation, especially for cases with low β, as it allows
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Figure 4.6: Mean velocity profile in wall units (left) and RMS streamwise velocity (right) for the
turbulent planar channel flow case for 1, 2, 4, 8 rhs.

to significantly reduce the time required to perform the transition phase, which is a
significant part of the total simulation time for these cases.

Table 4.4: Average time-steps, wall-clock times per iteration [s], and δm for both the coarse and
fine meshes and all the simulated flow states for a turbulent planar channel flow of Reτ = 180.

m ∆t
C
m [s] T

C
iter,m [s] ∆t

F
m [s] T

F
iter,m [s] δm (Π)

1 2.66×10−3 0.1167 1.30×10−3 0.9152 0.0624 (16.018)
2 2.538×10−3 0.1651 1.286×10−3 1.3267 0.0630 (15.858)
4 2.438×10−3 0.2554 1.739×10−3 2.2454 0.0812 (12.320)
8 2.340×10−3 0.4795 1.092×10−3 4.2377 0.0528 (18.943)

On the other hand, the speed-ups for the whole simulation given the aforementioned
conditions are depicted in Figure 4.7, which shows that the speed-ups for the Poisson
equation, for the iteration, and for the whole simulation are consistent with the theoreti-
cal results, which validates the method. Moreover, it can be observed that the speed-ups
for the Poisson equation are significantly higher than the speed-ups for the iteration and
for the whole simulation, which is expected given that the Poisson equation is the most
computationally expensive part of the iteration, and therefore benefits more from the
increase in arithmetic intensity provided by the SpMM. The speed-ups for the iteration
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and for the whole simulation are also significant, which highlights the potential of this
approach to significantly reduce the time required to perform parallel-in-time ensemble-
averaged simulations compared to performing a single long simulation, especially for
cases with high β and for denser matrices. Moreover, the predicted results given the
theoretical speed-up estimations are consistent with the obtained results, which vali-
dates the theoretical analysis and highlights the importance of selecting the optimal
number of flow states to perform the parallel-in-time ensemble-averaged simulations,
as it can significantly affect the overall speed-up achieved by this approach.

Figure 4.7 also shows that the speed-ups for the case with mesh refinement are
significantly higher than the speed-ups for the case without mesh refinement, which
increased an 11.22%, a 33.02% and 60.01% for m = 2, m = 4 and m = 8, respectively, for
the whole simulation. This significant increase in the speed-ups for the case with mesh
refinement highlights the potential of using a cheaper procedure for the transition phase
to significantly reduce the time required to perform parallel-in-time ensemble-averaged
simulations compared to performing a single long simulation.

Moreover, the test case has been run for denser matrices in order to test the method
for higher-order space discretizations, which generally have denser sparsity patterns
compared to FVM just using the first neighbors Under these circumstances, the method
has been tested in a framework considering only the first neighbor cells, which will have
7 non-zeros per row (7p); considering the first and second neighbours of the cell, which
will have 13 non-zeros per row (13p); and consdering all neighbors of the cell, including
the diagonal neighbors, which will have 27 non-zeros per row (27p). Figure 4.8 shows a
two-dimensional representation of the stencil for the 7p, 13p, and 27p discretizations,
where the shaded cells represent the first neighbors in all representations, which
corresponds to case 7p.

These tests have been performed in a single time unit in the fine 1603 mesh so
that the presented time for the different elements to run has had enough time steps so
that the average value is representative. Moreover, a timer has been added to monitor
the time devoted to performing SpMM operations in CHRONOS, so that not only the
speed-up present in the Poisson solution and the whole iteration is represented, but also
the speed-up present in the kernel itself. Given the distribution of sizes and sparsity
patterns inherent to aAMG strategies, the presented results as well as the bounds are
weighted by the fraction of time of each of these different types of matrices in the whole
solution of the Poisson equation, so that the results are representative of the overall
speed-up for the solution of the Poisson equation.

Figure 4.9 depicts the speed-ups for the SpMM operations for the 7p, 13p, and 27p
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Figure 4.7: Speed-ups for the Poisson equation (top left), for the iteration (top right), and for the
whole simulation (bottom) for a turbulent planar channel flow of Reτ = 180 with mesh refinement.
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Figure 4.8: Two-dimensional representations of the stencil for 7p (left), 13p (center), and 27p

(right) discretizations. The shaded cells represent the first neighbors in all representations.

discretizations in the Poisson equation resolution for a turbulent planar channel flow
of Reτ = 180 with a 1603 mesh. The dashed lines represent the theoretical bounds for
the speed-ups given the theoretical analysis, while the markers represent the obtained
results. As expected from the theoretical results, no slow-down is obtained for the
tested range of m in the three cases. Moreover, the speed-ups for the SpMM operations
are significantly higher for the denser matrices, which is expected given the increase
in arithmetic intensity provided by the SpMM. The speed-ups for the 27p discretization
are significantly higher than the speed-ups for the 7p and 13p discretizations, which
highlights the potential of this approach to significantly reduce the time required to
perform parallel-in-time ensemble-averaged simulations compared to performing a
single long simulation, especially for denser matrices.

1 2 4 8m

1

2

3

4

P
m

,S
p
M
M

1 2 4 8m

1

2

3

4

5

1 2 4 8m

1

2

3

4

5

Figure 4.9: Speed-ups for the SpMM operations for the 7p (left), 13p (center), and 27p (right)
discretizations in the Poisson equation resolution for a turbulent planar channel flow of Reτ = 180
with a 1603 mesh. The dashed lines represent the theoretical bounds for the speed-ups given the
theoretical analysis, while the markers represent the obtained results.
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The implementation performance has been validated by representing the roofline
plot of the execution for the different discretizations, as shown in Figure 4.10, where
the arithmetic intensity and the achieved performance for the different discretizations
are represented. It can be observed that the achieved performance also increases with
the number of non-zeros per row, which is expected given the increase in arithmetic
intensity, as it allows to better leverage the computational capabilities of the hardware.
The achieved performance for the 27p discretization is significantly higher than the
achieved performance for the 7p and 13p discretizations, as expected given the increased
density of the matrix. Moreover, the achieved performance for all cases practically
reaches the roofline, which indicates that the implementation is efficient and that the
performance is limited by the computational capabilities of the hardware rather than by
the implementation itself, which makes the code suitable to perform efficiently in large-
scale simulations and to leverage the potential of the proposed approach to significantly
reduce the time required to perform parallel-in-time ensemble-averaged simulations
compared to performing a single long simulation.
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Figure 4.10: Roofline plot of the SpMM kernel for the different discretizations for a turbulent
planar channel flow of Reτ = 180 with a 1603 mesh.

With regards to the extension to the solution of the Poisson equation using the
aAMG preconditioned Conjugate Gradient method implemented in CHRONOS, speed-
up figures are obtained and compared woith the theoretical bounds given by Eq.(4.10)
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with χ ≈ 0.8, as the aAMG preconditioner is SpMV-heavy. The results are depicted in
Figure 4.11, which shows that the speed-ups for the SpMM operations translate to the
whole solution of the Poisson equation, overlapping with the theoretical bounds until
m = 4. However, as a big workload is performed in the preconditioner, which does not
depend much on the original discretization, the speed-ups for the solution of the Poisson
equation do not significantly vary among the three discretization cases tested.
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Figure 4.11: Speed-ups for the numerical solution of the Poisson equation for the 7p (left), 13p
(center), and 27p (right) discretizations for a turbulent planar channel flow of Reτ = 180 with
a 1603 mesh. The dashed lines represent the theoretical bounds for the speed-ups given the
theoretical analysis, while the markers represent the obtained results.

Eventually, the results have been extended to the whole iteration in Figure 4.12,
where the benefits of the increased arithmetic intensity result in speed-ups of around a
100% for m = 4 and m = 8. While smaller for m = 2, the speed-ups for this case are also
significant in the three tested discretizations.

By doing so, by means of Eq. (4.26), the speed-up for the whole simulation can be
estimated for the different discretizations, which is depicted in Figure 4.13, where the
continuous lines represent the estimated speed-ups given an in-flight mesh refinement
strategy, following the parameters obtained in the numerical experiments, while the
dashed lines represent the estimated speed-ups without mesh refinement. It can be
observed that the estimated speed-ups for the whole simulation are significantly higher
for the case with mesh refinement compared to the case without mesh refinement, which
aligns with the results obtained in Figure 4.7 and highlights the potential of using a
cheaper procedure for the transition phase to significantly reduce the time required
to perform parallel-in-time ensemble-averaged simulations compared to performing a
single long simulation, as the benefits in terms of speed-up grow for approximately a
10% for m = 2, a 40% for m = 4, and a 60% for m = 8 when using the mesh refinement.



4.3 Numerical experiments 101

1 2 4 8m

1.0

1.2

1.4

1.6

1.8

2.0

2.2

P
m

,it
e

1 2 4 8m

1.0

1.2

1.4

1.6

1.8

2.0

2.2

1 2 4 8m

1.00

1.25

1.50

1.75

2.00

2.25

2.50

Figure 4.12: Speed-ups in a time step computation for the 7p (left), 13p (center), and 27p (right)
discretizations for a turbulent planar channel flow of Reτ = 180 with a 1603 mesh.

Moreover, the estimated speed-ups for the whole simulation are significantly higher for
the denser matrices, as follows from the previous analysis.

4.3.2 Rayleigh-Bénard convection

To test the robustness of the method when additional transport equations are included,
the method has been tested in a Rayleigh-Bénard convection setup, with Ra= 109 and
Pr= 0.71. The method has been tested in a 160×320×64 mesh, with a domain periodic
in the z-direction. In the y-direction, the mesh has been refined with a hyperbolic
tangent function with γ= 1.5.

In order to let the flow develop to a steady-state, which will make the relevant data
more uniform through the iterations, the simulation has been run for 50 time units.
Note that this is not enough to obtain a statistically steady state [24] and thus the
presented results only aim at wall-clock times and speed-ups. For the 7p case, a mesh
refinement from a 80×160×32 mesh to the 160×320×64 mesh has been applied after 30
time units, in order to test the values of δm obtained by adding this additional transport
equation.

Similarly to the channel flow test case, the simulations here presenteed have been
run in 64 cores of a node of MN5-GPP supercomputer, which actually preserve the same
workload per CPU core as in the channel flow case.

As a full simulation letting the flow develop has not been performed, only actual
figures for Poisson and iteration speed-up will be presented for a multi-mesh set-up. On
the other hand, estimations for the whole simulation can be extrapolated by setting
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Figure 4.13: Speed-ups for the whole simulation for the 7p, 13p, and 27p discretizations for
a turbulent planar channel flow of Reτ = 180. The continuous lines represent the estimated
speed-ups given an in-flight mesh refinement strategy, following the parameters obtained in the
numerical experiments, while the dashed lines represent the estimated speed-ups without mesh
refinement.
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a transition time TT of 50 time units, as it shows to be sufficient time to develop the
flow, and an averaging time TA of 400 time units, set by Demou and Grioriadis [25]
in previous simulations of equivalent Rayleigh-Bénard convection simulations, which
leads to β= 8. In the estimations, TD will be set to 40 time units, so that the flow can
redevelop in the finer mesh. Therefore, the estimations will be performed with β= 8
and γ= 4, which gives smaller benefits in terms of speed-up compared to the channel
flow case, which used β= 10 and γ= 15.

Figure 4.14 depicts the speed-ups for the Poisson equation, for the iteration, and for
the whole simulation for a Rayleigh-Bénard convection of Ra= 109 and Pr= 0.71 with
mesh refinement. It can be observed that the speed-ups for the Poisson equation are the
most significant, which is expected given the amount of SpMV operations performed in
a SpMV-heavy aAMG preconditioner for the CG solver. The speed-ups for the iteration
and for the whole simulation are also significant, which highlights the potential of
this approach to significantly reduce the time required to perform parallel-in-time
ensemble-averaged simulations compared to performing a single long simulation. It
is important to note that the speed-ups for the whole simulation are estimated based
on the theoretical analysis and the obtained speed-ups for the iteration, as the full
simulation has not been performed. Similarly to Figure 4.7, the approximation Φ= 1
results in a good estimation of the speed-ups for the whole simulation.

Opposite to the channel flow test case, the lower value of β for this case leads to
a lower potential speed-up, which is expected from the theoretical analysis. However,
the presence of the in-flight mesh refinement strategy allows to significantly increase
the speed-ups for the whole simulation with a factor of around 30% for m = 4, which
corresponds to the optimal number of flow states for this case, and a factor of around
45% for m = 8, which is the maximum number of flow states tested in this work. The
higher the number of flow states, the higher the benefits of using a cheaper procedure
for the transition phase, thus penalizing notably the single phase approach.

4.3.3 Multiple parameter simulations: airfoil with flaps and slats depleted

The method has been tested as well in an unstructured mesh to validate the performance
of the method in an industrially relevant cae. In order to do so, the numerical simulation
of the flow at Re=107 around a 30P30N airfoil is presented for a single mesh approach.
Instead of performing an ensemble average, in this case the multiple rhs are devoted to
simulate multiple flow states arising from different angles of attack α. Thus, performing
these simulations dimultaneously allows to significantly reduce the time required to
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Figure 4.14: Speed-ups for the Poisson equation (top left), for the iteration (top right), and for
the whole simulation (bottom) for a Rayleigh-Bénard convection of Ra= 109 and Pr= 0.71 with
mesh refinement.
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perform parametric studies compared to performing multiple independent simulations,
as it allows to leverage the increase in arithmetic intensity provided by the SpMM.

The simulated domain is 150c×150c×2c, where c is the chord length of the airfoil,
in a mesh of 14M cells (Figure 4.15). The test case has been run for 1, 2, 4, and 8 flow
states, which correspond to simulating multiple angles of attack simultaneously.

Figure 4.15: Mesh for the simulation of the flow around a 30P30N airfoil.

The simulation has been run for 100 time steps using a third-order Runge-Kutta
method with a CFL of 0.95, which guarantees that the timestep is as big as possible
while ensuring stability of the integration. The simulation has been run in 112 cores of a
node of MN5-GPP supercomputer, which corresponds to a workload of around 115k cells
per CPU core, which is a reasonable workload for an unstructured mesh, in a MPI-only
parallelization strategy.

Figure 4.16 depicts the speed-ups for the Poisson equation, for the iteration, and for
the SpMM kernel for a the flow around a 30P30N airfoil at Re= 107. It can be observed that
the speed-ups for all the tested elements are significant, which highlights the potential
of this approach to significantly reduce the time required to perform parametric studies
compared to performing multiple independent simulations, as it allows to leverage
the increase in arithmetic intensity provided by the SpMM. Moreover, the speed-ups per
iteration directly translate to the speed-ups for the whole simulation, since multiple
parameter simulations do not have a common transition phase among all the flow states,
and therefore the speed-ups for the iteration are a good estimation of the speed-ups for
the whole simulation. The speed-ups for the SpMM kernel are significantly higher than
the speed-ups for the Poisson equation and for the iteration, which is expected given
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that the SpMM kernel benefits more from the increase in arithmetic intensity provided
by performing multiple simulations simultaneously compared to performing multiple
independent simulations.

4.4 Extension to higher-order symmetry-preserving discretiza-
tions

The denser operators used in Section 4.3 for the channel flow case are manufactured
just to test the method for matrices that are denser than the ones obtained with a first-
neighbor finite-volume discretization, which is the one used in the rest of the numerical
experiments. However, these denser matrices can be representative of the matrices
obtained with higher-order symmetry-preserving discretizations, which generally have
denser sparsity patterns compared to FVM just using the first neighbors. Therefore, the
method can be extended to higher-order symmetry-preserving discretizations, which
would allow to significantly increase the accuracy of the simulations while still leverag-
ing the potential of this approach to significantly reduce the time required to perform
parallel-in-time ensemble-averaged simulations compared to performing a single long
simulation.

According to Trias [26], a fourth-order three-dimensional Laplacian discretization
can be obtained by extending the fourth-order one-dimensional Laplacian discretization
to mutliple dimensions by defining the residual matrix as

R =− 1
24

TT
csTcs, (4.27)

where Tcs is the cell-to-face incidence matrix. By doing so, a fourth-order symmetry-
preserving discretization can be obtained as

L̃ = (I +R)L(I +R). (4.28)

Recalling the definition of L = MG, a high-order divergence operator can be defined as
M̃ = (I +R)M and a high-order gradient operator can be defined as G̃ =G(I +R), which
ensures that the properties of the continuous operators are preserved in the discrete
operators, following the leitmotif of symmetry-preserving discretizations.

Therefore, this same exact deconvolution can be applied to the convective term,
leading to

C̃ = (I +R)C(I +R), (4.29)
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Figure 4.16: Speed-ups for the Poisson equation (top left), for the iteration (top right), and for
the SpMM kernel (bottom) for a the flow around a 30P30N airfoil at Re= 107.
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which, similarly to the diffusive term, extends its accuracy to fourth-order. Recalling the
structure of the convective term, C = MUsΠ, a high-order interpolation can be defined
as Π̃=Π(I+R). Therefore, these new higher-order operators will have a greater number
of non-zeros per row compared to the original operators, which, according to Figure 4.2,
leads to bigger gains in terms of arithmetic intensity, and therefore significant increases
in the speed-up, both in the SpMM kernel as well as the whole simulation.

Their sparsity patterns can straightforwardly be obtained by introducing the second-
order stencil of the cell neighbors into the stencil of the current cell as depicted in
Figure 4.17, which shows a two-dimensional representation of the stencil for the second-
order divergence operator, fourth-order divergence operator, second-order gradient
operator and cell-to-face interpolator, and fourth-order gradient operator. The red
arrows represent the expansion of the stencil from the second-order to the fourth-order
discretization. It can be observed that the stencil for the fourth-order discretization
includes the stencil for the second-order discretization, which is expected given that the
fourth-order discretization is obtained by applying an exact deconvolution to the second-
order discretization, which ensures that the properties of the continuous operators
are preserved in the discrete operators, as the symmetry-preserving properties are
preserved by the extension to higher-order discretizations.

Its extension to three dimensions is straightforward by including the neighbors in
the z-direction as well, which would lead to a significant increase in the number of
non-zeros per row compared to the second-order discretization. Table 4.5 summarizes
the number of non-zeros per row for the second-order and fourth-order discretizations
for the divergence operator, gradient operator, and cell-to-face interpolator in 1D, 2D,
and 3D for structured and unstructured meshes. These much denser matrices lead to a
significant increase in the arithmetic intensity of the computations, and therefore to a
significant increase in the potential speed-ups provided by this approach, as shown in
the previous numerical experiments.

4.4.1 Application to a projection method

Projection methods, as seen in Section 2.2.2, depend on the numerical solution of a
Poisson equation for the pressure, which reads as

Lpc =Mu∗
s , (4.30)
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Figure 4.17: Two-dimensional representation of the stencil for the second-order divergence
operator (top left), fourth-order divergence operator (top right), second-order gradient operator
and cell-to-face interpolator (bottom left), and fourth-order gradient operator (bottom right).
The red arrows represent the expansion of the stencil from the second-order to the fourth-order
discretization.

Table 4.5: Number of non-zeros per row for the second-order and fourth-order discretizations
for the divergence operator, gradient operator, and cell-to-face interpolator in 1D, 2D, and 3D for
structured and unstructured meshes.

M M̃ G,Π G̃,Π̃ L L̃ C C̃

1D 2 4 2 4 3 5 2 4

2D tri 3 9 2 6 4 19 3 18
2Dquad 4 16 2 8 5 25 4 24

3Dhex 6 36 2 12 7 63 6 62
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which arises from the projection step us = u∗
s −Gpc. If the high-order operators are

considered, Eq. (4.30) can be rewritten as

L̃p̃c = M̃u∗
s , (4.31)

which arises from the projection step ũs =u∗
s − G̃p̃c. Introducing the definitions for the

high-order operators and simplifying I +R, Eq.(4.31) recovers

L(I +R)p̃c = Mu∗
s , (4.32)

from which is straightforward to show that the outcome from the Poisson equation
for both second- and fourth-order schemes is going to be the same, as the high-order
approximation of pc is obtained by applying the exact deconvolution to the second-
order approximation, i.e., pc = (I +R)p̃c. Therefore, the Laplacian used for the Poisson
solution is going to be the second-order Laplacian, which is the one used in the rest of
the numerical experiments, and therefore the speed-ups for the Poisson solution are
not expected to vary between the second-order and fourth-order discretizations, while
preserving the reduced computational cost of the second-order Laplacian compared to
its fourth-order counterpart. On the other hand, the convective and diffusive terms are
going to be computed with the fourth-order discretization, which is expected to lead to a
significant increase in the accuracy of the simulations.

4.4.2 Numerical experiments for higher-order discretizations

In order to test the method for higher-order discretizations, the numerical simulation
of a turbulent planar channel flow of Reτ = 180 with a 1283 mesh has been performed
using the second-order and fourth-order symmetry-preserving discretizations described
in the previous section. Given the additional computational cost for the higher-order
discretizations, the simulation has been run for two time units, which is enough to have
a representative average time per iteration for the different elements. The simulation
has been run under the same workload per CPU core as the previous channel flow
test case, which corresponds to 64k cells per CPU core, in an MPI-only parallelization
strategy.

Two discretization strategies have been tested: the second-order symmetry-preserving
(SP2) [7], and the fourth-order symmetry-preserving (SP4) [26] discretizations. The speed-
ups for the calculation of the convective and diffusive terms for the second-order and
fourth-order discretizations are depicted in Figure 4.18. It can be observed that the
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speed-ups for the SP4 discretization are significantly higher than the speed-ups for the
SP2 discretization, which is expected given the increase in arithmetic intensity provided
by the denser matrices of the SP4 discretization compared to the SP2 discretization. As
the density of the convective term is smaller than that of the diffusive term (Table 4.5),
the speed-ups for the convective term are smaller than the speed-ups for the diffusive
term, which is expected given the increase in arithmetic intensity provided by the denser
matrices of the diffusive term compared to the convective term.
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Figure 4.18: Speed-ups in the calculation of the convective and diffusive terms for the second-
order (left) and fourth-order (right) discretizations in numerical solution of a turbulent planar
channel flow of Reτ = 180 with a 1283 mesh.

These results indicate that the method can be extended to higher-order symmetry-
preserving discretizations, which would allow to significantly increase the accuracy
of the simulations while still leveraging the potential of this approach to significantly
reduce the time required to perform parallel-in-time ensemble-averaged simulations
compared to performing a single long simulation, as the increase in arithmetic intensity
provided by the denser matrices of the higher-order discretizations leads to significantly
higher speed-ups for the calculation of the convective and diffusive terms compared to
the second-order discretization.

4.5 Conclusions

In this chapter, a method to perform parallel-in-time ensemble-averaged simulations by
running multiple flow states simultaneously has been presented. The method extends
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on the work from Krasnopolsky [3], which focused on incrementing the arithmetic
intensity in the Poisson equation resolution, to the whole iteration by transforming
all SpMV operations into SpMM. This allows to potentially increase the speed-ups for the
whole iteration and therefore for the whole simulation.

The method relies on the ergodicity of turbulent flows, which allows the replace
the long time average required to obtain the flow statistics by an ensemble average,
which can be obtained by running multiple flow states simultaneously. By doing so, the
method allows to leverage the increase in arithmetic intensity provided by performing
multiple simulations simultaneously compared to performing multiple independent
simulations, which leads to significant speed-ups for the Poisson equation resolution,
for the iteration, and for the whole simulation compared to performing a single long
simulation.

As the main drawback of this approach is the transition phase required to let the
flow develop until a statistically steady-state is reached, an in-flight mesh refinement
strategy has been proposed to significantly reduce the time required to perform the
transition phase, which is a significant part of the total simulation time for cases that
take a long time to develop, i.e., natural convective flows. By doing so, the method allows
to significantly increase the speed-ups for the whole simulation compared to performing
either a single long simulation or parallel-in-time ensemble-averaged simulations with-
out mesh refinement, without penalizing the accuracy as the flow is re-developed in the
finer mesh.

The method has been tested in three different test cases: a turbulent planar channel
flow, a Rayleigh-Bénard convection, and the flow around a 30P30N airfoil. The results
show that the method allows to significantly reduce the time required to perform
parallel-in-time ensemble-averaged simulations compared to performing a single long
simulation, with speed-ups of of around 50% for the whole simulation for the channel
flow and the Rayleigh-Bénard cases, and of around 100% for the whole simulation for
the airfoil case. Moreover, the results show that the speed-ups for the Poisson equation
resolution are significantly higher than the speed-ups for the iteration and for the whole
simulation, which is expected given the amount of SpMV operations performed in a SpMV-
heavy aAMG preconditioner for the CG solver. The speed-ups for the iteration and for
the whole simulation are also significant, which highlights the potential of this approach
to significantly reduce the time required to perform parallel-in-time ensemble-averaged
simulations compared to performing a single long simulation.

Given the additional benefits observed for denser matrices, the method has been
extended to higher-order symmetry-preserving discretizations, which generally have
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denser sparsity patterns compared to classical second-order symmetry-preserving dis-
cretizations. As this higher-order discretization does not affect the Laplacian used
for the Poisson solution, the speed-ups for the Poisson solution are not expected to
vary between the second-order and fourth-order discretizations, while preserving the
reduced computational cost of the second-order Laplacian compared to its fourth-order
counterpart. On the other hand, as the convective and diffusive terms are computed
with the fourth-order discretization, the speed-ups for the calculation of these terms
improved by a 20% for the convective term and a 70% for the diffusive term, compared
to the second-order discretization.

The conclusion after these results is that the method presented in this chapter allows
to significantly reduce the time required to perform parallel-in-time ensemble-averaged
simulations compared to performing a single long simulation, with significant speed-ups
for the Poisson equation resolution, for the iteration, and for the whole simulation.
Moreover, the method can be extended to higher-order symmetry-preserving discretiza-
tions, which would allow to significantly increase the accuracy of the simulations while
still leveraging the potential of this approach to significantly reduce the time required
to perform parallel-in-time ensemble-averaged simulations compared to performing a
single long simulation.
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5
Concluding Remarks

“I do not know what I may appear to the world, but to myself I seem to have
been only like a boy playing on the seashore... whilst the great ocean of truth
lay all undiscovered before me.”
– Isaac Newton

This thesis has addressed the fundamental challenge of computational efficiency in
incompressible flow simulations by replacing traditional, overconservative timestepping
methods with a rigorous framework for stability-aware adaptive timestepping and
hardware-optimized sparse linear algebra. The central ambition of this work, which was
marching faster in time has been realized by bridging the gap between mathematical
stability theory and high-performance computing implementation, enabling significant
speedups in simulations of incompressible flows without sacrificing accuracy or stability.

A primary achievement of this research is the development and extension of self-
adaptive time-integration methods for the incompressible Navier-Stokes equations. By
implementing algorithms like AlgEigCD on staggered grids, this work demonstrated
that the classical Courant-Friedrichs-Lewy (CFL) condition often fails to capture the
true stability limits of the system. Through rigorous eigenvalue analysis, it was shown
that simulations can safely utilize significantly larger timesteps than those prescribed
by the CFL condition, leading to substantial reductions in computational time, without
compromising the stability or accuracy of the results. This finding challenges the
conventional wisdom in computational fluid dynamics and opens new avenues for
efficient simulation strategies.

Furthermore, this thesis expanded these concepts into the domain of Reduced-Order

117



118 Chapter 5. Concluding Remarks

Models (ROMs). With the introduction of the RedEigCD algorithm, this work provided
a novel mechanism for estimating stability limits within the reduced subspace. A key
theoretical contribution was the application of the Poincaré separation theorem, which
establishes a rigorous connection between the eigenvalues of the full system and those
of the reduced model, indicating that they are interlaced, thus ensuring that the full
system’s eigenbound is always greater than or equal to the reduced system’s eigenbound.
This insight not only validates the use of reduced-order models for stability analysis
but also provides a theoretical foundation for their application in adaptive timestepping
strategies. This explains the inherent ability of ROMs to sustain larger timesteps than
the Full-Order Model (FOM), and establishes a reliable foundation for their use in rapid
design and optimization tasks.

Parallel to these mathematical advancements, the research addressed the memory-
boundedness of Computational Fluid Dynamics (CFD) simulations, which sets a funda-
mental limit on the performance of CFD simulations in modern hardware. By identifying
and exploiting repeated matrix block structures present in parallel-in-time ensemble
simulatons, the computational kernel was shifted from a sparse matrix-vector product
to a more efficient sparse matrix-matrix product. This shift, combined with the use
of the self-adaptive timestepping methods developed in this thesis, led to significant
performance improvements, as it increased the arithmetic intensity of the computations,
allowing for better utilization of modern hardware capabilities. Validated against aca-
demic and industrial scenarios, this approach demonstrated that numerical speedup
can be achieved without compromising the accuracy or stability of the simulations,
thus providing a practical pathway for accelerating CFD simulations in real-world
applications.

5.1 Future Work

While this thesis has made significant strides in advancing the state of the art in
adaptive timestepping and efficient linear algebra for incompressible flow simulations,
there remain several promising avenues for future research. In the line of adaptive
timestepping for the incompressible Navier-Stokes equations and reduced-order models,
future work consists of:

• Study the capabilities of the AlgEigCD algorithm in energy-conserving explicit time
integration methods, such as Relaxation Runge-Kutta (RRK), which are commonly
used in compressible flow simulations. This would extend the capabilities of tfa to
perform machine-accurate energy-conserving simulations of incompressible flows,
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and would also provide insights into the stability properties of RRK methods,
which are currently not well understood in the context of incompressible flows.

• Extend the RedEigCD algorithm to hyperreduction methods, which are commonly
used in reduced-order modeling to further reduce the computational cost. This
would involve developing a rigorous framework for estimating stability limits in
the context of hyperreduction, and would provide a more comprehensive under-
standing of the stability properties of reduced-order models. This would allow
preserving the efficiency of hyperreduction while ensuring the stability of the
reduced-order models, thus enabling their use in a wider range of applications.

• Investigate the effect of adaptive timestepping on the kinetic energy budgets
of the simulations. This would allow determining the numerical dissipation
introduced by the adaptive timestepping methods, and compare the reuslts with
the numerical dissipation introduced by traditional fixed timestepping methods.
This would provide insights into the trade-offs between computational efficiency
and physical fidelity in the context of adaptive timestepping, and would help to
further optimize the performance of the algorithms developed in this thesis.

In the line of efficient linear algebra for parallel-in-time ensemble simulations, future
work consists of:

• Extend the results presented in this thesis to modern GPU-accelerated hardware.
This would involve fine tuning the sparse matrix-matrix product kernel on GPU
architectures, and optimizing it for performance. This would allow leveraging
the computational power of modern GPUs to further accelerate CFD simulations,
and would provide insights into the challenges and opportunities of implementing
efficient linear algebra algorithms on GPU architectures.

• Perform long term simulations of turbulent flows in unstructured grids using the
methods developed in this thesis. This would allow validating the performance
and accuracy of the algorithms in more complex and realistic scenarios, and would
provide insights into the challenges of simulating turbulent flows with adaptive
timestepping and efficient linear algebra methods. This would also help to identify
potential limitations of the methods developed in this thesis, and would provide
guidance for further improvements and optimizations.

• Implement methodologies to determine transition times in parallel-in-time ensem-
ble simulations. This would involve developing algorithms to analyze, on runtime,
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the convergence of the simulations and determine when the simulations have
reached a statistically steady state. This would allow optimizing the computa-
tional resources by terminating simulations that have already converged, and
would provide insights into the dynamics of turbulent flows and the convergence
properties of parallel-in-time ensemble simulations.
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