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Spoiler

q = −λ∇T

↓

1 #include "hpc2.h"
2 int main () {
3 MPI_Init();
4 mat G("G.bin");
5 vec q(0.), T("T.bin");
6 q = -k*G*T;
7 MPI_Finalize();
8 }

c2

c3

c4

n6

n7

n9

v5

c1

n1

n2

n3

 δn3

 δn2

 δn1

n5

n4

n8

v1

v2

v3

v6

v4

c2

f

f

c1 (k)

c1 (k)

nf

c2

nf



q1
q2
q3
q4
q5
q6
q7
q8
q9


= −λ



0 −1 +1 0

0 −1 0 +1

−1 +1 0 0

+1 0 0 0

+1 0 0 0

0 0 −1 0

0 0 +1 0

0 0 0 +1

0 0 0 +1




T1
T2
T3
T4



↓

qs = −λGTc

(a) Snellius (b) LUMI (c) TSUBAME (d) MareNostrum

1/18



Spoiler

q = −λ∇T

↓

1 #include "hpc2.h"
2 int main () {
3 MPI_Init();
4 mat G("G.bin");
5 vec q(0.), T("T.bin");
6 q = -k*G*T;
7 MPI_Finalize();
8 }

c2

c3

c4

n6

n7

n9

v5

c1

n1

n2

n3

 δn3

 δn2

 δn1

n5

n4

n8

v1

v2

v3

v6

v4

c2

f

f

c1 (k)

c1 (k)

nf

c2

nf



q1
q2
q3
q4
q5
q6
q7
q8
q9


= −λ



0 −1 +1 0

0 −1 0 +1

−1 +1 0 0

+1 0 0 0

+1 0 0 0

0 0 −1 0

0 0 +1 0

0 0 0 +1

0 0 0 +1




T1
T2
T3
T4



↓

qs = −λGTc

(a) Snellius (b) LUMI (c) TSUBAME (d) MareNostrum

1/18



Spoiler

q = −λ∇T

↓

1 #include "hpc2.h"
2 int main () {
3 MPI_Init();
4 mat G("G.bin");
5 vec q(0.), T("T.bin");
6 q = -k*G*T;
7 MPI_Finalize();
8 }

c2

c3

c4

n6

n7

n9

v5

c1

n1

n2

n3

 δn3

 δn2

 δn1

n5

n4

n8

v1

v2

v3

v6

v4

c2

f

f

c1 (k)

c1 (k)

nf

c2

nf



q1
q2
q3
q4
q5
q6
q7
q8
q9


= −λ



0 −1 +1 0

0 −1 0 +1

−1 +1 0 0

+1 0 0 0

+1 0 0 0

0 0 −1 0

0 0 +1 0

0 0 0 +1

0 0 0 +1




T1
T2
T3
T4



↓

qs = −λGTc

(a) Snellius (b) LUMI (c) TSUBAME (d) MareNostrum

1/18



Spoiler

q = −λ∇T

↓

1 #include "hpc2.h"
2 int main () {
3 MPI_Init();
4 mat G("G.bin");
5 vec q(0.), T("T.bin");
6 q = -k*G*T;
7 MPI_Finalize();
8 }

c2

c3

c4

n6

n7

n9

v5

c1

n1

n2

n3

 δn3

 δn2

 δn1

n5

n4

n8

v1

v2

v3

v6

v4

c2

f

f

c1 (k)

c1 (k)

nf

c2

nf



q1
q2
q3
q4
q5
q6
q7
q8
q9


= −λ



0 −1 +1 0

0 −1 0 +1

−1 +1 0 0

+1 0 0 0

+1 0 0 0

0 0 −1 0

0 0 +1 0

0 0 0 +1

0 0 0 +1




T1
T2
T3
T4



↓

qs = −λGTc

(a) Snellius (b) LUMI (c) TSUBAME (d) MareNostrum

1/18



Spoiler

q = −λ∇T

↓

1 #include "hpc2.h"
2 int main () {
3 MPI_Init();
4 mat G("G.bin");
5 vec q(0.), T("T.bin");
6 q = -k*G*T;
7 MPI_Finalize();
8 }

c2

c3

c4

n6

n7

n9

v5

c1

n1

n2

n3

 δn3

 δn2

 δn1

n5

n4

n8

v1

v2

v3

v6

v4

c2

f

f

c1 (k)

c1 (k)

nf

c2

nf



q1
q2
q3
q4
q5
q6
q7
q8
q9


= −λ



0 −1 +1 0

0 −1 0 +1

−1 +1 0 0

+1 0 0 0

+1 0 0 0

0 0 −1 0

0 0 +1 0

0 0 0 +1

0 0 0 +1




T1
T2
T3
T4



↓

qs = −λGTc

(a) Snellius (b) LUMI (c) TSUBAME (d) MareNostrum

1/18



Towards portable implementation models

Traditionally, the development of scientific computing so�tware is based on calculations in iterative 
stencil loops over a discretized geometry—the mesh. Despite being intuitive and versatile, the interde-
pendency between algorithms and their computational implementations in stencil applications usua-
lly introduces an inevitable complexity when it comes to portability and sustainability.

Algebraic

Stencil

By casting discrete operators and mesh functions into sparse matrices and vectors, it has been shown 
that all the calculations in a typical CFD algorithm for the DNS and LES of incompressible turbulent 
flows boil down to a minimalist set of algebraic subroutines.

The idea is to use the stencils just for building data and leave the calculations to an algebraic fra-
mework; thus, legacy codes may be maintained indefinitely as preprocessing tools, and the calculation 
engines become easy to port and optimize.

2/18



Tailoring Navier–Stokes into an algebraic framework

Continuous, dimensionless Navier–Stokes equations read:

∇ · u = 0, ∂tu+ (u · ∇)u−
1

Re
∆u+∇p = 0.

p u1

u2

Finite-volume, algebra-based discretization on arbitrary collocated mesh12 :

Mus = 0c, Ω3d
c dtuc + C3d

c (us)uc + D3d
c uc + Ω3d

c Gcpc = 0c,

where:
cells ∈ Rn faces ∈ Rm

pc ∈ Rn uc ∈ R3n = (u1,u2,u3)
T us ∈ Rm

Gc ∈ R3n×n M ∈ Rn×m

Ω3d
c ∈ R3n×3n = I3 ⊗ Ωc C3d

c (us) ∈ R3n×3n = I3 ⊗ Cc (us) D3d
c ∈ R3n×3n = I3 ⊗ Dc

1Trias et al., Symmetry-preserving discretization of Navier-Stokes equations on collocated unstructured grids, J.Comp.Phys., 258, 246-267, 2014.
2Oyarzún et al., Portable implementation model for CFD simulations. Application to hybrid CPU/GPU supercomputers, Int,J.Comput.Fluid.Dyn., 31(9), 396–411, 2018.
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Algebra-based algorithm for Navier–Stokes equations

Algorithm to solve one time-integration step. The particular choice of the time-integration scheme is not relevant.
Here, for the sake of simplicity, we have adopted a second-order Adams-Bashforth. Similarly, the particular
choice of the Poisson solver will eventually depend on many factors. We have considered the Conjugate Gradient.
Nevertheless, most existing sparse linear solvers algorithms rely on basic linear algebra operations.

Algorithm 1 Algorithm to solve one time-integration step of Navier–Stokes equations.

1: Compute the convective and the diffusive terms of momentum Equation:
R (un

s ,u
n
c ) ≡ −C3d

c (un
s )u

n
c − D3d

c un
c

2: Compute the predictor velocity:
up
c = un

c +∆t
{

3
2
R (un

s ,u
n
c )− 1

2
R
(
un−1
s ,un−1

c

)}
3: Solve the Poisson equation:

Lp̃n+1
c = Mup

s where up
s = Γc→su

p
c

4: Correct the staggered velocity field:
un+1
s = up

s − Gp̃n+1
c where G = −Ω−1

s MT

5: Correct the cell centered velocity field:
un+1
c = up

c − Ω3d
c Gcp̃

n+1
c where Gc = −Γs→cΩ

−1
s MT
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choice of the Poisson solver will eventually depend on many factors. We have considered the Conjugate Gradient.
Nevertheless, most existing sparse linear solvers algorithms rely on basic linear algebra operations.

Step of Algorithm SpMV axpy dot
1. Compute the convective–difusive terms 6 0 0
2. Predictor velocity 0 6 0
3. Poisson equation (r.h.s) 4 2 0
*. Poisson equation (per iteration) 2 3 2
4. Velocity correction (staggered) 1 1 0
5. Velocity correction (centred) 3 3 0
Total outside Poisson solver 14 12 2
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Hybrid HPC systems

Modern HPC systems consist of multiple hybrid computing nodes interconnected via a communication infrastruc-
ture. The nodes are composed of many hardware devices of different architectures, such as central processing
unit (CPU) or graphics processing unit (GPU), among others.
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Multilevel domain decomposition

Multilevel workload distribution consists of dividing the computational domain (mesh) into subsets recursively
to distribute it among the hardware of a computing system.

• First-level among computing nodes.
• Second-level among computing units.
• Third-level among threads in NUMA shared-memory spaces.
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The roofline model

The elapsed time of a kernel running on a
single computing unit is estimated as follows:

tRL = max

(
W

π
,
Q

β

)
,

Application performance is often considered
more relevant than elapsed time itself. Let’s
divide the work W by tRL :

RRL =
W

tRL
= min

(
π,

W

Q
β

)
= min(π, Iβ).

The model introduces operational intensity,
I , as the ratio of floating-point operations, in
flops, to the memory traffic, in bytes.

Operational intensity
Fundamental characteristic of the algorithm and determines its
theoretically achievable performance.
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Evolution of HPC system’s balance

System specifications include core performance, memory bandwidth and latency, and network bandwidth and
latency, among others. System balances are the ratios of these components.

• Rpeak vs memory bandwidth refers to the cost per 64-bit word loaded relative to the cost of a 64-bit flop.
Grows 14.2% per year.

• Rpeak vs network bandwidth refers to the cost per 64-bit word injected relative to the cost of a 64-bit flop.
Grows 22.3% per year.
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Taking advantage of block-structured matrices

In some cases, a sparse matrix is to be multiplied by a set of vectors:

D3d
c uc = − (νI3 ⊗ L)uc =

−


ν 0 0

0 ν 0

0 0 ν

⊗ L

uc = −

νL 0 0

0 νL 0

0 0 νL

uc.

This can be further generalized for different parameters:
y = (diag(c1) ⊗ ... ⊗ diag(cn) ⊗ A)x,

(
(D3d

c )1 0

0 (D3d
c )2

)(
(uc)1
(uc)2

)
=

−



ν1L 0 0 0 0 0

0 ν1L 0 0 0 0

0 0 ν1L 0 0 0

0 0 0 ν2L 0 0

0 0 0 0 ν2L 0

0 0 0 0 0 ν2L


(
(uc)1
(uc)2

)
.
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The roofline model

Sparse matrix, dense matrix multiplication

C = αAB+ βC

where A ∈ Rm×k is a sparse matrix with z non-zero coefficients, and B ∈ Rk×n and A ∈ Rm×n are dense.

SpMV SpMM
Work 2z 2n · z
Loads (8 + 4)z + 4(m+ 1) + 8m+ 8k (8 + 4)z + 4(m+ 1) + n(8m+ 8k)

Stores 8m 8m · n

=

y A x

x =

y A x

x
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Testing conditions

Benchmarking and profiling is being carried out on Snellius supercomputer3 .

• Sparse matrices arise from symmetry-preserving discretization4 of the Laplacian operator on hex-dominant
meshes.

• Sparse matrices are stored in CSR.
• Problem is large enough to avoid temporal locality on CPU and low occupancy on GPU.
• Tests are repeated 1,000 times and results are averaged.

3https://servicedesk.surf.nl/wiki/display/WIKI/Snellius
4Trias et al., Symmetry-preserving discretization of Navier-Stokes equations on collocated unstructured grids, J.Comp.Phys., 258, 246-267, 2014.
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Testing conditions
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Testing conditions
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Conclusions and Future Work

Conclusions
• The hybridization of the hardware ecosystem made the design of computing applications a rather complex problem.

• The algebra-based approach was presented as a naturally portable strategy for deploying numerical simulation frameworks.

• There is room for algorithmically improving the efficiency of the simulations by exploiting the SpMM kernel.

Ongoing and Future Work

• To finalize the benchmarking the SpMM kernel with a particular focus in CFD.

• Matrices arising from low and high-order symmetry-preserving discretizations on unstructured grids.
• Number of right-hand side terms ranging from 2 to 32.
• Problem size ranging from 10e5 to 10e6 to

• To understand the behavior of SpMM with respect to various parameters.

• To evaluate the scalability of the numerical simulation framework on large-scale distributed systems.
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• Container: data storage objects that stock such hierarchical partitions.
• Actuator: provides with methods and functions to firstly create shapes and then manipulate and operate
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The HPC2 framework

1 #include "hpc2lib.h"
2
3 /* NODE object is a singleton and is accessed through a pointer */
4 NODE *Node;
5
6 int main(int argc, char** argv){
7 /* initialize MPI stuff */
8 int prov, req = MPI_THREAD_MULTIPLE;
9 MPI_Init_thread(&argc, &argv, req, &prov);
10
11 /* initialize NODE with command line arguments */
12 Node->Init(&argc, &argv);
13
14 /* initialize HPC2 objects using plain sequential data in binary files */
15 DOMAIN Cells, Faces;
16 Node->CreateDomain(Cells, Faces, "input_G.bin");
17
18 VECTOR q = Node->BuildVector(Faces, 0.0);
19 VECTOR T = Node->BuildVector(Cells, "input_T.bin");
20 MATRIX G = Node->BuildMatrix(Cells, Faces, "input_G.bin");
21
22 /* compute the gradient */
23 double k = 0.598;
24 Node->SpMV(G, T, q, -k);
25
26 MPI_Finalize();
27 }
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