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Figure 1: Collocated arrangement

LES modelling → Framework to do DNS/LES modelling on complex
geometries:

Free of Checkerboard
Free of artificial numerical dissipation → Only dissipation from the LES model
Unconditionally stable
Easily portable (to other codes, platforms...)
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1. Definition of basic collocated operators

Let us suppose we have n control volumes and m faces.

Finite volume discretization of incompressible NS equations on an
arbitrary collocated mesh

Ωduc
dt + C(us)uc = −Duc − ΩGcpc , (1)

Mus = 0c . (2)

pc = (p1, ..., pn)T ∈ Rn is the cell-centered pressure.
uc = (u1, u2, u3)T ∈ R3n , where ui = ((ui)1, ..., (ui)n)T are the vectors
containing the velocity components corresponding to the xi−spatial direction.
us = ((us)1, ..., (us)m)T ∈ Rm is the staggered velocity.
The velocities are related via the interpolator from cells to faces
Γc→s ∈ Rm×3n =⇒ us = Γc→suc .
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Definition of basic collocated operators

The (3D) interpolator from cells to faces can be constructed as follows:

Γc→s = NΠ, (3)

where
N = (Ns,x Ns,y Ns,z) ∈ Rm×3m where Ns,x , Ns,y , Ns,z ∈ Rm×m are diagonal
matrices containing the xi spatial component of the face normal vectors.
Π = I3 ⊗ Πc→s ∈ R3m×3n .
Πc→s ∈ Rm×n is the scalar cell-to-face interpolator.
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Definition of basic collocated operators

Ωc ∈ Rn×n is a diagonal matrix with the cell-centered volumes
=⇒ Ω = I3 ⊗ Ωc .
Cc(us) ∈ Rn×n is the cell-centered convective operator for a discrete scalar

field =⇒ C(us) = I3 ⊗ Cc(us).
Dc ∈ Rn×n is the cell-centered diffusive operator for a discrete scalar field

=⇒ D = I3 ⊗ Dc .
Finally,

Gc ∈ R3n×n represents the discrete collocated gradient.
M ∈ Rn×m is the face-to-cell discrete divergence operator.
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Other useful operators

G = −Ω−1
s MT ,

L = MG = −MΩ−1
s MT ,

Lc = McGc = −MΓc→sΩ−1ΓT
c→sMT ,

Γs→c = Ω−1ΓT
c→sΩs . (4)

where G is the center-to-face staggered gradient, L is the Laplacian operator, Lc is
the collocated-Laplacian operator and Γs→c is the face-to-cell interpolator.

For more information about Symmetry-Preserving discretization consult: F.X. Trias, O.
Lehmkuhl, A. Oliva, C.D. Perez-Segarra, and R.W.C.P. Verstappen. Symmetry-preserving
discretization of Navier-Stokes equations on collocated unstructured meshes. Journal of
Computational Physics, 258:246–267, 2014.
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Conservation of global kinetic energy

Global kinetic energy equation

d ||uc ||2

dt = −uT
c (C(us) + CT (us))uc − uT

c (D + DT )uc

−uT
c ΩGcpc − pT

c GT
c ΩT uc . (5)

In absence of diffusion, that is D = 0, the global kinetic energy is conserved if:
C(us) = −CT (us), i.e, the convective operator should be skew-symmetric.
(−ΩGc)T = MΓc→s , because Mus = 0c .

Daniel Santos
11-15 September 2023, THMT 2023, Rome, Italy
8 / 26



Mimicking continuos properties
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A stable pressure gradient interpolation for the velocity
correction.

Global kinetic energy equation with skew-symmetric convective
operator

d ||uc ||2

dt = −uT
c (D + DT )uc − uT

c ΩGcpc − pT
c GT

c ΩT uc .

In absence of diffusion, that is D = 0, the global kinetic energy is conserved if:
(−ΩGc)T = MΓc→s , because Mus = 0c (But this relation is exact ONLY in
staggered configurations!).

In collocated framework, we either solve:

Mus = 0 → Lpc = MΓc→sup
c → Kinetic Energy Error (6)

Mcuc = 0 → Lcpc = MΓc→sup
c → Checkerboard (7)
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A stable pressure gradient interpolation for the velocity
correction.

Global kinetic energy equation with skew-symmetric convective
operator

d ||uc ||2

dt = −uT
c (D + DT )uc − uT

c ΩGcpc − pT
c GT

c ΩT uc .

In absence of diffusion, that is D = 0, the global kinetic energy is conserved if:
(−ΩGc)T = MΓc→s , because Mus = 0c (But this relation is exact ONLY in
staggered configurations!).

In collocated framework, the (artificial) kinetic energy added is given by:

−pT
c GT

c ΩT uc = pT
c (L − Lc)pc∆t (8)
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A stable pressure gradient interpolation
Stable solutions → Eigenvalues of L − Lc negative.
This can be achieved by using the volumetric scheme:

Πc→s = ∆−1
s ∆T

sc , (9)
where ∆s ∈ Rm×m is a diagonal matrix containing the projected distances
between two adjacent control volumes, and ∆sc ∈ Rm×n contains the
projected distances between an adjacent cell node and its corresponding face.

Volumetric interpolation: ϕf = Vs1
Vs1+Vs2

ϕc1 + Vs2
Vs1+Vs2

ϕc2.

Figure 2: Volume weighted volumes
Daniel Santos
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Summary

We can construct all the previous operators with only five discrete operators:

Ωc : collocated volumes
Ωs : staggered volumes

N : face − normal vectors
Πc→s : Scalar cell to face interpolation (”Free”)

M : Divergence matrix

The divergence operator is usually constructed as follows (discretization of the
divergence theorem using the midpoint approximation of the integral):

M = TscS, (10)

where Tsc is the incidence matrix from faces to cells and S is a diagonal matrix
containing face surfaces.

Daniel Santos
11-15 September 2023, THMT 2023, Rome, Italy

13 / 26



Summary

We can construct all the previous operators with only five discrete operators:

Ωc : collocated volumes
Ωs : staggered volumes

N : face − normal vectors
Πc→s : Scalar cell to face interpolation (”Free”)

M : Divergence matrix

The divergence operator is usually constructed as follows (discretization of the
divergence theorem using the midpoint approximation of the integral):

M = TscS, (10)

where Tsc is the incidence matrix from faces to cells and S is a diagonal matrix
containing face surfaces.

Daniel Santos
11-15 September 2023, THMT 2023, Rome, Italy

13 / 26



Summary

We can construct all the previous operators with only five discrete operators:

Ωc : collocated volumes
Ωs : staggered volumes

N : face − normal vectors
Πc→s : Scalar cell to face interpolation (”Free”)

M : Divergence matrix

The divergence operator is usually constructed as follows (discretization of the
divergence theorem using the midpoint approximation of the integral):

M = TscS, (10)

where Tsc is the incidence matrix from faces to cells and S is a diagonal matrix
containing face surfaces.

Daniel Santos
11-15 September 2023, THMT 2023, Rome, Italy

13 / 26



Summary

We can construct all the previous operators with only five discrete operators:

Ωc : collocated volumes
Ωs : staggered volumes

N : face − normal vectors
Πc→s : Scalar cell to face interpolation (”Free”)

M : Divergence matrix

The divergence operator is usually constructed as follows (discretization of the
divergence theorem using the midpoint approximation of the integral):

M = TscS, (10)

where Tsc is the incidence matrix from faces to cells and S is a diagonal matrix
containing face surfaces.

Daniel Santos
11-15 September 2023, THMT 2023, Rome, Italy

13 / 26



Summary

We can construct all the previous operators with only five discrete operators:

Ωc : collocated volumes
Ωs : staggered volumes

N : face − normal vectors
Πc→s : Scalar cell to face interpolation (”Free”)

M : Divergence matrix

The divergence operator is usually constructed as follows (discretization of the
divergence theorem using the midpoint approximation of the integral):

M = TscS, (10)

where Tsc is the incidence matrix from faces to cells and S is a diagonal matrix
containing face surfaces.

Daniel Santos
11-15 September 2023, THMT 2023, Rome, Italy

13 / 26



2. Stability test

In order to check the stability of the method, some tests have been carried out with
very coarse and very bad quality meshes. Here, a differentially heated cavity test is
presented:

Air-filled (Pr = 0.71).
Aspect ratio 2.
Rayleigh number (based on the cavity height) of 106.

The symmetries of the operators have been respected and a volumetric interpolator
was used to interpolate the pressure gradient.

Remark: Using a mid point scheme will blow up the simulation at the beginning.
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Air-filled differentially heated cavity for extremely distorted
unstructured meshes

Figure 3: Mesh used to
run the case.
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Air-filled differentially heated cavity for extremely distorted
unstructured meshes.

Figure 4: Pressure
distribution.

Figure 5: Temperature
distribution.
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Accuracy test

In order to check the accuracy of the volumetric interpolation, some tests have been
carried out. Here, a differentially heated cavity test is presented:

Air-filled (Pr = 0.71).
Aspect ratio 4.
Rayleigh number (based on the cavity height) of 1010.

The kinetic energy budgets will be computed. We expect:
The dissipation rate to be equal to the production rate.
The convective contribution to be zero.
The pressure gradient contribution to be negative and close to zero (ideally
zero).
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Structured discretization
The first test was done using a structured mesh with N2 = 128 and N3 = 326,
applying the following stretching to the x2−coordinate:

(x2)k = 1
2

L2
L3

(1 + tanh{γ2(2(k − 1)/N2 − 1)}
tanhγ2

), k = 1, ..., N2 + 1. (11)

Figure 6: Top part of the mesh used to check the accuracy of the method.
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Structured discretization

Interpolation Conv Diff Buoyancy PressGrad
Linear ≈ 0 −1 1.01062 −4.90 × 10−3

Mid-point ≈ 0 −1 1.01168 −4.99 × 10−3

Volumetric ≈ 0 −1 1.01099 −4.89 × 10−3

Table 1: Time-averaged normalized contributions to the global kinetic energy for
different pressure gradient interpolations. The time step was selected to be constant and
the same for the three cases.

Results very similar → Expected: all linear and volumetric interpolations are prac-
tically the Mid-Point in locally uniform Cartesian meshes.
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Cartesian uniform discretization

Cartesian uniform grid of N2 = 250 and N3 = 1000 (N1/2
total = 500).

The results are not depending on the chosen interpolation.
The results were already converged with this mesh to the selected reference
solution in F.X. Trias, et.al. Symmetry-preserving discretization of
Navier-Stokes equations on collocated unstructured meshes. Journal of
Computational Physics, 258:246–267, 2014.

Interpolation Conv Diff Buoyancy PressGrad
Cartesian uniform ≈ 0 −1 0.99957 −5.33 × 10−4

Linear 0.98145 0.99230
Mid-point 0.97782 0.98966
Volumetric 0.98181 0.99302

Table 2: Time-averaged normalized contributions to the global kinetic energy for the
Cartesian uniform grid (row 1). Normalized comparison of the resuts obtained with the
stretched meshes compared to the Cartesian uniform ones (rows 2 − 4).
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Unstructured discretization

An unstructured triangular mesh of N1/2
total ≈ 506 was used, with no high aspect

ratio control volumes.

Interpolation Conv Diff Buoyancy PressGrad
Linear ≈ 0 −1 1.00854 −1.33 × 10−3

Mid-point ≈ 0 −1 1.00968 −1.35 × 10−3

Volumetric ≈ 0 −1 1.01063 −1.59 × 10−3

Linear 0.97640 0.98516
Mid-point 0.97439 0.98424
Volumetric 0.97840 0.98923

Table 3: Time-averaged normalized contributions to the global kinetic energy for
different pressure gradient interpolations for the unstructured mesh (rows 1 − 3).
Normalized comparison of the resuts obtained with the unstructured mesh compared to
the Cartesian uniform ones (rows 4 − 6).
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Linear interpolation: a bad choice when (a not so high)
aspect ratio is found

Figure 7: Central part of the 125x500 mesh used to test the stability of the linear
interpolator. The maximum aspect ratio of this mesh is 6.

Perhaps this is a high aspect ratio for structured meshes, but it can be seen more
often in non-structured grids.
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Linear interpolation: a bad choice when (a not so high)
aspect ratio is found
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Figure 8: (Artificial) kinetic energy added up by the pressure gradien contribution as a
function of time.
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Final discussion: Mid-Point vs Volumetric

Even though the Mid-Point interpolator can blow up our simulation, as we have
seen in the previous example, it is much more stable than the linear → an accuracy
test in a distorted coarse mesh will be done.

Figure 9: Central part of the high-distorted mesh used to test the accuracy of the
mid-point and volumetric interpolator.
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Final discussion: Mid-Point vs Volumetric

Interpolation Mean ∆t Conv Diff Buoyancy PressGrad Balance Sum
Mid-point (maxCo=1) 0.0126 ≈ 0 −1 1.97610 −0.77851 3.33 × 10−4

Volumetric (maxCo=1) 0.0138 ≈ 0 −1 1.90565 −0.93355 3.67 × 10−6

Mid-point (fixed ∆t) 0.0050 ≈ 0 −1 1.57681 −0.57593 1.35 × 10−6

Volumetric (fixed ∆t) 0.0050 ≈ 0 −1 1.43591 −0.43495 1.42 × 10−6

Mid-point (maxCo=1) 0.0126 1.31246 2.59466
Volumetric (maxCo=1) 0.0138 1.24703 2.37740
Mid-point (fixed ∆t) 0.0050 1.19875 1.89101
Volumetric (fixed ∆t) 0.0050 1.15685 1.66184

Table 4: Time-averaged normalized contributions to the global kinetic energy for
different pressure gradient interpolations for the distorted mesh (rows 1 − 4). The
balance sum column refers to the sum of all the non-normalized contributions.
Normalized comparison of the resuts obtained with the distorted mesh compared to the
Cartesian uniform ones (rows 4 − 8).

In this case, the Volumetric is clearly better than the Mid-Point (even with
higher ∆t).
As previously stated, the Pressure Gradient contribution is reduced with the
time step.
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3. Conclusions

General conclusions
An energy-preserving unconditionally stable fractional step method on collo-
cated grids has been presented.
The volumetric interpolator was shown to be unconditionally stable even for
high-distorted meshes, both theoretically and numerically.
The convective term is not introducing artificial kinetic energy when the un-
derlying symmetries of the operator are respected.
Under low-distorted meshes, the three interpolators seem to behave very sim-
ilar, even though the linear interpolation blows up quickly.
Under high-distorted meshes, the volumetric interpolation is the best choice.

Ongoing work
Extend the theoretical results to implicit time schemes.
Test the accuracy in triangular meshes with stretched directions.
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