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INTRODUCTION

Large-eddy simulation (LES) equations are obtained by

applying a spatial, commutative filtering operation with

filter length δ, to the Navier–Stokes equations

∂tu+(u · ∇)u = ν∇2
u−∇p−∇·τ(u), ∇·u = 0, (1)

where u denotes the filtered velocity and τ(u) is the sub-

grid stress (SGS) tensor, which accounts for the effect of

the unresolved turbulent motions. The SGS tensor is given

by τ(u) ≈ u⊗ u−u⊗u and must be modeled to close the

filtered equations. Due to its simplicity and robustness,

the eddy-viscosity assumption remains the most widely

used closure. Within this framework, the SGS stresses are

approximated as

τ(u) ≈ −2νtS(u), (2)

where S(u) is the rate-of-strain tensor and νt denotes the

eddy-viscosity. The latter is commonly expressed as

νt = (Cmδ)2Dm(u). (3)

In recent decades, most research efforts within the LES

community have focused either on the determination of the

model constant Cm (e.g. through dynamic procedures and

their variants) or on the development of improved model

operators Dm(u), such as the WALE, Vreman, QR-model,

σ, or the S3PQR model [1]. In contrast, considerably less

attention has been devoted to the definition of the sub-

grid characteristic length, δ, despite its fundamental role

in eddy-viscosity closures (see Eq. 3). Due to its simplicity

and straightforward applicability to unstructured meshes,

the definition originally proposed by Deardorff [2], namely

the cube root of the cell volume (see Eq. 5), remains the

most widely adopted choice in practical computations al-

though it may lead to inaccurate results [3, 4, 5].

Alternative definitions of the subgrid characteristic

length δ are summarized and classified in Table 1 ac-

cording to a set of desirable properties for a consistent

definition of δ. Based on property P3, these definitions

can be grouped into two main categories: (i) formulations

in which δ depends solely on the geometrical properties of

the mesh, and (ii) formulations in which δ also depends on

the local flow topology. The latter class incorporates in-

formation from the gradient of the resolved velocity field,

G ≡ ∇u, whereas the local mesh geometry, for a Cartesian

grid, is characterized by

∆ ≡ diag(∆x,∆y,∆z). (4)

Without loss of generality, hereafter we assume that ∆x ≤
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Figure 1: One-dimensional mesh

∆y ≤ ∆z. The first seven definitions listed in Table 1 are

δvol = (∆x∆y∆z)1/3, δSco = f(a1, a2)δvol, (5)

δmax = max(∆x,∆y,∆z), (6)

δω =

√

ω2
x∆y∆z + ω2

y∆x∆z + ω2
z∆x∆y

|ω|2
, (7)

δ̃ω =max
n,m

|ln − lm|√
3

, δSLA= δ̃ωFKH(V TM) (8)

δlsq =
√

(GδG
T
δ : GGT )/(GGT : GGT ), (9)

where ω = ∇ × u is the vorticity and f(a1, a2) =

cosh
√

4/27[(ln a1)2 − ln a1 ln a2 + (ln a2)2] was intro-

duced by Scotti [6] as a correction for grid anisotropy.

The factor 0 ≤ FKH(V TM) ≤ 1, proposed by Shur et

al. [7], modifies the definition originally introduced by

Mockett et al. [8] in the context of Detached Eddy Simu-

lation. Later on, δlsq was proposed by co-authors of this

work [3], where Gδ ≡ G∆ denotes the velocity-gradient

tensor in the computational space. The classification in

Table 1 is based on physical, numerical, and practical

considerations. The list is completed by the novel defini-

tions δrls and δ̃rls recently proposed by the authors [5].

Here, we revise the main ideas and extend the analysis

for complex geometries and unstructured meshes.

FINITE-VOLUME FILTERING

Let us consider a 1D convection-diffusion equation

∂φ

∂t
+

∂(uφ)

∂x
=

∂

∂x

(

Γ
∂φ

∂x

)

, (10)

where u(x, t) denotes the advective velocity and φ(x, t) a

transported scalar. In a FVM, the discrete variables cor-

respond to box-filtered quantities with filter width equal

to the local grid spacing h,

φ(x) =
1

h

∫ x+h

2

x−h

2

φdx. (11)

Notice that the box filtering commutes with differentiation

∂φ

∂x
=

1

h

∂

∂x

∫ x+ h

2

x−h

2

φdx =
1

h

∫ x+h

2

x−h

2

∂φ

∂x
dx =

∂φ

∂x
. (12)



δvol δSco δmax δω δ̃ω δSLA δlsq δrls δ̃rls
Formula Eq.(5) Eq.(5) Eq.(6) Eq.(7) Eq.(8) Eq.(8) Eq.(9) Fig.(2) Eq.(19)

P1 Yes Yes Yes Yes Yes Yes Yes Yes Yes

P2 Yes Yes Yes Yes Yes No Yes Yes Yes

P3 No No No Yes Yes Yes Yes Noc Yes

P4 Yes No Noa Nob Yes Yes Yes Yes Yes

P5 No No No No No No No Yes No

P6 + + + + + + + + + ++ + + + + + + +

P7 + + + + ++ + + + + + + + + + +

Table 1: Comparison of different definitions of the subgrid characteristic length, δ. The classification is based on a set

of physical, numerical, and practical properties: P1 positivity, locality, and frame invariance; P2 boundedness (for a

Cartesian mesh with ∆x ≤ ∆y ≤ ∆z, ∆x ≤ δ ≤ ∆z); P3 sensitivity to the local flow field through the velocity gradient

G; P4 applicability to unstructured meshes; P5 computation of the length scale directly at cell faces; P6 computational

cost; and P7 memory footprint. a Possible with some adaptations, b Deck [9] proposed a generalization for unstructured

meshes. c Although δrls is computed independently of the local flow field, its effect ultimately depends on it.

Moreover, the second-order approximation of the spatial

derivative at the face is equal to the filtered derivative,
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. (13)

Remark 1 This indicates that the effective filter width

associated with the computation of the face derivative is

the distance between adjacent nodes, hi+ 1
2
(see Figure 1).

Finally, in a FVM, the diffusive term is discretized as
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For spatially varying diffusivity, Γ(x), the evaluation of

the previous expression can be viewed as filtering the Γ

field, i.e.

Γi+ 1
2
≈ Γi + Γi+1

2
≈ 1

hi+ 1
2

∫ xi+1

xi

Γ(x)dx = Γi+ 1
2
, (15)

where the integral is approximated using the trapezoidal

rule. Combining the expressions above yields
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where (·)FV
is the FVM filtering along the cell i, while

the remaining two filters act at the cell faces with charac-

teristic lengths hi+ 1
2
and hi− 1

2
, respectively.

Remark 2 The above analysis indicates that two distinct
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Figure 2: Top: flow chart for the implementation of the

δrls. Dashed lines represent the modifications required re-

spect to the usual flow chart. Bottom: FLrls for different

types of meshes including an unstructured one on which

the above-explained flow chart is visually represented.

filtering operations are involved in the evaluation of the

diffusive term: the computation of the face derivative (see

Eq. 13) and the cell-to-face interpolation of the diffusiv-

ity Γ (see Eq. 15). Both operations are associated with

the same characteristic filter length; namely, the distance

between the two nodes adjacent to the corresponding face.

Consequently, this suggests that the SGS characteristic

length employed in the evaluation of the eddy viscosity, νt,

at the face i+ 1
2
should naturally be hi+ 1

2
(see Figure 1).

This observation constitutes the cornerstone of this work

and provides a natural way for extending it to general

meshes, including unstructured ones.

A RATIONALE LENGTH SCALE FOR COMPLEX FLOWS

The subgrid characteristic length, δ, appears in a nat-

ural way when we consider the calculation of the νt at the

cell faces. The flowchart shown in Figure 2 shows that it

basically consists on firstly computing the ν̂t,c at the cells

without considering any characteristic length, then inter-

polating this quantity to the faces. Finally, this quantity

at the face is re-scaled by the square of the cell distances.

Therefore, from an implementation and conceptual point-

of-view, the new approach δrls (rls stands for rational

length scale) is completely different from all previous defi-

nitions of δ. Although the required code modifications are

minimal (see flowchart in Figure 2), it may be of interest

to compute an equivalent length scale that provides the

same dissipation. Namely, it can be shown that the local

dissipation of the viscous term, with constant viscosity, is
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Figure 3: Top: energy spectra for decaying isotropic tur-

bulence (Comte-Bellot and Corrsin [10]). Results obtained

with the proposed definitions δrls and δ̃rls are compared

with δvol. For clarity, the curves corresponding to δ̃rls and

δvol are shifted down one and two decades, respectively.

Bottom: mean velocity profile for turbulent channel flow

at Reτ = 395. LES results obtained using δrls are com-

pared with δvol, both employing the S3QR model [1].

given by

νG : G = νtr(GGT ). (17)

If we replace ν by νt, we can obtain a very accurate

estimation of the local dissipation introduced by an eddy-

viscosity model. Moreover, in the new approach we need

to replace νt and G by ν̂t and Gδ, respectively, leading to

ν̂tGδ : Gδ = ν̂ttr(GδG
T
δ ). (18)

Then, we can compute an equivalent filter length, δ̃rls,

that leads to the same local dissipation, i.e.

δ̃2rlsν̂tG : G = ν̂tGδ : Gδ =⇒

δ̃rls =

√

Gδ : Gδ

G : G
=

√

tr(GδG
T
δ )

tr(GGT )
(19)

NUMERICAL RESULTS AND CONCLUSIONS

The proposed discretization-consistent length scale is

assessed using LES of decaying isotropic turbulence. As

shown in Figure 3 (top), increasing mesh anisotropy leads

to a rapid loss of subgrid dissipation when the classical

Deardorff length scale is employed, resulting in a strong

dependence of the solution on the grid resolution. In

contrast, the proposed definitions δrls and δ̃rls preserve

a consistent level of dissipation and exhibit rapid conver-

gence as the mesh is refined. Additional simulations of a

turbulent channel flow (see Figure 3, bottom) confirm the

improved behavior of the proposed length scale in wall-

bounded configurations, particularly on stretched grids.

These results confirm the robustness of the proposed

discretization-consistent length scale and its reduced sen-

sitivity to mesh anisotropy. The complete setup for these

cases, including the input files and the modifications to the

TurbulenceModel library required to reproduce the results

in OpenFOAM, is publicly available [11]. Comparisons

with other numerical codes, as well as results for unstruc-

tured grids and more complex flows, will be presented at

the conference and discussed in the final paper. The pro-

posed formulation will also be investigated in the context

of DES simulations.
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